es A zo ent al 23: I) | 





| ~ AMERICAN En tag 





J ournal of Mathematics o 


H $us , Ge Me n "P N 


A i bw - 


. EDITED BY 


FRANK MORLEY 





. WITH THE COOPERATION: OF 


SIMON NEWCOMB. 
A. COHEN, CHARLOTTE A. SCOTT E 





AND OTHER MATHEMATICIANS ; E- 


PUBLISHED UNDER THE AUSPICOES' OF THE JOHNS HOPKINS UNIVERSITY 


Ilpoyuácov čłeyyos ob Bieropevoy . 


< 
o 
rE 
G 
"E 
D 
bé 
Gei 
[e 
i 





: M Pd : g 
BALTIMORE : THE JOHNS HOPKINS PRESS 


t 
LEMCKE & BUECHNER, Nej Fork ` S : | 
G. B. STEOHBRT New Tor York JE GAUTHIER-VILLARS, Paris — PR: | 
D. VAN NOSTRAND. IE A. HERMANN, Paris sie, | 
STEIGER & 46 WO" em York . MAYER & MÜLLER, Berlin | 
E. STE ZO. New York .KARL J. TRÜBNER, Strassburg i 
KEGAN PAU, TRENCH, TRÜBNER & CO., London . + ULRICO HOEPLI, Milan i 
H 

| 

| 

! 

| 

| 

| 

| 

| 


nn 


IN . IQOI. 











` 2 AS . PAGE 

Bromwıon, T. J. DA" Congruent Reductions of Bilinear Forms, ; So ln . 985 : 
= Droxsox, LEONARD. EUGENE. ` Distribution of the Ternary Linear Homogeneous Sub-. 
eS 7 - stitutions in a Galois Field into Complete Sets of Con- 


jugate Substitutions, .  . "IS : à . 87 
Representation of Linear Groups as Transitive Substi- 
ear tution Groups, á e e v : : vr 43:981 
- , Furry, on C. Geometry on the Cubic Scroll of the Second Kind, wen 179 
D'Aen, J.C. On the Determination and Solution of the Metacyclic Quintie Equa- = 
e . ` "` tions with Rational Coefficients, E cb Log Dae om E . 49 
` Hnr, G. Wo Secular Perturbations of the Planets, . ... . . . (.817 i 
Kantor, Von S. Die Typen der linearen Complexe rationaler Curven im der, t AL SE 
Lovzrt, E. ©. Construction of the Geometry of Euclidean z-Dimensional Space by 
the Theory of Continuous Groups, > se . . . . . BT 
Marry, Baus Norton.: On the Imprimitive- Substitution Groups of Degree Fifteen 
l and the Primitive Substitution Groups of Degree Eighteen,. . d à 259 
. Murer, GA. On the Transitive Substitution Groups whose Order is a Power of a 
Prime Number, bo hee tee, &. és LE OR. a. Ge ah, eS 
P ‘Morrisoy, Brea Grows. Removal of any Two Terms’ from a Binary Quantic by ` 
. Linear Transformations, T 1 ; " ; i ; : . 287 
° Pons T. M. Distribution of the Quaternary Linear Homogeneous Substitutions 
in ‘a Galois Field into Complete Sets of Conjugate Substitutions, ] . 41. 
E . Ruin, Leon W. A Table of Class Numbers for Cubic Number Fields, : e . 68 


Roszzis, R. A. On Certain Properties. of the Plane Cubie Curve in Relation to the 
Qireular Points at Infinity; TOR. a , . Vcnus ! 3 . 85 








iv ` * Index. 


SLAUGHT, HERBERT Erısworrs.. The Cross-Ratio Gaang d 120 Quadratic Ore- 


mona Transformations of the Plane—:Part Seéond, e E eg 3 . 99 

SNYDER, Ve, On a Special Form of Annular Surfaces, e : e . +» 166 
STARKWEATHER, G. P. A Class of Number-Systems in Six Units, |." . ? . 878 
Wagon, A. N. Memoir on the Algebra of Symbolic Logic, Part I, . - . 199 
Memoir on the Algebra of Symbolic Logic, Part IT, . 0. 297 


WirozvwsKi, E. J. Transformation of Systems of Linear Differential Equations, . 99 











1900. 


Die Typen der linearen Complexe rationaler 
Curven im R,. 


Von S. KANTOR. 


In der Theorie der endlichen discontinuirlichen, Gruppen, welche ich für 
die Ebene in meinem Buche* feststellte, hat sich mir nach mehrfachen Versuchen ` 
‘die Ueberzeugung befestigt, dass auch für den. R, jene Theorie nicht eigent- 
lich auf invariante Functionenkórper von r+ 1 Variabeln—die invarianten 
M,_,-Systeme—zu begründen ist, sondern dass vielmehr die invarianten Curven- 
complexe zum Angelpunkte für die Entdeckung der Aequivalenztheoreme werden. 
Bewogen durch diese Ueberzeugung hatte ich bereits in der ersten Hälfte des 
Jahres 1896 einen Abriss jener Theorie auf dem Fundamente der Curvencom- 
plexe skizzirt. Es erweist sich zu ihrem vollständigen Abschlusse als eine noth- 

l wendige Präliminararbeit, Theoreme zu finden, welche für die rationalen und 
elliptischen Curven im R, dasselbe leisten, wie jene, welche man in der`Ebene 
theils seit langer Zeit, theils durch meine 1899 (Monatshefte) veröffentlichten 
Arbeiten kennt. Und eben im R, zeigt sich die Nothwendigkeii dieser letzteren 
neuen Theoreme, welche alles Irrationale ausschliessen. 

- Wie im A, sind auch im R, zwei Reihen von Theoremen zu bilden. Die 
eine sieht alles als gegeben an und hat also allgemein nur einen numerischen 
Werth; die zweite reicht in allen Fallen, auch wenn die Basiselemente nur grup- 
penweise rational bekannt sind, aus, wobei also der natürliche Rationalitatsbe- 
reich der geometrischen Data nicht überschritten zu werden braucht. Die 
Superiorität der zweiten Reihe liegt auch hier darin, dass sie eigentlich vor die 
erste Reihe zu treten hat. Denn diese kann aus jener gefolgert werden, während . 


*Mayer u. Müller, 1895. 

tDenn in den Fällen, wo die Theoreme aus der Ebene zur Anwendung im RE. gelangen, wird, was 
in der Ebene discrete Punktgruppe war, ein Weber-Dedekind'sches Polygon auf einer algebraischen 
Varietit und verliert die für die Betheiligung an einem Fundamentalsysteme nothwendige Bestimm- 
barkeit. i . 


1: - 
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sie selbst derzeit wohl überhaupt eine arithmetische Herleitung nicht gestattet, 
sobald r > 2. Ich spreche diese Meinung aus* obzwar ich selbst in Acta Math. 
XXI. p. 1-78 für eine sehr ausgedehnte Classe von Systemen die arithmetischen 
Theoreme auf dem Wege der Relationen für die Singularitäten entwickelte. 

Aus dem Folgenden sei das durchgehends zur Geltung kommende Princip 
der Transversalmannigfaltigkeiten hervorgehoben, das die Theorie im R, ohne 
die Herbeiziehung noch höherer Räume in zufriedenstellender Weise aufzubauen 
gestattet. Diese Methode enthält das früher (Acta Math. XIX. und C. R. 1885) 
in Anwendung gebrachte Princip der Verminderung der $ als speciellen Fall 
in sich. 

In $4 habe ich eine von Domenico Montesano, einem der besten lebenden 
italienischen Geometer, als angeblich typisch durchgeführte Eintheilung der 
linearen o?-Systeme von Kegelschnitten im R; als in diesem Sinne falsch nach- 
gewiesen. l 

In §5 gebe ich die Verallgemeinerung eines vielgenannten Picard’schen 
Satzes} über M, im R; auf M, ,im £. 


$1.— Allgemeines über lineare Complexe von Curven im R,. 


1. Ein linearer »*—?-Complex von Curven C, im R, ist ein solcher, von dem 


durch jeden Punkt des E, nur eine der C, geht. 
Lemma.l Jede Involution von œ" k-punktigen Gruppen $m R, ist rational. 








* Der Grund für diesen Ausspruch ist eben in der Unhandlichkeit der Nóther'schen Postulations- 
formeln zu suchen, auf die ich bereits Acta Math. XXI. hingewiesen habe. 

1 Cr. J. Bd. 100. 

ilch habe diesen Satz schon in Acta Math. vol. XIX ausgesprochen. Ich würde es aber gar nicht 
nothwendig haben, den Satz hier zu beweisen, wenn ich nicht meine Theoreme durchwegs allgemein 
für ** alle Complexe des Indexes 1” auszusprechen wünschte. Wollte ich die Theoreme dieser Arbeit 
nur für “Curvencomplexe, die als gegenseitiger Schnitt von r—1 M,_ı-Systemen im R, erzeugt 
werden kónnen," aussprechen, so kónnte ich’ es einem neuen Probleme anheimstellen, über die Iden- 
tität aller Complexe 1. Ordnung (oder des Index 1 oder wie ich im Texte absichtlich sofort sage 
“linearen Complexe ") mit den eben gekennzeichneten Complexen zu entscheiden.—Mit dem obigen 
Beweise halte ich selbstverständlich die “ delicate” Frage der Rationalität aller eigentlichen Involu- 
tionen r-ter. Stufe in linearen Räumen für entschieden. Anders verhält es sich mit der von Castelnuovo 
wie von Enriques noch nicht erwähnten Frage der Involutionen c" *!,.... bis @”-! im R, unter 
denen ich die Möglichkeit irrationaler Involutionen wirklich vermuthe. Jedoch sind solche Involu- 
tionen.intermediärer Stufe bisher der allgemeinen Aufmerksamkeit entgangen, cf. n. 5. am Ende dieses 
81. Rational sind allgemein im R, alle o*-stufigen Involutionen, ob aber auch für k > 1 die c" *".-stu- 
figen Involutionen irrational sein kónnen, dies erst ist eine wirklich delicate Frage, die ich mit dieser 
Note angeregt haben will. 
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Denn man kann alle zer k-tupel des E, auf die Punkte eines R,. derart 
abbilden, dass jede Gesammtheit von ©" %-tupeln mit einem festen gemein- 
samen Punkte P, auf einen R,«_), des R, abgebildet ist. 

Ich bewirke dies, indem ich im R, r lineare M,_,-Systeme, jedes v von E 
"Dimensionen angebe und welche solche Lage haben, dass je r M,_, aus den Sys- 
temen sich in % freien Punkten schneiden. Man kann etwa die M*_, unicursal 
nehmen, etwa alle mit demselben (n — 1)-fachen Punkte, und sieht, wie die Con- 
struction dieser 7 Systeme auf ein rein arithmetisches Problem hinausläuft. 
Dann nehme ich r lineare R, (Systeme, jedes mit einer Axe E,., , und 
weise sie den r M,_,-Systemen zu, indem ich überdies zwischen jedem. Paare eine 
collineare Beziehung herstelle. Dann ist die Abbildung erreicht, indem die 
r R, ,sich in einem Punkte schneiden. Durch einen Punkt P, von R, gehen 
dann zo "—.Systeme von M, ,, welchen im R, durch die 7 Collineationen 
T R,._, entsprechen werden. Diese schneiden sich in einem Raume der Dimen- 
sion r (rk — 1) — (r — 1) + rk =r (k — 1), welcher Ra a das Bild der /-tupel 
mit dem gemeinsamen Punkte P, ist.* 

Durch jeden Punkt des R, gehen E solche KR, a. Die Bild-M, einer Invo- 
lution œ” von %-tupeln des E, schneidet jeden RA un in einem Punkte und nur 
in diesen. Es wird in vielen Fällen möglich sein, zu bewirken, dass diese 
R,«_,) keinen allen gemeinsamen . Punkt besitzen; auch wenn die M, .rSysteme 
so gewählt sind, dass die R,._,, allen gemeinsame Punkte besitzen, kann der 
Schluss auf die Rationalität der Bild — M, mit Sicherheit gemacht werden. Denn 
die M, ist im R, ein—eindeutig auf die »’-Reihe der RA ua bezogen, ist es also 
auch auf die Punkte eines R,. 

Oorollar. Jede Involution o" im R, tst als der gegenseitige Schnitt von je v 
Varietäten M,_, in einem linearen »*-Systeme anzusehen und zu construtren. 

Ich sage: die Involution sei im AM ,Systeme erzeugt. Dies ist unendlich 
vielfach möglich. ‘Wenn eines dieser M,_,-Systeme vollständig} in dem Sinne 











. *Firr=2 wurde das Theorem bei Castelnuovo Math. Ann, XLIV: "Sulla razionalità delle curve 
'piane’’ bewiesen. Ich bin aber der Ansicht, dass sich der Uebertragung seines Beweises auf den E, 
Schwierigkeiten entgegenstellen, dié auch mit den noch unbekannten Geschlechtseigenschaften der 
algebraischen M,... kaum überwindbar werden. Ich hebe deswegen hervor, dass vorliegender Beweis 
das Schwergewicht auf ein arithmetisches Problem legt, die Bestimmung der restlichen Schnittpunkte- 
zahl k von M, .ı mit gegebener Basis und invers die Bestimmung dieser Basis aus der Zahl k, und dass 
nach Lósung dieses Problemes der übrige Beweis sich ganz natürlich entwickelt. 

1 Noch muss beachtet werden, dass das Theorem, welches Castelnuovo beweist (oder das von mir in 
Acta Math. XIX ausgesprochene) nicht neben den Aufsatz von Lüroth zu stellen ist. Lüroth hat sicher 
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ist, dass es in keinem Satan héherer Dimension aber gleichen Ranges k 
enthalten ist, sind es alle.” “Wenn diese Systeme unvollstandig sind, ist ftir alle 
die Minimaldimension eines enthaltenden vollständigen Systemes dieselbe.” 
Diese enthaltenden een erzeugen- Involutionen œ”, in denen die gege- 
-bene enthalten ist. D hae = 

TuxonEx.—fJeéder lineare ` oi. Complex . von: O; im R; ist der gegenseitige 
‚Schnitt von je z M,: 13 eines linedren "=" — M; -):Systemes.: 

In’ jedem ÄR. `, eines Büschels wird für die. O Involution o-! 
ein erzeugendes M, -System (Corollar) in gemeinsamer für alle o»! R,_, rational 
distincter. Weise bestimmt und z. B. durch Schnitt mit +—1.Geraden eine M, . 

. festgesetzt; welche die œ! diese Geraden treffenden M,-, enthält. Das lineare 
M,_,-System wird durch irgend r — 1 so bestiramte A y eombinirt.. 

-~ ` Für einen :o("-Curvencomplex existiren ».erzeugende: M,. ,-Systeme. Ist 
eines ‘ vollständig,” sind es alle. Wird im Folgenden von o"-!'-Complexen von 
C, gesprochen;:so sind “vollständige,” also solche gemeint; die nicht i in a7 Ita, 
iia ant von. o enthalten sein kónnen. i l 


4 


ein DE wo ‚eine; im | ganzen Ry gleiche, Anzahl Punkte willkürlich angenom- 
men werden, kënnen, sodass. durch sie immer noch eine, aber nur eine Curve 
hindurchgehe. : „Für ihn muss nothwendig. «= (r — 1)(d — + 2) sein können, 
ein o a M; System. . „existiren, das ihn erzeugt. Von. einem vollständigen" 
Curvencomplexe.. kann. man. nur. bezüglich : deg ‘erzeugenden JM, ,Systemes 
sprechen. Dies i is vollständig, wenn es alle M, , mit demselben Singularitäten- 
complexe über der ‚festgesetzten Basis enthält. _Andererseits kommen in dieser 
Arbeit Fälle vor, wo. ein Ce Complex bezüglich des Geschlechtes 2 einer C, als 
vollständig oder nicht distinguirt ‚wird.. i 


8. Gate Dees sind der Schnitt von r.—1 M,_,-Systemen, deren 
Dimensionen v;,.. .--v, 3 von einander theilweise oder durch wegs verschieden . 








nicht die Absicht gehabt; bloss die Rationalität der Involution aj + âb- =0 zu beweisen, seine Leistung 
ist eine algebraisch-technische : die bekannte neuer Parameterfestsetzung. Das leistet C. nicht und habe 
ich im obigen Beweise tiberhaupt nicht zu leisten beabsichtigt. : 

* Das Wort “ vollständig” habe ich im Hinblicke auf die Theorie der Kronecker'schen Modulsystéme 
' gewählt, welche in neurer Zeit die Theorie der algebraischen Mannigfaltigkeiten zu ‚beherrschen. 
beginnen. Für Systeme eignet es sich wohlauch besser als der Ausdruck “ normal,” den ich aber für 
einzelne Mannigfaltigkeiten im Sinne Veronese’s (Math. Ann. XIX) unbedingt beibehalten möchte. 





\ 
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. sind. Iste,7 ....2v, ,, so muss überdies mindestens ein v, < (Xv) :(r— 1) 
+r-—3 sein; denn die Dimension u ist Xe und da u= (r — 1)(d—r+ 2), 
müssen durch d — 1 = (Zv) : (r —1}) +r —3 Punkte noch Curven gehen. Sind 
nun alle Curven in den M, , eines o-Systemes enthalten, so muss v, 12v, 
sein. Im Gegenfalle ist der Complex uneigentlich. Für uneigentliche lineare 
Complexe gilt: Wenn durch eine Anzahl gegebener Punkte des Raumes nur 
endlich viel Curven gehen, so darf de Anzahl nicht > 1 sein. ` 
Die—etwa 6,-Systeme niederster Dimension enthalten die PT  Mách- 
tigkeit von C,. und ausser dem durch sie combinirbaren M,_,-Systeme gibt es 
nicht M, , mit gleicher C,-Máchtigkeit. Unter dem combinirbaren Systeme 
meine ich jene M., welche durch die M, |, Schnitte der 6; M, . Systeme, 
" hindurchgehen. i S 


4. Sind alle v gleich, so ist der C, Complex. stets eigentlich, Man nimmt zum 
Beweise erst zwei Systeme und indem man mit A, in einer Involution o 
schneidet. Aus den zwei Systemen mögen zwei o"—'-Systeme von Büscheln 
gehoben werden, sodass jede M, , in nur einem Büschel ist und beziehe sie 
(1, 1)-deutig auf o! Arten auf: einander, sodass unter je zwei zugewiesenen 
Büscheln œ! Projectivitàten entstehen, die ein lineares System bilden. 
Dann liefern je zwei projective Büschel eine M,_, und diese‘ +? erzeugen 
das M, ,System. Mit diesem o"*!— M, ,-Systeme und dem dritten gege- 
benen wird ähnlich verfahren und weiter, bis alle erschöpft sind.—Man kann 
aber auch sofort in jedem M,_,-Systeme ein o*7**^-System von »’"1.S. angeben, 
sodass jede M,_, nur in einem o'-.8. ist, unter ihnen (1, 1)-deutige Bezieh- 
' ungen, nun aber unter je zwei zugewiesenen oi" 8 o"-! Collineationen so ein- . 
richten, dass jedes Paar nur in einer Collineation enthalten ist. Jede Collinea- 
tion erzeugt eine, M,_,, deren Gesammtheit den Curvencomplex zum Schnitte 
hat. Die Dimension des M,_,-Systemes muss ©” +”? sein. 


5. Beim Uebergange von Stralen—zu Curvencomplexen D muss die “ Ord- 
nung" von D definirt werden: Solange D die Dimension u < 2r — 2 hat, durch 
jeden Punkt P, höchstens &""*”Curven gehen, werden ihre Tangenten in P einen 
Kegel bilden. Dessen Ordnung ist die Ordnung von D Ist u5 2r — 2, dann 
erfüllen die Curven durch P; i. A. den ganzen H. sodass durch P, i. A. oui 
Curven ‘gehen, Ist uZ3r — 2, so erfüllen die Tangenten in D, P, je einen 
Kegel. Beider Ordnungen sind gleich der. Ordnung von T. Allgemein ist’ 


ES 
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u>rk+kh, wok <r, so gehen durch Pi, .... P, noch o*-* Curven, welche 
in den P,,.... P, k Tangentenkegel Ges Ordnung, der Ordnung von T, 
haben. I"ist linear, wenn diese Kegel lineare Ráume sind. 

Für lineare Complexe ist zu beachten, dass nun nicht das Totalsystem aller 
Curven gleichen Characters einen linearen Totalcomplex bilden, wie bei den 
Stralen ; es ist nur noch der Fall, wenn die Curve vollstándiger Schnitt von r —1 
M, allgemeiner Natur ist. Also erst bei den Curvencomplexen ensteht die 
Frage nach den umfassendsten vollständigen linearen Complexen, wie es bei den 
Stralencomplexen der ganze Geradenraum war. Diese wmfassendsten Complexe 

- sind der Gegenstand vorliegender Arbeit. Z 4 

‚Jene eigentlichen linearen Complexe, deren Dimension eine Zahl der Form 
(r — 1)(d — r + 2) ist, sind der vollständige Schnitt von je v — 1 M,. , innerhalb 
eines linearen o? — M,_,-Systemes. 

Auch die uneigentlichen Complexe müssen eine ihren characteristischen 
Zahlen entsprechende Dimension haben, damit sie der vollständige Schnitt von 
r— 1 M,_,-Systemen sein können. 

Jene eigentlichen oder uneigentlichen linearen Complexe, deren Dimension 
nicht jene Form hat, sind in linearen höherdimensionalen enthalten, deren 
Dimension jene Form hat. 

Jeder solche nicht vollständige lineare Complex wird erzeugt, indem man 
in den »— 1 M, ,Systemen des vollständigen Verwandtschaften verschiedener 
Stufen constituirt und also den Schnitt der A , auf den Schnitt solcher M,. , 
einschrankt, welche in der Verwandtschaft zusammengehóren.* 

Dies gilt nicht nur für lineare, sondern auch für Complexe höherer Ord- 
nung.—Die Ordnung von T hängt nicht nur von den Indices der erzeugenden 
M, ,Reihen, sondern auch von der Art der Verwandtschaften ab.t Ob die 
ihrer Dimension nach geeigneten Complexe hóherer Ordnung immer als voll- 








* Diese Erzeugung mittelst Verwandtschaften kann der vorigen Erzeugung durch vollständigen 
` Schnitt in zwei verschiedenen Arten gegenübergestellt werden. Entweder man geht von der ersteren 
aus und kann dann die zweite als Degeneration auffassen, etwa wie man in der Theorie der Isomor- 
phie die Beziehung aller Substitutionen auf alle als ausgeartete Isomorphie auffasst, oder man geht von 
der zweiten aus und fasst die erste als durch Hinschrinkung der Zuweisung aus der zweiten entstan- 
den auf. i 

tEs können sogar die Curven von T transcendent sein; wenn nur der Complex algebraisch ist, 
so werden die wie im Texte construirten Kegel algebraisch sein und eine Definitionder Ordnung 
liefern Dagegen wird man beim Uebergange zu transcendenten Complexen, wo also die gemeinten 
Tangentenkegel transcendent werden, nach neuen die Ordnung vertretenden Characteren suchen 


müssen. 


` 
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ständiger Schnitt von r — 1 M,_,-Reihen erzeugt werden können, will ich hier 
nicht entscheiden. . 

Bei Curvencomplexen T gibt es aber ausser den Tangentenkegelordnungen 
noch andere characteristische Zahlen, deren Definition hier gegeben sei. Wenn 
' w> 2r— 2, so wird es Curven geben, welche in P, einen Doppelpunkt haben, 
etwa œ, Dann erhält man für die Tangentenpaare dieser Curven in P einen 
Ort, also einen Tangentenkegel, dessen Ordnung und dessen Involution 2. Ord- 
nung, die er trägt, für T auch characteristisch sind. Wächst u noch weiter, so` 
wird es geschehen müssen, dass durch P, oeh Curven gehen, welche P, dreifach 
haben und deren œ® Tangententripel in P einen Kegel erfüllen, dessen Charac- 
tere auch für T characteristisch sind. Allgemein, wenn es œ® Curven in T gibt, 
welche P, i-fach enthalten und deren Tangenten in P, einen Kegel erfüllen, 
liefert dieser wieder für D characteristische Zahlen. 


6. Ueber Involutionen. Durch den Schnitt von D mit einen M,_{ entstehen 
folgende Begriffe: Eine Gesammtheit von œ”! Punktgruppen in M,_, heisst eine 
Involution, wenn jeder Punkt nur einer Gruppe angehört. Eine Gesammtheit von 
œt” —! Punktgruppen in einer M,_, wo "<r — 9. heisse eine eigentliche Involu- 
tion (r-+7'—~1). Stufe, wenn zwar nicht durch irgend d Punkte eine Gruppe geht, 
wenn aber durch jeden Punkt o" Punktgruppen bestimmt sind, welche eine 
M, erfüllen, auf der sie eine Involution 7’-ter Stufe bilden. Diese Involution 
heisse aber uneigentlich, wenn jeder Punkt von M, , durch œ” Punktgruppen 
ergänzt wird, die eine Mp, erfëllen und in dieser die Involution 7'-ter Stufe bilden. 

Ist 7 — r— 1, so heisse die Gesammtheit der »?-» Punktgruppen eine 
eigentliche Involution 2(r — 1). Stufe, wenn durch irgend zwei Punkte der 
M,_, eine Gruppe hindurchgeht und allgemein die Gesammtheit von o/€-U 
Punktgruppen ist eine eigentliche Involution f(r — 1)-ter Stufe, ` wenn durch 
irgend f Punkte der M, , eine Gruppe hindurchgeht. Ist dies nicht der Fall, so. 
heisse jene Gesammtheit eine uneigentliche Involution /(r—1)-ter Stufe. Eine 
Gesammtheit von #7°-)+/" Punktgruppen in M,_, heisse eine eigentliche Involu- 
tion der Stufe f(r — 1) + /', wenn durch irgend f Punkte der M, , noch œ” 
Gruppen bestimmt sind (= hindurchgehen), welche eine Mannigfaltigkeit von e 
Dimensionen erfüllen und darin eine eigentliche Involution der Stufe f’ bilden, 
Erfüllen aber die oy ergänzenden Gruppen nur /" 7 /' Dimensionen und bilden 
` in ihr eine eigentliche oder uneigentliche Involution /’-ter Stufe so heisse die 
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Involution eine uneigentliche der Stufe f(r— 1) f'. Man erkennt so, dass die 
Uneigentlichkeit einer Involution der Stufe ¢ = f (r —1) +" durch drei Reihen 
von Zahlen characterisirt ist i e 


Red 

KC E A EN 

J^ n He Ji e t on d 
wo die Gleichungen gelten: l 


$mf(r—1)4 Jf, Fehr +h, BERR Ro BERR +S - 


und wo f! die Dimension der Mannigfaltigkeit bedeutet, welche die Ergänzungs- 
gruppen von 4- fit A+... +f allerdings nicht willkürlich gewählten Punkten 
erfüllen. Diese Punkte können nämlich überhaupt nur so gewählt werden, dass 
f in der H 6 in einer Mp, f, in einer M,,....,f, in einer Mp, , variiren 
können, wo jedesmal die M, in der M,, enthalten ist. 

Die Zahlen f, f', f" sind Invarianten nicht nur gegen birationale Transfor- 
mationen ‘sondern auch bei Uebertragung einer Involution in einem eindeutigen 
in eine Involution in einem mehrdeutigen Systeme. 

Wird die Involution auf M,_, durch den Schnitt von linearen M,_,-Systemen 
erzeugt, ist sie also rational, so hängen die Zahlen / von den Zahlen v (§1) der 
M,_ySysteme ab. ‘Es bleibt zu untersuchen, für welche Zahlenreihen f, f', f" 
die Involution auf M,_, nothwendig rational sein müsse und ob es im R; und auf 
unicursalen M, überhaupt nur rationale Involutionen irgend welcher Zahlen f, fy ei 
gebe. 

Gleichgebildete Zahlenreihen f, f, f" gelten dann auch für jeden uneigent- 
lichen linearen Curvencomplex höherer Stufe in R, und allgemeiner für jeden 
uneigentlichen linearen M;-Complex höherer Stufe im £,. 

Aber es gelten auch Zahlenreihen f, /’, /" gleicher Entstehungsweise für 
die uneigentlichen linearen Curven-oder M-Complexe höherer Stufe in einer 
M,_, des Æ. 

Ich unterlasse nicht, zu bamärken: dass das Zahlen von einer so umfas- 
senden Geltung sind, dass sie auch für Complexe auf transcendenten Mannigfal- 
tigkeiten gebildet werden können.* 





* Gelegentlich sei erwähnt, dass mittelst der Methoden in meiner Abh. Monatshefte 1899 auch das 
Problem erledigt werden kann, die uneigentlichen Involutionen höherer Stufe der Ebene zu discutiren, 
in denen ein System rationaler oder elliptischer Curven “ enthalten ” ist. 


Kantor: Die Typen der linearen Complexe rationaler Curven im R,. 9 


§2.—Lineare oo" 1- Complexe rationaler Curven. 

TxEorem L— Wenn die Curven (p — 0) eines linearen »*~1-Complexes eine 
einpunktig schneidente Transver salmannagfalingicnt gestatten, so gestatten sie unend- 
lich viele. 

Jene eine Transversale kann eine M,_,,aber auch eine M,_, oder AM Ai, 
M, sein. Wird dann auf jeder Curve des Systemes zu dem einzelnen Schnittpunkte 
mit der Transversalen eine durch den Schnitt mit einer willkürlichen M,_, entste- 
hende binäre Form hinzugenommen und irgend eine simultane lineare Covariante 
.. z. B. eine Ableitung genommen, so entsteht auf jeder C, ein Punkt und der 
Ort derselben ist eine M,_.,, welche einpunktig schneidet. 

Corollar. Ist auch nur eine der Zahlen, welche die Ordnung oder die Stütz- 
zahlen der C, auf den Basismannigfaltigkeiten bezeichnen, ungerade, 80 gestattet 
der C „Complex einpunktig schneidende Transversal- M, _, . 

‘Denn in diesem Falle gibt es stets lineare Covarianten. Der Ort derselben 
kann sich auf eine A. sogar My zusarimenziehen, kann aber nicht für alle linearen 
Covarianten identisch verschwinden, und gibt nach Th. I. doch zu Transversal- 
A, Anlass. l 

Tueorem II.—Jeder lineare »""!-Complez rationaler Curven im R, gestattet 
zweipunktig schneidende Transver. sai A von unbegranzt hoher Dimension. 

Denn man kann zu jeder binären Form eine quadratische Covariante bilden. 
Schneidet man daher alle C, durch eine M,_, und bildet auf jeder C, für die 
entstehende binäre Form eine bestimmte quadratische Covariante g, so ist deren 
Ort eine zweipunktige Transversale. Da die Ordnung der M, , beliebig hoch 
ist,auch simultane Formen benützt werden kónnen, wird es immer eine Con- 
struction geben, welche nicht zu‘ identisch verschwindenden Covarianten q führt 
und überdies M,_, beliebig hoher Dimension liefert. l 

Definition.—1n Uebereinstimmung mit Néther (für M;) kann man eine M,_,, 
auf welcher es eine rationale Involution von ”—' Punktepaaren gibt, eine hyper- 
elliptische nennen. Diese Involuticn muss von ‘einem linearen o"—iComplexe 
von Curven ausgeschnitten sein, da wir die Involution stets als “vollständig” 
voraussetzen (als Definition) und diese ist nach $1 selbst das Erzeugnis i in einem 
linearen o7! —— M, ,-Systeme. 

Tusonrw III.— Unter den sweipunktig schneidenden T Transversalsystemen gi. 
es stets auch homaloidale oder solche, welche homaloidale enthalten. 

Die 'Transversal—M,_,-Systeme Sind. sàmmtlich hyper elliptisch. In der ` 

2 
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Ebene liess sich beweisen, dass die linearen Systeme hyperelliptischer Curven 
stets die maximale Dimension erreichen, woraus das Enthaltensein eines homa- 
-loidalen Systemes auch gefolgert werden konnte. Ein ähnliches Theorem müsste 
nun auch im R, bewiesen. werden und zum selben Schlusse führen. 

Aber man kann den Beweis auch darauf gründen, dass, wenn durch Vor- 
schreibung eines Contactes höherer Ordnung in einem Punkte P aus dem Com-* 
plexe der Schnitteurven ein »* Complex rationaler Curven ausgeschieden werden 
soll, die Verminderung der Zahl u dasselbe Gesetz befolgt wie in der Ebene. Es 
handelt sich also nur, die Differenz zwischen den Zahlen p und a für die Trans-. 
versalensysteme zu untersuchen. Um dies bequemer thun zu kónnen, kann man 
die Basisgebilde durch solche ersetzen, wo jedes nicht lineare Gebilde durch eine 
Anzahl linearer Gebilde ersetzt ist. 

Mit Benützung dieser Zerlegung kann man übrigens den Beweis auf den 
des hierfolgenden Theoremes V basiren. Denn die Zahlrelationen in Frage 
werden durch die Zerlegung nicht geändert und da Th. V unabhängig beweisbar 
ist, muss das homaloidale System existiren, AD die fragliche Zahlrelation 
bestehen. 

THEOREM IV.—Jeder lineare oo*7- Complex rationaler Curven im R, ist durch 
birationale Transformation des ganzen R, übertragbar in einen »*—'-Complex von 
Kegelschnitten. 

Benützt man eines der in’ Th. III erwähnten homaloidalen Systeme für 
eine Raumtransformation, so ensteht im RL der Complex von Kegelschnitten. 

. 'TuzonEM V.—Gestatten die ‘Curven p= 0 eines linearen o" Complexes eine 
1-punktige Transversalmannigfaltigkeit, so können sie durch birationale Trans- 
formation des R, in ein Stralbündel übertragen werden. l 

Ich stelle eine Collineation unter den M, , des Systemes und den R,_ı 
durch einen Punkt O her, hiemit gleichzeitig unter den C, und den Geraden 
durch O als Individuen. Dann weise ich drei 1-punktige Transversalen der 
C, drei Kim R! zu und setze unter jeder C, und der zugehörigen Geraden 
eine Projectivität fest, in der die drei Schnittpunkte mit jenen den dreien mit 
diesen entsprechen. Die Gesammtheit dieser œ"—! Projectivitäten gibt die 
Transformation. i 

Corollar I. Jeder lineare oi" Geraden- Complex kann durch birationale Trans- 
formation in ein Stralbümdel übertragen werden. Hieraus kann geschlossen wer- 
den, dass es so viele wesentlich verschiedene Arten von linearen »""1Complexen 
gibt, als homaloidale er -Systeme mit (n — D fachem Punkte. 
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Corollar II. Gestattet ein linesrer o—*Geraden-Üomplex von Curven im 
R, einpunktige Transversalmannigfaltigkeiten, so haben diese solche Beschaffen- 
heit, dass sie sich birational (im Z,) je in ein System von M7 , mit (n. s -fachem 
Punkte übertragen lassen. - 

Corollar III. Jedes Büschel einpunktiger puc E EE 
eines linearen Complexes kann durch birationale Transformation des R, in 
ein Büschel von A, , verwandelt werden. Denn in ihnen kann man simultan 
auf rationale Art je ein homaloidales System von M,_, festlegen und kann unter 
den M,_, des Büschels und den R,_, eines anderen Büschels in rational bestim:n- 
ter Weise o! birationale Transformationen festsetzen, deren Gesammtheit die 
Ueberführung leistet. 

: Zum Schlusse sei erwähnt: Sind zwei lineare Complexe ar von Curven 
: im R, äquivalent, so sind noch nicht irgend zwei sie erzeugende o Systeme 
von M,_, äquivalent. Denn ein »*~-Complex kann auf unendlich viele Arten 
durch ein lineares o»"—-System von ÄM erzeugt werden. l 


$3.— Lineare oo* 71-Complexe von Kegelschnitten im R,. 


Jedenfalls sind in einer Ebene entweder 0 oder 1 oder œ! eine 
enthalten (oder in Ausnahmeebenen o). 

In Æ können die œ? O, entweder in œ! E, enthalten sein, welche dann ein ` 
Büschel bilden müssen oder in o. Die œ? Ebenen müssen die C, entweder 
aus einem Büschel von M? oder einem Netze von M? ausschneiden. Im ersten 
Falle sind die M? des Büschels linear bezogen auf die Geraden einer rationalen 
Regelschaar, sodass jede M? von den sámmtlichen Ebenen durch die entsprech- 
ende Gerade in o»! C, des Complexes geschnitten wird. Im zweiten Falle müssen 
die M? collinear auf die Ebenen bezogen- sein, damit der Complex linear werde, 
weil den dureh P gehenden M?, welche also im Büschel sind, eine solche Mannig- 
. falügkeit von Ebenen entsprechen muss, von der eine einzige durch P geht. 
Also muss die Mannigfaltigkeit aller Ebenen œ? Büschel enthalten, das heisst 
- ein Bündel sein mit dem Scheitel G. Damit entsteht sofort das Netz von M? 
durch eine c, p==5. Dieses Netz ist von Montesano in den Rendiconti des Inst. 
Lombardo in gediegener Weise untersucht worden. 

' Bs entstehen also: 1. @, in Ebenen einer Büschels, 2. .C, in Ebenen einer 
- rationalen Regelfläche und in W? eines Büschels, 3. C, in Ebenen eines Bündels 
und in A eines Netzes. 
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Ich behaupte, dass die 2. Art birational Complexen äquivalent ist, deren 
C, eine Gerade zweimal treffen, sofern man eine biquadratische Irrationalität 
einführen will. Diese letztere ist nothwendig, um auf der Basisvarietät des 
M?-Büschels einen Punkt zu individualisiren. Man bezieht dann ein Ebenen- 
büschel projectiv auf die M? des Büschels und projieirt von O aus jede M? auf 
die ihr zugewiesene Ebene, womit durch die Gesammtheit dieser o! Projectionen 
eine birationale Transformation im R, entsteht. 

Uebrigens ist die 1. Art noch zu unterscheiden, je nachdem die Basispunkte 
der o! Kegelschnittbiischel eine irreductibele oder zwei reductibele Mannigfal- 
tigkeiten erfüllen. Unter solcher Auffassung bleiben also nur zwei Haupttypen : 
I. der Complex in einem Ebenenbüschel, II. der Complex in einem E benenbiindel.* 

Im R; können die C,, damit sie nicht auf eine einzige M, beschränkt 
seien, nur. entweder in oer") oder in œ"? Ebenen enthalten sein. Diese 
Ebenen müssen jedenfalls einen couples? bilden, dessen Schubert’sche Gradzahl - 

Ber, 

Jeder lineare »"=®.R,-Complex kann birational in die Ebenen durch eine 

feste Gerade verwandelt werden, wobei noch unter je zwei entsprechenden 
" Ebenen Collineation bewirkt werden kann, sodass die C, wieder in C, verwandelt 





*Im R, hat Montesano Domenico in den Rendiconti dell’ Accademia delle Scienze di Napoli 1895 
. eine Eintheilung angegeben. Dieselbe ist aber, wenn sie sich auf die birationale Transformationen des 
` R, als die discriminirende Hauptgruppe bezieht, wie es auch ein Enriques’sches Citat dieser Arbeit 
beansprucht, falsch. Denn von der Involution, in welcher ein C,-Complex die Ebenen des R, schneidet, 
hängt bezüglich der Aquivalenz gegen birationale Transformationen gar nichts ab. 

Jedenfalls habe ich mich—um eines hervorzuheben—überzeugt, dass in sehr vielen von Montesano 
behandelten speciellen Congruenzen,wo die Ebenen der C; eine Regelfläche umhüllen, sich ein Büschel 
von M3 herausfinden lässt, welches alle C, enthält, sodass Reduction auf den Typus I. des Textes 
möglich ist. 

Ist aber ferner eine C,-Congruenz gegeben, welche eine Ebene in einem Punktepaarsysteme eines 
"bestimmten Typus schneidet, so kann es unicursale Flächen geben, welche sogar homaloidal sind und von 
den C, in einem Punktepaarsysteme geschnitten werden, das sich nach räumlich birationaler Verwandlung 
jener Fläche in eine Ebene in ein Punktepaars, ystem eines anderen Typus unsetzt, während die C, wieder in 
C, übergehen. : s 

Im Falle, wo die C, eine Raumcurve 4. O. e, p —1 vierfach treffen, ziehe man durch C, eine Fläche 
3.0. Durch Abbildung des Schnittes derselben mit den C, sieht man, dass er von derselben Natur ist, 
vie jener durch die Schnitte der Stralen eines Büschels O mit den C, eines Büschels durch O entsteh- 
‚ende. Dieses Punktepaarsystem ist intricat unterschieden von dem, welches in einer Ebene von den 
C, über C, ausgeschnitten wird. Es gibt ferner eine birationale Transformation, welche die F, in eine 
Ebene und die C, wieder in C, verwandelt und daher zwei Congruenzen einander dquivalent macht, 
welche die Ebenen des E; in zwei verschiedenen Typen von Involutionen durchschneiden. Und so in 
anderen Füllen! 
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werden.* Die Basispunkte der oer"? C,-Biischel können dann noch entweder 
eine irreductibele Mannigfaltigkeit M^ ,, oder zwei Mannigfaltigkeiten M y, 
Me", erfüllen, von denen die erste die Scheitelgerade der Ebenen zur’ (2 — 4)- 
fachen, die anderen sie zur (n —2), (n/—2)-fachen Geraden haben. 

Beim o'-iComplexe von Ebenen ist nun zu unterscheiden, aus welchem 

‚Systeme niederster Dimension der Ebencomplex die C, ausschneidet. Es 
= dies ein o! bis ©”-1.-System sein. Zum »'-Systemegehört dann für jede M? , 
ein lineares œ- t-l- System von R,, welche also j je eine M,_,,, erfüllen. Diese 
o»! M, .,,., müssen ein lineares System bilden und ihre Gesammtheit muss mit- 
telst ihrer R, einen linearen o—!-,Complex geben. Für i = r—.1' entsteht 
jedenfalls auch im R, ein "System von M, ,, welche durch den Schnitt von: 
je r— 1 die C, hervorbringen. . 

Constructionen von 0, -Complexen o"-!kann man mannigfach ersinnen. 
Einen »*~*Complex von C im RE, , projicire man aus einem Punkte O auf 
einen E, , des Æ,, lasse dann O in einer rationalen Curve variiren und den 

- R/_, in einem Büschel im R,. Dann entsteht ein @"-1.Complex des R,. Allge- l 
meiner man construire in den sümmtlichen R; durch einen E; , des R, je einen, 
linearen o—.Complex von Kegelschnitten einer der drei vorerwähnten Typen ; 

..die Gesammtheit gibt einen o"-l-C,-Complex des R,. Der extremste Fall 

dieser Reihe ist dann der Fall ¿ —2, unser obiger erster Typus. Man kann diese 

Complexe der besonderen Beschaffenheit der Focal-M,_, wegen als singular 

bezeichnen. ~ 
Eine andere beachtenswerthe Classe ist der Complex der Cj, die eine M?., 
des E, in zwei Punkten schneiden." Er entsteht durch Projection aus einem 

Punkte O einer M? des E,.,, von allen C, eines in M? durch die pi^ irgend eines 

linearen :o»"71-Complexes entstandenen Sehnittcomplexes. 


$4.— Lineare 00"? "—.-Complexe rationaler Curven im Js. 


Lemma I. Jedes lineare M, i "System mit wr und rationalen gegenseitigen 
Bohnitiour "ven ist ein homaloidales System. 





* Jede C; muss 'die.Focal-M,_. in 2r Punkten schneiden (Darboux, “ Leçons sur les surfaces IL”). 
Da vier auf die Basispunkte des Büschels in der Ebene von C, entfallen, so folgt, dass die den R, 
gemeinsame Gerade (r—2)-fach für die M, _. ist. 


T Mario Pieri, Rendiconti Ist. R. Lombaıdo hat diesen Complex im R, in vortrefflicher “Weise 
behandelt. 
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Im E, entsteht durch den gegenseitigen Schnitt in jeder M, des Systemes ein 
vollständiges »°-System rationaler Curven in jeder M, des Systemes, also, indem 
die bekanntlich daraus folgende Abbildbarkeit benützt wird, ein homaloidales 
System, das ist vom Range 1. Es ist also auch das M-System vom Range 1, 
liefert also eine birationale Transformation durch die Beziehung auf die R, 
eines Àj. l 

Indem man so weiter schliesst, beachte man zunächst im R,, dass aus der 
Existenz eines homaloidalen Systemes auf einer M, , deren Abbildbarkeit auf 
einen A, , sofort folgt, weil es einen linearen SECH -Complex von Curven zu . 
finden sofort möglich ist, die jene M,_, in je einem Punkte schneiden, der Com- 
plex aber direct den Punkten eines A,_, zugewiesen ist. 

Ist dann aber auf M, , ein vollständiges lineares »’"!.System von M, , 
gegeben, die sich gegenseitig in rationalen Curven schneiden, so kann der Rang 
nicht > 1 sein, weil schon für den Rang 2 die Dimension > r —1 folgen würde, 
oder die Abhangigkeit der Punktepaare auf den Schnittcurven, was für p — 0 
derselben nicht möglich ist. Also folgt auch aus der Existenz eines vollständigen 
linearen oo" —-ISystemes von M,_, auf M,_, die Abbildbarkeit.. 

In dem im Lemma vorausgesetzten Systeme entsteht nun wegen u=r auf 
jeder M, , des Systemes ein vollständiges lineares o» System von M,_», 
woraus die Abbildbarkeit wegen der rationalen Schnittcurven und der Rang 1 
für das ganze M,_,-System folgt. 

THEOREM VI.—Fitr jedes lineare »*-System, u >>  — 1,* von M... ze mit ration- 


! einpunktige Transversalen oder 


alen gegenseitigen Schnitteurven gibt es entweder œ 
oo? gweipunktige Transversalen der Curven. 

Auf jeder M, des Systemes entsteht im A, ein »*"1System rationaler 
Curven. Die M, sind für u`>r rational distinct auf die Ebene abbildbar und 
indem man die Theoreme über die o"-—'-Systeme in der Ebene verwendet, 
wou—1>>1 zu nehmen ist, ist ersichtlich, dass es entweder ein rational dis- 
tinctes System von o! rationalen Curven gibt, welche für alle oer"? Curven 
1-punktige Transversa.en sind oder ein *System rationaler Curven, welche 
zweipunktige Transversalen sind. Dieses o "System ist ebenfalls rational dis. 
. tinct und überdies homaloidal. Dazu kommt ein dritter Fall, wo das «*—1Sys- 








* Wir bedürften eigentlich nur mehr der Theoreme für u >r, da das Lemma den Fall eines voll- 
ständigen u = r erschöpft. ' 
t Monatshefte für Math. und Phys. 1899. 
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tem dem System von oe? C, durch ein Punktepaar äquivalent ist, wo das System 
selbst als 2-punktiges Transversalensystem für sich aufgefasst werden kann. In 
jedem dieser Fälle ist also das Transversalensystem auch auf der M, rational, 
distinct. 

Als solches muss es stets auf allen M, des Systemes gleichzeitig durch ein 
lineares M,-System ausgeschnitten werden können. Dies ist in den beiden vor- 
herigen .zu verwendenden Füllen um so sicherer, als das Transversalensystem in 
der Ebene, nämlich für die Typen das Geradenbüschel oder das Geradennetz in 
dem Curvensysteme selbst als Bestandtheil enthalten ist, also auch auf den M, 
des Systemes entsprechend Bestandtheil sein niuss. 

Es gibt also ein lineares M, System, welches alle Curven des Complexes ent- 
weder in einem oder zwei Punkten schneidet. Dieses System ist überdies in dem 
gegebenen als Bestandtheil enthalten. Von hier ab schliessen wir nun ganz 
ebenso weiter für die M, im R,, bis wir zum E, gelangen. , 

Corollar. Wenn es keine einpunktigen Transversalflächen im 2, gibt, kann 
die Dimension des M,-Systemes nicht > 6 sein, und sie ist entweder genau gleich 
6 oder 4. 

Denn für das auf einer M, des Systemes erzeugte Curvensystem gilt von der 
Ebene her, dass die Dimension bei zweipunktigen Transversalen entweder gleich 
5 oder 3 ist. 

Turorem VII.—Jedes lineare co"-System von M, , mit erzeugtem Complexe 
rationaler Curven und einem Büschel einpunktiger Transversal-M,_, für dieselben 
ist birational transformirbar in ein System, dessen erzeugter Curvencomplez Curven 
C, sind, die einen R,_, inn — 1 Punkten schneiden. 

Ich nehme durch Vorschreibung einfacher Punkte P}, .... P,_, aus dem 
Systeme ein o”-System heraus. Dasselbe wird nach dem Lemma ein homaloid- 

‘ales System sein. Ich transformire durch dieses System in einen Bi. Dann 
erscheinen statt der «?"- Qurven c?*-? Geraden. Die einpunktigen Trans- 
versalen sind jetzt in M, , verwandelt, welche alle Geraden des Ein je einem 
Punkte treffen, sind also R,_, eines Büschels. Diese o! 7, , müssen auch alle 
transformirten C, in je einem variabeln Punkte treffen; ihre Axe R,_, muss 
also n — 1 Punkte mit jeder C, gemeinsam haben. . 

Das transformirte M,_,-System muss von jedem dieser E, , in einem 
homaloidalen Systeme geschnitten werden, sodass, obzwar u>r sein mag, den- 
noch in jedem der o! Transversal-E, ; kein höher dimensionales als ein orl. 
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System erscheinen darf, da kein M,. ,-System mit u >r—1 den Rang 1 haben 
kann. Dann lässt sich leicht unter den o! R,_, des R, und o! R/_, eines 
Büschels in ZE eine Collineation und unter je zwei entsprechenden IU dci 
eine birationale Transformation herstellen, welche jenes Schnittsystem in die 
ow’! ER, , verwandelt. Somit sind die A in solche verwandelt, welche einen. 
(n — 1)-fachen E, , besitzen. i 
Auch wenn wir gar nicht die Dimension 1 fiir die einpunktigen Transva- 
salen als aus der Ebene bekannt* voraussetzen wollen, kónnen wir dieselbe 
erschliessen. Denn wird nur die Voraussetzung gemacht, das überhaupt 1-punk- ` 
tige Transversalen vorhanden sind, so führt die Benützung eines im o»"-Systeme 
enthaltenen homaloidalen »’-Systemes nothwendig zu einem M,_,Systeme iu 
Rl, wo die Transversalen in R/_, verwandelt sind. Wären- dieselben nun 


œl oder o—7? .... o, so wären die Curven des Complexes in C, verwandelt, 
welche (n — 1)-fach einen K, oder E, .... R, treffen würden, daher entweder 
jede in einem R, oder in einem Fz, .... E, , enthalten wäre. Normalcurven 


sind aber die einzigen, welche in dieser Weise einen “eigentlichen " Complex 
bilden kónnen, wie eine leichte Ueberlegung aus der Definition des “eigent- 
lichen ” Complexes folgert. 

Turorem VITI.—Jedes lineare oo"-System, u>r—1, von M,_, mit rationalen 
gegenseitigen Schniticurven, welche mehr als oo! Transversal- M, _, einpunktigen Schnittes 
zulassen, kann räumlich birational transformirt werden in ein System von M,_ı, die 
sich in Normaleurven 2., 8., 4., .... (n — 1). Ordnung schneiden, welche einen 
Festen Ry, Ra, Ry, .... oder Eps in resp. 1, 2, 8, .... (n— 2) Punkten treffen. 

Solche Curvencomplexe kónnen aber einfach construirt werden. Von den 
gemeinsamen Secanten-Zi; aus projicire man sie auf einen R,_,, E, 5, ER, 3, .. E, 
resp. in einen Geradencomplex. Daher: = 

Tueorem IX.—80ll ein eigentlicher »"-Complex von rationalen Curven einem 
der Typen des Theoremes IV äquivalent sein, so kann seine Dimension nicht 
> 2 (r— 2) sein. ) i ; 

In diesem Falle wird sich über jeder Geraden des H. (Projectionsraumes) 
nur eine Normaleurve befinden. In jedem #;,, durch den Scheitel-R,_, kann 
dann noch nach Willkür die Normaleurve Mj*! construirt werden, sofern dieselbe 
nur einem für alle R;,, einheitlichen Gesetze unterworfen ist. [Wird in jedem 
RQ, ein c"^'"System von Curven construirt, so wird der Complex unei- 
gentlich.] 





* Monatshefte für Math. und Phys. 1899. 
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THEOREM X.—Gestatiet ein eigentlicher Complex vationaler Curven nur zwei- 
punktige Transversalen, so hat er entweder als erzeugendes M,_,-System ein solches 
der Dimension v + 1 oder der Dimension r + 3. 

Denn im Corollare zu Theorem I. wurde bereits geschlossen, dass im R, die 
Dimension 6 oder 4 ist. Nun ist im M,_,-System des H jedes erzeugte M;-Sys- 
tem wieder von derselben Art, was die Transversalen anlangt. Daher werden 
die M,-Systeme in den M, entweder die Dimension 7 oder 5 haben, u. s. w. bis 
zu den Mı. 

TurorEM XI.— @estatiet ein eigentlicher Complex rationaler Curven nur zwei- 
punktige Transversalen, so ist er birational transformirbar entweder -in das System 
der Kegelschnitte, in denen sich die M?_, durch eine feste M}_, schneiden, oder in das 
System der Curven 4. O., Schnitte von M}_,, welche sich längs eines R,_; berühren 
mit demselben Tangenten-R, — in allen Punkten. 

Denn im Falle der Dimension r + 3 besteht ein »*System von Transver- 
sal-M, ,, welche sich wechselseitig in M,_, so treffen müssen, dass diese M,- 
die M, des gegebenen M,_,-Systemes in je einem Punkte schneiden. Wird nun 
aus dem gegebenen o» *?-Systeme wieder durch einfache Punkte ein homaloidales 
System herausgenommen und wird mit diesen in R} transformirt, so entsteht aus 
dem Transversalensystem jetzt ein M,_,-System im HI. das die Geraden des RI 
in Punktepaaren schneiden muss, also aus M? besteht. Die M? haben über- 
dies die Eigenschaft, sich zu zweien in abbildbaren M,_, zu treffen. Bei dieser 
"Transformation gehen die Curven des gegebenen Complexes in solche über, 
welche von den JM? in zwei variabeln Punkten getroffen werden. Ich werde 
beweisen, dass dieses M? Neis stets birational in ein R,_,-Bündel verwandelt 
` werden könne. Ich nehme aus dem o*?-M,. ,-System ein »”—*-System heraus 
und beziehe dasselbe collinear auf ein. o»"^-System von Ri; im Ri, gleichzeitig 
das «System von Transversalen auf ein o?-System von R/_, im Ri reciprok. 

Dann kann, da die M?_, die M, in je einem Punkte schneiden, hierdurch eine 
birationale Transformation unter R,, Ri bestimmt werden, welche die ce" !M,. , 
und gleichzeitig die o? Transversalen in E, , verwandelt. Die Curven des 
Complexes sind in solche verwandelt, welche von œ"—? R,_, durch eine Gerade 
in 4 und von o»? E, 5 durch einen Punkt O in 2 variabeln Punkten geschnitten 
werden. Die erzeugenden M7 , haben in O einen (n — 1)-fachen Punkt. Statt 
hieran die Diseussion zu knüpfen, verwende ich eine dritte Art von Transfor- 
mation. i 

3 
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Ich beginne mit Æ}. Aus dem Vorhergehenden ist der Nutzen zu ziehen, 
dass wir o? einpunktige Transversalcurven der simmtlichen »* M, kennen. In 
Folge dessen können wir:aus dem System ein %System (Mf auswählen, 
welches die M, in o? Curven eines linearen Systemes vom Range 2 schneidet, , 
während das ganze System vom Range 4 ist. Die gegenseitigen Schnittcur- 
ven dieser (7/7 sind zweipunktige Transversalen. Ich nehme nun abermals das 
Hilfs- ©°-System aus dem »"-Systeme, welches eine birationale Tr. und daher im 
R; aus dem vorher bezeichneten »°-Systeme ein solches mit C, als erzeugten 
Curven liefert und hebe das hervor, dass in Folge dessen die Schnittcurven 
unter den (M? rational sind. Da es aber ein vollständiges »°-System ist, so ist 
es nach dem Lemma ein homaloidales System. Benütze ich nun dieses für eine 
birationale Transformation, so verwandle ich endlich die M7 des gegebenen Sys- 
temes in Jf? und die Curven des Complexes in C,. Jetzt folgt von selbst, dass 
die M7, damit die C, rational werden, sich in einem Punkte Ọ berühren müssen. 
In der That bilden diese M? ein »*-System. Wir entdecken nun auch das bei 
dem ersten Beweisansatze gefundene »°-System 2-punktiger Tranevoralen; 

das sind die Ebenen durch O. 
Bemerken wir jetzt, dass für dieses System in BR, stets ein homaloidales 
System vorhanden ist, das die C, in 4 Punkten trifft und rational distinct ist ; es 
sind die E, des Rz, Bestandtheile der M7. Aber auch irgend drei M? schneiden 
sich in 4 Punkten. 

Im A, haben wir nan auf den M, des Problemsystemes das »°-System. Wir 
haben wieder für die W, einpunktige Transversalen, eben in Folge des rational 
distinct vorhandenen: homaloidalen »°-Systemes, das als Bestandtheil im oo*- 
. Systeme enthalten und daher zweifellos durch ein »°-System von M, ausschneid- 
bar ist, dessen gegenseitigen Schnittcurven die einpunktigen Transversalen sind. 
Mit Hilfe dieser Transversalencurven können wir aus dem o*Systeme von M, 
auf den M, ein o»*-Bystem von (My auswählen, welches sich nur mehr in Curven 
schneidet, die zweipunktige Transversalen des gegebenen Systemes sind. Durch 
Benützung eines beliebigen, im gegebenen Systeme enthaltenen homaloidalen 
Systemes, welches im E, jene Schnitteurven in C, verwandelt, weisen wir die 
Rationalität derselben, deswegen. aber die Homaloidität von (M? nach, trans- 
formiren mittelst dieses Systemes und erhalten wieder M7, welche einen Com- 
plex von Curven C, bestimmen. Die sämmtlichen Ránge dieses Systemes 
müssen 4 sein. Daraus schliesse ich, dass sich die JM? làngs einer Geraden 


Kantor: Die Typen der linearen Complexe rationaler Curven im E, 19 


. berüfren und auch in allen Punkten derselben einen und derselben Tan- 
genten- A, haben. 

In derselben Weise kann bis zum R, geschlossen werden, duds die sammt- 
lichen Ránge 4 sind, um endlieh, da hiezu weder gemeinsame 4M? , noch zwei- 
"mal gezählte gemeinsame M?_, dienen, auf ein System von M? zu gelangen, 
welche sich längs aller Punkte eines A, , berühren. Sie sind also von r= 6 
Kegel mit einem Doppel-R,_,, der innerhalb R,_, variirt. l 

Es bleibt noch der Fall der Dimension r + 1. Dann ist das gegebene 
Mz- -System vom Range 2 in Betreff der Punkte, aber durch successive Schlüsse 
ersieht man, dass auch alle übrigen Ränge 2 sind. Durch Vorschreibung eines 
einzigen Punktes P wird also ein »’-System vom Range 1, das ist ein homa- 
loidales System, ausgeschieden. Wird durch dieses i in einen Æ; transformirt, SO 
wird nothwendig ein o *'-System von M? ., entstehen, dessen sämmtliche Ränge 
2sind. Das einzige derartige System ist das im Theoreme genannte. 

Bevor ich den Beweis verlasse, betone ich nochmals, dass der Angelpunkt 
desselben das im $ anfangs. gebrachte Lemma ist. Ich fasse alle Resultate 
zusammen in das folgende: 

Turorem XII.—Jeder eigentliche lineare onis rationaler Qurven im R, 
kann räumlich birational in einen der folgenden Typen übertr agen werden : 

I. Das Stralenbündel in einem Scheitel O. 
IL Einen œt- Complex von Kegelschnitten. 

III. Einen »°®°—»- Complex von rationalen Normeurven i. O. mit einem ` festen 
(i —1)- punktigen Sehnen-R;_2, 157 — 1 oder einen in diesem einthaltenen unvoll- 
ständigen Complex. 

IV. Einen Complex von C, mit einem gemeinsamen (n — 1 -punktigen Sehnen- 
R,_1, wobei n willkürlich gegeben sein kann, Schnitt innerhalb eines linearen Sys- 
temes M™_, mit (m — 1)-fachem R,_.. F 

V. Den Complex der Kegelschniite, welche éine feste M " RES treffen, 
oder einen in diesem enthaltenen unvol'ständigen Complex.* 

: VI. Den Complex der COurven 4. Ordnung, in denen sich die M? ued 
welche einen festen R,_s enthalten und längs desselben gemeinsame Tangenten-R,_, - 
besitzen, oder einen in diesem enthaltenen unvollständigen Complex. . 

Um den zweiten Passus unter IV. zü beweisen, bemerke ich, dass ein Rai 
durch E, , die Mr, in zwei M, , schneiden muss, welche nur einen gemein- 
samen Punkt besitzen. Ist also das System nicht homaloidal im R,_, , was nur 


* Durch diesen Zusatz wird die Gesammtheit der Geraden im Rr erledigt. 
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bei einem »*—!-Complexe (I. oder II.) eintreten kónnte, so müssen die *M, 
Ebenen, also der M,_, muss (m — 1)-fach sein. 

* Um in VI. zu erkennen, dass die sämmtlichen Ränge 4 sind, hat man zu 
beachten, dass z. B. zwei M? im R,, die sich längs einer Geraden g berühren, eine, 
Schnitt-M haben durch g?, deren beide Tangentenebenen in einem Punkte P von 
g in dem gemeinsamen Tangenten-R, der M? in P enthalten sind. 

Aus diesem Grunde zählt g im Schnitte von Mj mit einer weiteren M? des 
Systemes 4-statt nur zweifach, und ähnlich im R,. Die 2! Tangenten-R, in 
einem Punkte P von R,_; sind jedesmal in dem Tangenten-R,_, an alle M? in 
P enthalten. 

Die Typen des EEE ES VIII. beweisen folgendes für unser 
Transversalenprineip wichtige Theorem : 

THEoREM XIIL— Für jeden eigentlichen linearen o»*- Complex rationaler Ourven 
im R, gibt es entweder : : l 

1. ein rational distinctes Büschel einpunktig schneidender M, ., (welche abbild- 
bar sind) und gleichzeitig einen oer". Complex rationaler die erzeugenden M,_, des 

Complexes einpunktig schneidender Curven, oder 

2. ein rational: distinctes lineares. »'-System einpunktig schneidender M.o, 
dber nur im Falle, wo u X 2 (r — 1) ist, oder 

3. ein rational distinctes und überdies homaloidales und im erzeugenden Sys- 
teme enthaltenes »-System von Mr. un welche die C, zweipunktig schneiden, wo dann 
stets u = 2r 4st, oder 

3. ein rational distinctes, weil im erzeugenden Systeme als Degeneration enthal- 
tenes »"-System von M,_1, welche die C, zweipunktig schneiden. 

In 3. und 4, gibi es einen rational distincten o”’—'-Complex rationaler 
Curven, welche die erzeugenden M,: , simmtlich einpunktig schneiden. 

Jedes einzelne dieser Systeme von Transversalen ist daraus zu erschliessen, 
dass bei birationaler Uebertragung Dimension, Geschlecht und Anzahl der Trans- 
versalpunkte in einem Systeme invariant sind. Es ist von Wichtigkeit, zu 
bemerken, dass die Transversalen 1.—4. auch für einen enthaltenen unvoll- 
standigen Complex rational distinct bleiben. 


$5.— Verallgemeinerung des Picarü'schen Satzes auf R,. 


Das Theorem XIII. leitet zu folgendem weiteren Theoreme, dessen speciell- : 
sten Fall Herr Picard in Cr. J. 100 gegeben hat (für r — 3): 
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THEOREM XIV.— Die M,_, des R,, welche rationale ebene Schnitteurven besitzen, 
sind: 

I. die M}_,, 

II. die M,_,, welche aus einer rationalen Reihe von R,_, zusammengesetzt sind, 

III. die M}_,, welche Kegel sind, die aus einem R,_, eine Steinersche Fläche 
4. O. profieiren. 

Aus der Existenz der œ- ebenen Curven folgt zunächst die Abbildbar- 
keit. Der algebraische Beweis hat keine Schwierigkeit. Geometrisch stützt 
man sich am besten auf das Lemma: Enthält eine M,_, einen o" ?-Complex von 
rationalen Curven, der den Index 1 besitzt, und der an sich eine unicursale 
 Mannigfaltigkeit ist, so ist M,_, unicursal. 

Um diesen Satz zu beweisen, transformire ich mittelst einer einfachen 
geometrischen Construction die. M,_, in eine solche, wo die c^? Curven in 
einem &’-!-Complexe rationaler Curven des R, enthalten sind, die den ganzen 
Raum einfach erfüllen. Dann wende ich das Princip an, dass die verschiedenen 
Geschlechtszahlen sich nicht ändern, wenn die Basisgebilde des Complexes so zer- 
fallen, dass er in ein’ Stralbündel transformirbar wird. Ist er dies aber, so wird 
M, , ersichtlich eine Kegelfläche, die von einem F, eine unicursale H , pro- 
jicirt. mE 

Nun sind die einzigen M,_,-Systzme, welche sich in Curven p = 0 schneiden 
und als Bilder einer M,_, im R, dienen können, die in IV. V. VI. des Th. XII 
genannten. l : à 


$6.— Die uneigentlichen linearen Complexe rationaler Curven im Ry. 


THEOREM XV.— Im R" ist jeder uneigentliche Complex von rationalen Curven 
C, durch birationale Transformation des R, in einen Complex von ebenen Curven in 
den Ebenen eines Büschels (wenigstens irrational) übertragbar, sobald es ein alle C, 
enthaltendes M;-Büschel gibt.. 

Das zweite erzeugende M,-System hat mindestens u = 2. Ist u genau = 2, 
so sind die Systeme von C, in den M, des Büschels homaloidale Netze, die 
Schnitteurven der M, des Netzes unter einander einpunktige Transversaleurven 











* Während die eigentlichen Complexe rationaler Curven im R,, für welche u > 2, von F. Enriques 
in Math. Ann. Bd. 46 auf drei Typen zurückgeführt sind, welche aus 4. 5. 6. des Theoremes XIII für 
T3 hervorgehen, hat er auch im E, die uneigentlichen Complexe gar nicht erwähnt. Uebrigens 
ist seineim R, benützte Methode nicht nur grundverschieden von der meinigen, sondern ihr in gewis- 


sem Sinne gerade entgegengesetzt. ^ 
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jener M,, wobei jedoch von einfachen Basispunkten des zweiten Systemes 
abgesehen wird. In der That ändert die Weglassung derselben nichts an der 
Rationalität oder Ordnung der Schnittcurven und das System kann mit Bezug 
` auf diese beiden Charactere erst nach Weglassung der einfachen Basispunkte als 
vollständig angesehen werden.” Ist w 7» 2, so kann aus dem »*-Systeme von 
C, durch Vorschreibung von Punkten, welche in der Basis des M,-Büschels ent- 
halten sind, ein homaloidales Netz, das ist also aus dem zweiten M,-Systeme ein 
vollständiges *-System ausgeschieden werden, dessen gegenseitige Schnitt- 
curven einpunktige Transversalen der M, des Biischels sind. Wird nun dieses 
Netz auf ein Ebenenbündel reciprok und das erste M,-Büschel auf ein Ebenen- 
büschel projectiv bezogen, so hat man eine birationale Transformation nach einem 
Ri vermittelt, welche das M,-Büschel in ein Ebenenbüschel überführt. 

Es wird aber sogar gleichzeitig das transformirende Netz so gewahlt werden 
kónnen, dass es entweder das einpunktig schneidende Büschel enthalt oder selbst 
das zweipunktig schneidende Netz ist und daher entstehen durch die Transfor- 
mation dann die beiden Typen von Curvensystemen in den einzelnen Ebenen. 

Soll rein rational transformirt werden, dann dürfen die einfachen Basis- 
punkte nicht verwendet werden. Aber es ist zu ersehen,} dass auf jeder M, des 
Büschels entweder ein »!.System 1-punktiger Transversalen also insgesammt 
ein o?-System 1-punktiger Transversalen des anderen M,-Systemes erscheint, 
was Transformirbarkeit dieses in ein monoidales System beweisen würde oder 
ein »*-oder o *System 2-punktiger Transversalen, was im einen Falle rein 
rationale Transformirbarkeit auf ein Ebenenbüschel oder im anderen Falle 
Transformirbarkeit auf ein Büschel von M? bewirkt. Aber eine weitere kleine 
Discussion beweist, dass diese nie vollstandig in einem Büschel sein kónnen. 


Turorem XVI.—Die Complexe des Theoremes XV. sind äquivalent: 1. Ourven 
C, , welche einen festen (n — 1)-fachen Punkt haben und in Ebenen eines Büschels 
enthalten sind oder 2. Curven C,, welche in den R, eines Büschels sind und eine C,, 
welche dessen Axe (n — 2)-punktig trifft, zweifach treffen oder 3. alle C,, welche eine 
feste Gerade zweipunktig treffen. - 

Es bleibt nur zu n. 1. zu erklären, dass man die bei der Wahl der Trans- 
formation in den einzelnen Ebenen entstandenen (n — 1)-fachen Punkte durch 








*Siehe $4, Lemma I. 
Denn die Flächen mit einem rational distincten linearen c»?.oder o»*-System rationaler Curven 
sind rein rational abbildbar auf eine Ebene oder eine M7. 
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neuerliche Anwendung einer Collineation-auf je eine der Ebenen, das ist also 
‘durch eine neuerliche räumlich birationale Transformation in einen und denselben 
Punkt O der Büschelaxe verlegen kann. 

Turonzw XVII.— Wenn im R; die niederste Dimension ees enthaltenden 
M,-S'ystemes v, > 1 ist, so kann der C,- Complex in den Schnitt aller M? mit allen 
Ebenen oder in den Complex aller Scknittcurven der Monoide M7 (0"—!) mit den 
Kegelflächen eines linearen Systemes in O verwandelt werden, welche selbst rational 
sind. 

Es ist dann eine Dimension o (cf. $1) mindestens 3. Jedes der beiden Sys- 
teme besteht aus abbildbaren Flächen, da jede dieser Flächen œ? rationale Curven 
eines linearen Systemes enthält. Aus dem Systeme œ% wähle ich ein »*-System 
durch Vorschreibung einfacher Punkte, welche auch in der Basis des zweiten Sys- 
temes enthalten sind. Dann schneidet es diese M, in homaloidalen Netzen und daher 
sind die gegenseitigen Schnittcurven jenes »°-Systemes rationale Curven, welche 
die M, des zweiten zu einpunktigen Transversalen haben, Verwandelt man sie in 
ein Stralenbündel, so kann dies stets auch so geschehen, dass die o»? M, in oi" 
Ebenen verwandelt werden. Das zweite System geht in ein M,-System über, 
dessen M, von o? Ebenen eines Bündels O in rationalen Curven geschnitten 
werden und die Geraden durch O zu einpunktigen Transversalen haben, also in 
M; (0^7). 

Die Curven müssen auch von O aus durch ein lineares System von Kegel- 
flächen projicirt werden, weil sie auf jeder einzelnen My (OI) des Systemes 
ein lineares System bilden, und diesem in der Abbildung auf R,, welche durch 
die Projection aus O entsteht, ein lineares System entsprechen muss. 

Wenn die s&mmtlichen Flüchen gleichzeitig in Ebenen verwandelt werden, 
und die Kegelflächen, welche wir eben erwähnt haben, sind Kegelflächen 2. O., so 
benützen wir gleich das ganze System der Kegelschnitte, welche Schnitte der M? 
mit allen A, sind. l : l 

Es wurde implicite die Annahme gemacht, dass Basispunkte des zweiten 
Systemes vorhanden sind. Diese Annahme gilt nur dann nicht, wenn diese M, 
simmtlich schon die R, oder die M? sind. f 

Gerade diese Bemerkung führt zu einer zweiten Art von Transposition. Wir ` 
mögen v, > 2 voraussetzen. Solange das zweite System Basispunkte (in hin 
' reichender Anzahl) hat, können wir nun, da die einfachen Punkte P nichts an 
der Rationalität der Schnittcurven des ersten Systemes ändern können, mindes- 
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tens ein oi. System im ersten enthalten voraussetzen, dessen gegenseitige Schnitte 
rationale Curven sind, welches also, wenn es durch einfache Punkte als ein rela- : 
tiv vollständiges erhalten wurde oder es an und für sich vollständig ist, nothwen- 
dig homaloidal sein muss. Die Transformation durch dieses System liefert für 
das zweite M,-System ein solches, dessen sámmtliché ebenen Schnitte rational 
‘sind. Nach einem Theoreme (Picard’s) für den R, können diese nur sein: 1. 
die simmtlichen M? oder ein darunter enthaltenes System, 2. Regelflachen, 3. 
Steinerische Flächen. Für 1. ist zu erwähnen, dass die M? nur von den R, in 
einem Complexe von Curven mit p = 0 geschnitten werden. 

Für n. 2. sage ich nun, dass die Regelflächen die vielfachen Curven gemein- 
sam haben müssen, also dass ihre Erzeugenden entweder eine feste Gerade 
schneiden müssen, die für alle (n — 1)-fach ist, oder eine Congruenz der Ordnung 
1 bilden, welche also birational in ein Stralbündel übertragbar ist, somit die 
Regelflächen in Kegelflächen mit gemeinsamen Scheitel verwandelt werden. 
Die Steiner’schen Flächen sub 3. können, obzwar es lineare Systeme von 
Monoiden gibt* keine linearen System bilden, ohne dass die Doppelgeraden fest 
sind, was den vorigen Fall gibt. So bleiben die Typen des Theoremes XVI. 
Dieselben gehórig interpretirt geben nun: 

Turorem XVIIL— Für jeden uneigentlichen linearen Complex rationaler Curven 
im. R; gibt es entweder : 

1. ein rational distinctes oe). System von M,, welche alle Curven einpunktig 
treffen, oder 

2. ein rational distinctes oc*-System von M,, welche alle TM des Sy ystemes 
zweipunktig treffen, oder - 

3. ein rational distinctes und überdies homaloidales »°-System von M,, welche 
alle Curven zweipunktig treffen. 

Im Falle n. 1. gibi es einen oo?- Complex der Ordnung 1 von rationalen Garin 
welche die beiden erzeugenden Systeme einpunktig treffen (eventuell dem einen- ganz 
angehören); im Falle n. 2. gibt es ausser den gegenseitigen Schniticurven jenes 
M,-Systemes keine Curren, welche die M, auch nur in zwei Punkten treffen würden. . 
Das eine erzeugende M-System ist ein Partialsystem (Degeneration) des anderen. 

Diese Schliisse beruhen alle darauf, dass durch birationale Transformation 
des R, ein im Sinne des Geschlechtes oder Punktranges vollständiges System 
wieder in ein vollstándiges System übergeht. 








* Mario Pieri, Giorn. di Matematich’e vol. XX XI, beweist wohl zuerst die Existenz von “ Büscheln ” 
von Monoiden. Es gibt aber auch höhere lineare Systeme von Monoiden im R, und dann auch im R 
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§7.—Die uneigentlichen linearen Complexe rationaler Curven im R,. 


Lemma II. Wennim R, ein vollständiges System von M,_, eine M!_, in einem 
vollständigen Systeme schneiden soll, so darf es keine einfachen Basispunkte ausser- 
halb M!_, besitzen. Denn die Weglassung dieser würde nichts an der Rationali- 
tät ändern, ebensowenig an den r — 2 ersten Rängen des M,_,-Systemes, würde 
aber die Dimension vergrössern. 

Lemma III. Die einzigen linearen Systeme im R,, welche keine Basispunkte 
besitzen und von allen Ebenen in rationalen Curven geschnitten werden, sind die 
AM, Die beiden anderen Arten M,_, aus Theorem XIII. können ohne Basis- 
.punkte kein lineares System erschöpfen. 

Turongw XIX.— Wenn im R, alle erzeugenden Systeme X,, .... X, , Dimen- 
sionen `> r — 1 haben, also (Bezeichnung 81) o, — >r — 1,* so kann der Complex 
rationaler Curven, räumlich birational verwandelt werden entweder 1. in einen Com- 
plex von Kegelschnitten, Schnitt eines linearen Systemes von M?_, mit einem linearen ` 
Systeme von R,_,, oder 2. in den Schnitt eines linearen Systemes von Monoiden 
M? 1(0*—!) mit einem linearen Complexe von Kegelflächen zweier Dimensionen mit 
dem Scheitel in O.F 

>,—1 ist entweder nach Lemma aus $4 homaloidal oder es kann ein homa- 
loidales System herausgenommen werden. R, hiedurch in Ri transformirt liefert 
Systeme 34, .... X, $, von Picard’schen Mannigfaltigkeiten des Z7. Die 3. Art 
kann keine linearen Systeme liefern, weil es keine linearen Systeme von C, mit 
Doppelpunkten gibt, deren drei Doppelpunkte nicht fest wären. Schneidet man 
die linearen Systeme von M, _, der 2. Art mit Räumen AR,, so erhält man lineare 
Systeme von Regelflächen und nach dem in $6 bei Theorem XVI Gesagten folgt: 

` Lineare Systeme von M, , mit o! E, , können nur mit festem R,_,, der 
von allen erzeugenden R, in E, ;, geschnitten wird oder in einem »?-Systeme 
der Ordnung 1 von R,_, existiren.. Das letztere kann räumlich birational in 
das System der R,_, durch einen festen E, , transformirt werden. 





* Die Dimensionen v; des Systemes 2; werden sich stets auf als vollständig vorausgesetzte Systeme 
beziehen. l d i 
T Es treten hier zum ersten Male die linearen Complexe von M, auf. Es ist klar, dass sich auch 
für solche Complexe müssen Aequivalenztheoreme herleiten lassen, entsprechend den von Nöther, Ber- 
tini und mir (Monatshefte) für Curven gefundenen. Aber es scheint, dass diese Aequivalenztheoreme 
' in ihrem Kerne doch nichts weiter als die Aequivalenztheoreme für die Curven enthalten werden. 
Dies ist in Uebereinstimmung mit dem, was ich in der Einleitung über die Grundlagen der Theorie der 
Transformationsgruppen gesagt habe und was sich sogar auf stetige Gruppen überträgt. . 
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Wird eines der X; so transformirt, so können die anderen, welche die 
rationalen C, ausschneiden, nur so beschaffen sein, dass sie Monoide sind und den 
festen R, oder R, zum Scheitel haben. 
|. Tuszongzw XX.— Wenn v,_, —1 und in den M,_, von Ea eigentliche Complexe 
von Curven | entstehen, so kann der Complex räumlich birational verwandelt werden 
entweder 1. in einen Complex von Kegelschnitten, die eine feste M? ., treffen oder 2. in 
C,, welche von den M? . durch einen festen R,_, mit gegenseitiger Berührung erzeugt 
werden, oder 3. in Cn, welche einen festen E. (n — 1)-punktig treffen, 4. in Norm- 
curven Q,, welche einem R,(4—1)-punktig treffen und in allen diesen Fällen sind 
die Curven des typischen Complexes nur in den oo! R,_, eines Büschels enthalten. 

Das Theorem ist die Verallgemeinerung von XIX. und kann Schritt für 
Schritt in gleicher Weise bewiesen werden. Es ist also das Schwergewicht auf 
den Nachweis der einpunktigen Transversalcurven aller M,. von &,_, zu werfen 
und es sind nachträglich die einzelnen £,.:, des Büschels collinear so zu transformi- 
. ren, dass die festen Sehnenräume aus den einzelnen E, , in den Schnitt-R,_, 
übergehen und dort coincidiren. 

Aehnliche Theoreme liessen sich für o, ,—:2,...., r—-1 geben und es 
wird nützlich sein, sie abzuleiten ; ich wende mich aber Raummangels wegen 
zum allgemeinen Theoreme, das etwa so ausgesprochen werden kann. 

THEOREM XXI—Jn jedem uneigentlichen Complexe rationaler Ourven des R, 
gibt es, wenn r > 3, entweder 1. ein rational distinctes und überdies homaloidales - 
oo*- System von M,_,, welche für alle Curven des Complexes zweipunktige Transver- 
salen sind oder 2. ein rational distinctes und überdies homaloidales »*-System von 
M, .,, welche für alle Curven vierpunktige Transversalen sind oder 3. ein rational 
distinctes o! oder o? .... œl System von M,_,, welche für alle Curven ein- 
punktige Transversalen sind. Im letzteren Falle gibt es stets einen linearen oo 1- 
Complex von Curven, welche gleichzeitig für sämmtliche erzeugenden Systeme ein- 
punktige Transversalen sind. 

Der Beweis soll nun die Giltigkeit für R,_, voraussetzen, also auch für 
jeden in einer abbildbaren M,_, enthaltenen Complex und von da aus den A, 
einbeziehen, verkettet sich aber in mn Weise mit dem Beweise des 
Aequivalenztheoremes. 

Sei v,_ıxr—1; jede M,_, von 3,_, wird einen eigentlichen oder uneigent- 
lichen Complex des C, enthalten. ` Für jeden gilt das Theorem XXI. per 
hypothesin, also ist es möglich, aus den übrigen X; Untersysteme auszuscheiden, 
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welche sich in einem ’~!-Systeme einpunktiger Transversalen der M,_ı 
schneiden. 

Es mögen nun die M, , ,,,,in denen sich die M,_, des X, , gegenseitig 
schneiden, collinear auf die R,—» _.+ı bezogen werden, welche durch einen 
festen KR, , , eines E, gehen. Dann kann mittelst der einpunktigen Transver- 
salen von vorhin jede der M, , ,,,&ufdenentsprechenden E, , ,,, birational 
bezogen werden und zwar, da auch in jeder M, , ,,, das Theorem XXI gilt, so, 
dass die Transversalen dieses Theoremes.in E, , , verwandelt werden. Alle 
diese einzelnen auf rational distincte Art festlegbaren Transformationen geben 
eine birationale Transformation des .2,, durch welche also bereits die M,. , von 
Z, in R,_, verwandelt sind und überdies in jedem einzelnen— weil in jedem 
einzelnen der letzten Schnitt R,_,_,+1— gewisse typische Curvencomplexe 
hergestelt sind. Dann bildan aber die R,_, des Ri das im Theoreme XXI, 
behauptete Transversalensystem der Numern 1. und 2. und es existirt im Falle 
3. nothwendig ein rational distinctes Transversalensystem JM, ,, welches die 
M, ., in den rational distincten Transversalsystemen M,_, schneidet. 

Für v, 7r —1 folgt die Giltigkeit von XXI. im RK aus Theorem XIX. 
Der Beweis des Th. XXI. hat nun gleichzeitig das folgende Aequivalenztheo- 
rem geliefert. 

TuEorEM XXII.— Jeder DIM lineare echt, Complex rationaler Curven 
Cn im R, ist räumlich birational dquivalent entweder : l 

I. einem Complexe von Kegelschitten, welche in einem linearen 8i ysteme von 
R, enthalten sind, das auch durch das lineare System ihrer Schnitt-R, vertreten 
sein kann,* i 

II. einem Complexe von Kegelschnitten, welche in einem Seier en Systeme von 
M?_, enthalten sind, oder 


III. einem Complexe von C,, welche in einem linearen Systeme von R, mit 





* Es gibt verschiedene Constructionen von Kegelschnittcomplexen, die zwar recht speciell sind, aber 
ihrerseits Anknüpfungspunkte für neue Fáden geometrischer Untersuchung bieten. 

Im R, verwende man drei windschiefe Geraden 81: 92, 9s, die Ebenen, die iknen incident sind, 
bilden einen linearen c-Complex. Diesen beziehe man collinear oder rational auf ein o»?-System von 
` M2 Systemen, jedes der Dimension (oder Mächtigkeit) o , u 71, so erhält man durch Schnitt jeder 
Ebene des Complexes mit dem entsprechenden «"M2_,-Systeme ein lineares &"-System von M? in der 
Ebene. Wenn insbesondere w—1, ensteht ein o*-Complex. Der Typus wird gefunden, indem man 
räumlich birational den o?-E,-Complex in alle Ebenen durch einen R, verwandelt. Die Herstellung 
von Kegelschnitten in diesen Ebenen geschieht durch das Trausversalenprinecip. 
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Jestem R; enthalten sind und thre Doppelpunkte in einem festen R,_s des letzteren. 
besitzen, oder 

IV. einem Complexe von Normalcurven C,, welche in einem linearen Systeme von 
R,_.ı enthalten sind, und einem R,, der allen gemeinsam ist, zum (i — 1)-punktigen 
Sehnenraume haben, oder 

V. einem Complexe von Curven, welche der Schnitt eines linearen Systemes von 
‚Monoiden M” ,(0"—) mit einem Complexe rationaler zweidimensionaler Kegel- 
flächen sind. l 

Wird auf diesen Complex V. eine Transformation angewendet,” welche den 
Schnitt der Kegelflàchen mit einem allgemeinen R,_, wieder auf die typische : 
Form bringt, dabei aber die Geraden durch O, resp., wenn O ein linearer Raum 
R, ist, Ren durch E, wieder in solche verwandelt, so entsteht das folgende 
absichtlich von XXII. getrennt gehaltene Theorem: 

Tueorrm XXIIT.—Jeder uneigentliche lineare Complex rationaler C, im R,, 
welcher einpunktige Transversal-M,_, besitzt, kann räumlich birational verwandelt 


werden in den Schnitt von r — 1 M,_,-Systemen E; der Ordnungen m,, .... m,—4; 
` welche bezüglich (m, — 1)-fach,t (m, — 1)-fach, :... (m,.., — 1)-fach einen Raum 
d - O; , enthalten, wo hZ 4,2 ...- 24,_, und überdies jeder O; in dem On.: 


enthalten ist, resp. mit thm coincidirt, wenn i, = %,_, und wo eines der Systeme X. , 
nothwendig ein System von (r — 1)-dimensionalen Kegeln ist. 

Schlussbemerkung. Neben dem allerdings tiefer gehenden Aequivalenzpro- 
bleme, das Gegenstand dieser Arbeit ist, gibt esdoch auch noch andere Unter- 
suchungsrichtungen auf diesem Gebiete; z. D: Man soll alle projectiv verschie- 
denen linearen Complexe (die eigentlichen und uneigentlichen) von Raumcurven 
3. O. im R, bestimmen—oder von Raumcurven 4. O. 2. Sp. im R,—oder von 
Normeurven r. O. im R,—oder von Normeurven i. O. p= 0 im R, —oder von 
rationalen Raumeurven (r + 1). O. im R, ete. 





* Es wird nämlich das Lemma: Gibt es eine birationale Transformation T im R,_ı so gibt es im R,. 
eine birationale Transformation 7,, welche die Stralen eines Bündels mit Scheitel O gemäss T unter 
einander verwandelt, einfach durch Anwendung von 7 auf die R,_ı eines Büschels bewiesen. 
Wenn es nun eine birationale Transformation im R,_, gibt, welche einen Complex op von rationalen 
Curven in einen anderen überträgt, und dies auch dann, wenn der zweite Curvencomplex der typische 
ist, dessen Kenntnis im R,_ı bei unserem Beweise vorausgesetzt werde. Diese EE ist es 
nun, von welcher an dieser Stelle des Textes Anwendung gemacht wird. 

+ Darunter ist also auch der Fall enthalten, wo ein lineare Complex von rationalen zweidimen- 
sionalen Regelflächen mit den sämmtlichen R,_.ı zum Schnitte gebracht wird. ‘ 


Transformation of Systems of Linear Differential 
Equations, 


Br E. J. WILCZYNSKI. 


$1. Staeckel has shown* that the most general transformation, which con- 
verts a general homogeneous linear differential equation of order m 7 1, into 
another of the same form and order, is ; 


T: wf, y-—e()m 


where /(£) and $(£) are arbitrary functions of E. If m=1 the most general 
transformation is 


sË, y=9 Er 
where 3 is a constant. E ope - Te uu 

In this paper we consider, more generally, a system of linear differential 
equations, and find the most general transformation which converts such a 
system into a system of the same order. The transformation thus found, of 
course, contains Tas a special case. The method of investigation is essentially 
the same as that of Staeckel. S 
A theory of invariants of systems of linear differential equations, based on. 
this general transformation, is now being worked out by the writer. 


$2. Any system of n independert homogeneous linear differential equations, 
containing n unknown functions A, Ya, .... y, OcÍ x, and their derivatives of 


* Orelle's Journal für Mathematik, Bd. 111. 
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order 1, 2, .... m, can be written in the form 


y™ + > (Pu-i +: + Pia Je + Powe Ye) = 0, 
a E 


y”— "* Yi (Pr... D4. + Piny + Pun) — 0, 
1 j= (Art 1, A+ 2... Abas), 


Ye: + Pory = 0, (C= A cil An-ıt 2, -e Amr 
k—1 


Moped, (7 = Amt 1, at 2 a), 
k=l Aib As + At ees + An tA =n. 


The integration of such a system involves 
A, m + Ae (m — 1)4- .... + An 


arbitrary constants, and as such we can take the values of 


D H m—1 m— I 
Yı ee AM ee eet UNA yeu 
(m — 2) (m — 2) 
Ynt eee ET 0t teeeee > YG ses aan | 
Dh Fgh e Kate DR rester re n Yan te ARAS) 
for an arbitrary value x, of x. e 


§3. We wish to find the most general transformation 


yum qme sm) mf (imo oom) 


(1) 


(I) 


(2) 


which will transform (1) into a system of the same form (1^, which we can 
imagine written down, if i in. e we substitute Greek letters », z and E for y, p 


and x. 
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Now from (2) we obtain - 


i 9g; + Og, dw 
dy; ‘ o£ Nel On, d£ Ya 
o 





dw af +5 Qf dm 








OE Al On, d£. 
dYa - do (3) 
dy "d CE y, 
dai? — e? — “3? 
d Yi Y, 
da^ ~ gi? 
whore .. c Of dy 
gu E UL 4 
a CAN (4) 


and Ya, Fe, ete., are defined by these’ equations, and are rational integral func- 
tions of ai, xy, .... 7. In particular, ' 


dYa 
dio 


and if we denote by Hy», the coefficient of all in Ya, 


do 


Y,=0 cda 





— 94 Of Of Og 0g af. 9g, 
Hy, EI SI i , 
"Om OF Ge dë +> Ge E On, m LE (5) 


(a=1, 2... n). 


These cannot all vanish identically, for else the functions fand g; would not 
be dependent. 


If we differentiate 
dt ly — TRES M 
dai M guns > o’ 





with respect to x, we get 








so that 





sp — 08-3) Fraa © 
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Denoting generally by H, the coefficient of 7 in Y,, we have, therefore, 
Hi = cH; Boma AS 
and hence Haa = 07H, (u= 2,8} .... m), (7) 


so that H, is different from zero, if Ba is. 


§4. If we substitute the values (2) and (3) in (1), we get 


Yn +$, (Pans i r Yr, m— 10? + Pa eye’ (ore: 20+. awk 
+ fue E oix x gu j= = 0, (8) 
etc. .... ete. 
Now Y,, is linear in nee, .... 7%, and actually contains at least one of the 
mi? derivatives, since at least one of the coefficients H, and, therefore, at least 
one Him is different from zero. 
Now, it must be possible to solve (8) for A, derivatives of order m, 2, of 
“order m — 1, etc. For the transformed system is to be of the same order as (1). 


If the notation is so chosen, we shall, therefore, be able to express vi, .... a 
in terms of lower derivatives, etc. Moreover, these expressions must be linear 
and homogeneous in 71, .... Nn and their derivatives, so that the transformed 


. system may be of the same form as (1). If, then, in (8) itself, we divide each 
equation by the coefficient of one of the derivatives of highest order which 
occurs in it, the resulting equations must themselves be homogeneous and linear 
in x, +--+ Nn, ete. 

Let a be a derivative which occurs in the i^ equation (8). Divide by 
Hm. Since the coefficients Pas are arbitrary, each of ihe terms 





Fo m1 Bae AAO Yia pio”? Pong." ` ` (9) 
Se na a an a a air Ten en | Te ee 3 = 
H m Hinr Hour 
must be homogeneous and linear in m, .--- Nm Nis +++ 94, etc. 


Now the last of these expressions is 
. , . . of S of do, Vr! 
Pus LA (E; s md) ES me = X 26. di 


On OF Im 9n aL On. Om d£ 
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This is linear and homogeneous in du, , when m > 1, only if 


d£ 
a oe ` um 
p 70. (4521,93. m), 


i. e., if. is a function of £ only, say 


ser 


In that case, the expression 


Doi LA] Je lË; a, Ma) Si (D 


09: 
ony 
must be a homogeneous linear function of m, .... n». Moreover, the notation 
can always be so chosen that A=i, so that nf” occurs in the OR equation (8): 
Then 
Pow LF (E)] Jel; o m)" (E)" Ee = 1, 2, . or (10) 
og. SALE 
On: 
must be linear and homogeneous in %1, .... 5. 


A similar examination of the m — 273 expression (9), 





Y, pa, gi" ` 
imi Ó 
shows that this expression is linear in »/, .... n! if, and only if, ` 
eg | : 
=0, A, “w= 1, 2,....n), 
on 9n, (A, u H ) 


so that Es a 
gx = Gu (Om + 043 (E) Ng F- F arm (£) Na + dip (£). 
But since (10) must be linear and homogeneous in 71, .... 7,, Gg must vanish. 


In the general case m > 1, we have, therefore, shown that the most general 
transformation which converts (1) into a system of the same order and degree is 


x= f(E), y= gu (EI m + a (E) m +. - o + din (E) m (11) 
| (E 1, 2, ..... n), 
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and moreover, it is clear that every transformation of this form actually effects 
the required change, provided that l 


| e LEI #0. 


$5. We still have to examine the particular case m — 1. But in this case it 
is better to adopt an entirely different method of proof. 
Let d i 
i (00 Spant + mtn (b=1, 2... n) (12) 
be the given system. Let ` l : 
M Yas Yay ev Yin `. (A= 1, 2,....m) (13) 
be a simultaneous fundamental system of (12), so that the general solutions 
will be 
l Yr = Ya F Yet +--+ b Ou Han (k=1, EENS s 
Any fundamental system of (12) is then of the form l 
Yu = Cy Vu Ciz Via ae + Cin Yen (4, k=1, 2, io n), (14) 
where A= [cy] #0, (îi, j= 1, 2... n), 
and e; are arbitrary constants. 
But we can write (12) in a à different way. If we differentiate each equation 
(12) n — 1 times, we get 


VUL pho p DEER 15 
dp Pandy AE Pran Ma: ( =4, y case At) ( ) 
By eliminating the n — 1 quantities Ji i Æ k from (15), we obtain n equations 
na TE aen. AT Mey + Tio Yr =.0 (16) 
(E—1,2,.... n) 
forji,.... Yn. "In special cases these equations may Ko of lower than the n™ 


order, but in general they are not. 

But there are relations between the equations (16), so that the general solu- 
tion of one of them, say yi, being known, the others are at once obtained in the 
form ; 





| d 
Yu = Sa Yı T Sa ah Tec r, ni Gon NUS (17) 
(k= 2, 8, .-.. n). 
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This follows simply from (15) by putting k=1 and solving for Ys, .... y,. In 
other words, equations (16) are cogredient, as might also have been proved from 
the fact that the simultaneous fundamental systems of (12) are cogredient. 

The general system (12) is, Histo, equivalent to the system 


d^ "-— g i 
n A Ge + bea 0, | 
en E (18) 
n ly 
Jem Sat + sa D p Ki Pe d 1, (4=2, By +++). | 
If the transformation à 
W= u nl mm fI ims om) (19) 
converts (12) into a system of the same form and order i 
LLL NUNT (k=1, 2 ), (12a) 
ET Ny LEER Tin Nns t= l, 2,.... A), 
it must also convert (18) into a SES of the same form and order 
d 
Pn dp ck Ge ES 7 +. bpm =O, 
(18a) 


d n 
m= Com + On ae +. © FOr n— KS 5 


(18a) being equivalent to (12a) just as (18) is to (12). 
But, by the method of the general case, it is now seen that the only trans- 
formations which convert (18) again into a linear system are, in general, 


Yr — 013 (E) m + ett n + din LI Ha: € =f (&), 


provided that n >> 1, and every such transformation does change (12) into a sys- 
tem of the same form. ; 

For n = m = 1 the theorem is not true. Staeckel has settled this case. For 
particular cases, of course, there may be other transformations which effect the 
required transformation. For instance, if m = 1, n>1, p=0 for ik and 
Pa 0, transformations of the form i 


v= f(E), Ye = Pr (E) me 


. where A, is.a constant, are also permissible. 
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$6. We have the general theorem. All transformations which convert a gen- 
eral system of n homogeneous linear differential equations into another of the same 
Jorm and order, have the form 


æ= f(E), Yz = gu Ulm + DE + cin (E) Ma, 
Keimen 


where f, am - +++ Op, are arbitrary functions of E. Only ifn=1, and if the single 
differential equation to which the system then reduces is of the first order, is there an 
exception, the most general transformation being in that case 


a= f(E), y =a (E)n, 
where 2 is a constant. . 
This theorem can be extended to systems of non-linear homogeneous differ- 
ential equations by a method analogous to the method employed for this purpose 
by Staeckel in the case of a single differential equation. 
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Distribution of the Ternary Linear Homogeneous Sub- 
stitutions in a Galois Field into Complete 
Sets of Conjugate Substitutions. 


By L. E. Dickson. 


The substitutions of the general linear homogeneous group @, on m indices - 
with coefficients inthe GF [p"] may be classified into complete sets of conjugate 
substitutions by applying the general theorems given in an earlier paper ( Ameri- 
can Journal, vol. XXII, pp. 121-137). The classification is based upon the 
canonical forms of the substitutions of Ge. The former depend upon the char- - 
acteristic determinants of the substitutions (qy), viz. : 


Gud ag Dia 
A (2) =| Tei i Qs — À Gom 
Omi Omg oes Amm — A 
= (— 1)" (AP — a A" ge AT? .... An). 


Furthermore, Gm contains a substitution in whose characteristic determinant the 
coefficients ou, Qg, .... Ga are arbitrary marks of the GF [p"] such that a, #0. 
The required substitution is l i 


Qj Gg Os: Quoi Im 

1 0 0. 0 0 
(ap) =| 0 1 0 0 0 

0 0 0 ogee 1 0 


The present note considers the case m= 3. In the article following this, 
Mr. Putnam treats the case m= 4. ` 
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Every ternary linear homogeneous substitution in the GF[p"] can be 
reduced by a linear ternary transformation of indices (not necessarily with coeffi- 
. cients in the same field) to one of the following five types of canonical forms: 


A: eis, y ary, g = AP", 

B: deu, y = py, d= az, 

C: aleam, yaßy, ` al = ye, 

D: =, y= by, 2 = (z y) 
E: 


was, Y=alyta), #=al@ty), 


where A satisfies a cubic equation and u a quadratic equation, each belonging to 
and irreducible in the GF [ p"], while a, 8, y denote marks Æ 0 of the GF [p"]. 

Type A includes 4 (p* — p”) distinct sets of conjugate substitutions, those ` 
in different sets being not conjugate under G,. In fact, if we replace a by A?" 
or by AN", we obtain from A a substitution conjugate with A under G,. Any 
other replacement of A leads to a substitution. not conjugate with A, since its 
characteristic determinant differs from that of A. Let § be a substitution of G, 
having the canonical form A, where A is a definite mark of the GF [p*"] not in 
the GF [p^]. Ifa substitution 7 of @, be commutative with S, and if we apply 
to T the same transformation of indices which reduces AN to the form As then 7' 


must take the form 
al = or, y = ou, el = gr 


where o is a primitive root of the GF'[p*”] and r is some positive integer 
=p" —1. Hence, Sis commutative with exactly p* — 1 substitutions of G,, so 
that S is one of N- (p° —1) conjugate substitutions within Tm the latter hav- 


ing the order , 
N= (p"— Asp: —p"\(p"—p). 


The number of substitutions of @, reducible to the types A is, therefore, 
Zar — py) — pp” — p”). (a) 


Type B includes 4 (p^— vim — 1) distinct sets of conjugate substitutions. 
In fact, the replacement of u by u?" leads to a conjugate substitution, while any 
other replacement of u or any change in o leads to a substitution not conjugate 
with B. A substitution of G, commutative with a particular substitution redu- 


“ 
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cible to a type B has the canonical form 

| ga pa, y! = gu, sl = óz, 
where p is a primitive root of ihe GF[p'"] and ò belongs to the GF [p"] 
and r is a positive integer Zp” — 1. The number of such substitutions is 


(p^ — 1)(p*— 1). Hence, the total number of substitutions of Gs reducible. to 
the canonical forms B is 


$ (p^ — mim — 1)(p™ — 1) p^. (b) 
Type C includes p” — 1 canonical forms with a = 8 = y; (p* —1)(p* — 2) 
canonical forms with a = 8 +y; a like number with a = y + 8; a like number 
with 8 — y £a; (p"— 1)(p* — 2)(p* — 3) canonical forms with a, 6, y all dis- 
tinct. By a suitable transformation of indices, the multipliers a, 6, y in C are 
permuted in an arbitrary manner. The distinct sets of conjugate canonical sub- 
stitutions C are, therefore, given by the table: 
p^ — 1 of type C, witha = 8 = y; 
(p° — 1)(p" — 2) of type C, with only two gent multipliers, say a= B Za 
t(p" — 1)(p" — 2)(p^ — 3) of type C, with a, 8, y all different. 


The most general substitution of Gs commutatiye with C, is 
"gf =a, y =by, de, 
so that C, is one of N—(p" — 1y conjugate substitutions within G,. The most 
general substitution of G'; commutative with C, is 
al ont by, Yyzatdy, de, 

so that C, is one of N> (p™ — 1p” — p")(p"—1) conjugate substitutions. 
Finally, C, is commutative with every substitution of @, and is, therefore, conju- 
gate only with itself. The total number of substitutions of G@; reducible to the 
canonical forms C is thus: 
(p* —1)- (p^ —1)(p" — 2) p^ + &£(p^ — 2)(p" — 3) (p^ — 1)(p" +1) 0". (o) 

Type D includes p^ — 1 substitutions with a = @ and (p" — 1)(p* — 2) with 
a Æ 8, no two being conjugate under G,. . l 

A substitution D with «= 8 is commutative only with the p” (p® — 1)? 
substitutions of @, 


a! = dy + ex, y =ay, v9-by--az-4 ex. 
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A substitution D with a + 8 is commutative only with the p" (p" — 1) substitu- 


tions of G; 
d = ev, yi may, Z = by + az. 


The number of substitutions ofo G's reducible to the types D is thus: 
(p^ — 1)(p™ — H(p" + 1) + (n —1)(p" — 209 Uer + 1) p”. (A) 


Type E includes p" — 1 substitutions, no two of which are conjugate under: 
G,. Each is commutative only with the p?" (p^ — 1) substitutions of Gg, 


ai ax», y =bx + ay, z = cx + by + az. 
The number of substitutions reducible to the types E is thus: 
(p^ — yo — yo» — 1) p". (e) 
A check upon the above enumeration of the substitutions @, consists in veri- 


fying that the sum of the numbers (a), (b), (c), (d), (e) equals the order N of Ge 
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Distribution of the Quaternary Linear Homogeneous 
Substitutions in a Galois Field into Complete 
Sets of Conjugate Substitutions. 


By T. M. PuTNAM. 


The classification used is based upon the canonical forms of linear homo- 
geneous substitutions in an arbitrary Galois field.* 
The homogeneous substitution l 


a! = ag + ary + azz + aw, y =g, Z =Y, we 
has for its characteristic determinant 
A (A) =E 24 — UN — ag X? — a4». — QA , 


where ou, ga, Ga, a, may be arbitrary marks in the GF'[ p”] such that a, Æ 0. 
Hence, substitutions exist for which A(A) in the QF [p"] is irreducible; the 
product of a linear factor and an irreducible cubic; the product of two distinct 
irreducible quadraties; the square of an irreducible quadratic; the product of an 
irreducible quadratic and two linear Zactors distinct or equal; finally, the pro- 
duct of four linear factors, some or all of which may be equal. 
l Type I. If the characteristic determinant is irreducible, the substitution 
may be reduced to the canonical form 


x — Ae, y =y, Z =A", w =w. 
where A is an arbitrary mark in the GF [p^] but not in the GP p]. There 


are then p* — p? ways of setting up this canonical form. But replacing A by 
AP, AP". or ar”, we obtain a substitution conjugate with the original. This can 








* Dr. L. E. Dickson, Amer. Jour. of Math., vol. XXII, pp. 121-187. 
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mån _ mm l 
happen by no other replacement; hence, there are? E distinct sets of con- 


jugate substitutions. The most general substitution commutative with one of 
‘this type is 
a= us, y= uy, dees, W=u"u, 


where u is an arbitrary mark #0 in the GF[p"]. There are then pí^ — 1 
substitutions commutative with each one of this type. Hence, each set contains 





p conjugate substitutions, N being the order of the group, viz., 


p 
(ein — 1) (2 — p")( pi — p") (p*» — p”). The total number of substitutions, 


mo mm 
then, that can be reduced to this canonical form is pr The period 
of any one of them is evidently a factor of p” — 1 but not of p" — 1. 
Type II. If the characteristic determinant is the product of an irreducible 


cubie and a linear factor, the canonical form becomes 


mie, y = Ay, 2 =A; w = ow, 


where à is an arbitrary mark in the ŒF [p™], but not in the GF [p"], and a is 
arbitrary in the GF [p"]. The period of a substitution of this type will be a 
factor of p** — 1, but not of p^ — 1. A can take p” — p" values and a can take 
p^ — 1, but replacing X by A"or 27", we obtain substitutions conjugate with the 


$n ` ` QV n__ . . ; 
original. Hence, there are eke) distinct sets of conjugate substitu- 


‘tions. The general substitution commutative with one of this type has the form 
x = ux, y = uy, ?=u”%, w = Bw, 


where u is arbitrary in the GF [p^] and @ in the @F [p^], in all, then, 


N —— 
(p^ — 1)(p" —1). Hence, there are os z substitutions in each of 
Up X» ) (p (teg — 1) 


the conjugate sets, giving in all woes T E n 





substitutions reducible to this 


canonical form. 
Type MI. When the characteristic determinant is the product of two dis- 
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tinct quadratics, the canonical form becomes 
zx -—Ax, YER y, d=, wu, 


where A and u are any marks in the GF[p'"] not in the GF [p"] and u #2 
and uzEA". There are evidently (p” — p")( y" — p^ — 2) ways of setting up 
this canonical form; for to each of the p” — p” values of A, u takes p” — p^ — 2 
values not equal to A or A”. But the substitutions with the multipliers 
(A, AP, u, uP”), (AP, A, u, uP), (A, AP, GP, u), (A7, A, a”, u) and the four others. 
with the As and ws interchanged are conjugates. Hence, there are 
$ (p^ — p") (p — p” — 2) distinct sets of conjugate substitutions. The form of 
the a: substitution here is 


ad = ox, yzo'y, denge, wW = vw, (c, v arb. in GF[p"]). 


The total number of commutative substitutions is then (rr — 1)’, and hence each 
set has gy substitutions. In all there are, then, MET substitu- 
tions of this type, each of period a factor of p” — 1 but not of p^ — 1. 
Type IV. The characteristic equation for this pou is the square of an irre- 
ducible quadratic. Two canonieal forms occur, 


(1) a! =A, y= aly t, g AUR, w= AP (w+); 
(2 x! =2@, y = y, =, w = w, 

where 2 is arbitrary in the GF [p’"], but is not in the GF [p"]. There will be 

— p” i S 
BRA distinct sets of conjugate substitutions in each case. The corresponding 
commutative substitutions are 
(i) z-ux, y'= ox + uy, Z= uz, w = z + uu, 

u and o being arbitrary in the GF [ p”]. 

(i) ai ost uy, Y=ouctmy, Z =F +w, w = oge + up 


where o, 95, 41, 4, are arbitrary marks of the GF [p]. There are p^ ( p”—1) of 
form (i) and (oft — 1)( p“ — p”) of form (ii), the latter being the number of ways 
that the determinant of the substitution (ii), viz., (c, u — ga "` can be set up ` 
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with o,, 62, (4, Ga arbitrary marks in the GF [p™]. Hence, from (1) there are in all 
2p" (p" + 1) | 2p" (p" + 1)(p" — 1) 
of period a factor of p (p^ —1) but not of p (p* — 1), and those of (2) of period 
a factor of vn — 1 but not of p" — 1. 
Type V. When AO is the product of an irreducible quadratic ana two 
distinct linear factors, the canonical form is 


, and from (2) substitutions, those of (1) being 


a = am, y'= by, dam, w = iw, 
where a and B ‘are arbitrary in the GF [p°], a +8, and A is arbitrary in the 
GF [p] but not in the GF'[p"]. If a and 8, or A and A? are interchanged, 
conjugate substitutions are obtained ; hence, there are ee?) 


distinct sets of conjugate substitutions. The commutative substitutions are of ` 
the form . ; 
X= ag, y = by, 2 = uz, w = pw, 


with a and b arbitrary in the GF [p°], and u arbitrary in the GEI p". in all, 


therefore, (p^ — 1)(p" — 1}. Hence there are from this type £ ; E i zd 


sub- 








stitutions of period a factor of p" — 1 but not of em — 1. 
Type VI. A(A) for this type is the same as in Type V with the two linear 
factors coincident. Two canonical forms occur, ' 
(1) x =av, y =a(y +a), =a, w= X w; 
(2) x an, y —oy, g = Ag, w = ABT, 


(1) is of period a factor of p (p™— 1) but not of nimm — 1), and (2) is of period 





a factor of (p^ —1) but not of p^ —1. In each case there are = PX za 


distinct sets of conjugate substitutions The commutative substitutions See the 
respective forms, 


(i) af = ag, y = by + az, g — ug, w = uw; 
(ii) . g = ax + by, y = ex + dy, 9 — uz, wW = pw. 


There are p” (p^ — 1)( p” — 1) of form (i) and ( p” — 1)? (p™ — p") of form (ii). 


x 
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Hence, belonging to the two canonical forms, there are respectively or 


N 


and zo FIN) substitutions. 
..— 2(p" + ip E 

Type VII. In 2 ease A(A) is the produet of four distinct linear factors. 
The canonical form is 


2p +1) 


x= av, y — (y, Ww yw, w= dw. 


The determinant of this substitution is A = aßyò, with (p^— 1) sets of solu- 
. tions. But three multipliers are equal in 4 (p* —1)(p" — 2) of the sets [see IX]; 
two only will be equal for 6(p* — 1)(p^ — 2)(p" —3) others [see VIII]; 
they will be.equal in pairs in 3(g^— 1)(p* — 2) of the sets [XI], while for 
p*—1 al four wil be equal [X]. . Excluding these, there remain 
(p" — 1)(p" — 2) (p* — 3)Cp" — 4) sets of distinct multipliers conjugate, how- 
. ever, in sets of 4!. A substitution of this type is commutative with the 
. (LP substitutions of the form 3 


a! = ax, y = by, 7 = z, w = dw. 


Hence there are A (p* — 1)(p^ — 2)(p^ — 3)(p* — 4) Sets with , Substi- 


PN M 
(p^ — 1) 
tutions in each ; in all, therefore, there are e XE, — 21 substitu- : 
tions of period a factor of p^ — 1 from this type. ` 

= Type VIII. For this type just two of the linear factors of A (A) are equal, 
the canonical forms being 


DI «=, y By, !=y w=ywts; 
(2) en g = ym, dad 


(Qi is of period a factor of p (p* — 1) and (2) i is of period a factor of p^ —1. For 
each there are (p"— 1)(2" nn 





3) distinet sets of conjugate substitutions. 
"The p" (p* — 1) substitutions of the form 


æ = ag, y = by, =, w= dg + cw 
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are commutative with (1), while there are (p* — 1)? (p^ — 1)(p^ — p") commu- 
tative with (2), viz., all those of the form * 


d = ag; y =by; 2# = cz + dw, w= dz + dw. 





Ener efore, there are S fn 2 pas SE 3) N substitutions of typé (1) and 
(p^ — 2)(p" — 8) N . of type (2 
2(p"— 1) (p^ E ype (2) . 
Type IX. In this case there are three of the linear factors of A (A) equal, 
giving rise to three canonical forms, ` 


(1) a= axe, y =ßy, ¢=Beet+y) w=Bwrty), 
(2) dan, y fi, 1 = Be, wf =B(w+2), 
(3) d =as, y= y, 2 = Bz, w = pw.. 


(1) and (2) are of periods factors of p(p"—1) (if p — 2, (1) is of period 
a factor of 4 (p" — 1)), (3) is of period a factor df p^— 1. There are just 
(p" — 1)( p* — 2) sets of conjugate substitutions for each subtype. 
The respective substitutions commutative with (1), (2) and (3) have the 
forms 
(i) a =az, y = by, ] z! = be + cy, a 
(li) x = av, y = by + ez, g — da, -— ey + fet be: 
(ii) x =de, Yroaythetau, d uw ae NN MU 
u wl = asy + bag + ey 





There are p” ( p” — 1)? of form (i), p" (p"* — 1)? of form (ii), and 
(p^ — 1)(p* — p')( p^ — p”)(p”— 1) of form (iii. There will be then in all 


Ar CH substitutions from the subtype (1), ay from (2), and 
OFT ri Pon DI 


Type X. When A(A) is the fourth power of a single linear factor, five 
canonical forms arise, 


(1) z-—ax, yoayts), Z=a(z +y) w=aw+t2); 


(2 =, y =ay, z =a(z +4), w-e(ws; 
(3) op, yoaly +a), 7 = az, w =a (w +z); 
(4) dza, Y =Y, a= aa, w — a (w + z); 


(5) x =az, yY =ay, g — az, w = aw. 


Putnam: Quaternary Linear Homogeneous Substitutions. 47 


. If p = 2, (1) and (2) are of period 4 ( p* — 1) or a factor of it; if p = 8, (1) 
is of period a factor of 9 (p" — 1); fot p> 3, the period of (1) is a factor of 
p(p"—1); for p > 2, the period of (2) is a factor of p(p* —1). (3) and (4) 
are always of period a factor of p (p^ — 1), and (5) is of period a factor of p"—1. 

The substitutions commutative with the above have the respective forms 


(i) w = ax, !— bx ay, z! = cx + by + az, 
; w = dx -+ cy + bz + aw; 
(ii) x = as + by, y =y, g = dy + ez, 


w = ex + fy + dz + ew; 
(iii) -x = aw + by, y= awt ay + bz t bhw, g = ae + bz, 
À w = uu + ay + bgt bw, 
(iv) a'-ax-4-5y--ez, y = aw + by +t qe, d = C43, 
l w — aw + by taz +w; 
(v) is commutative with every substitution af the group. 


The number of substitutions in each, of these types is 


(D tgp, (2) pi (p"—1), 
(3 p™(p"™—1)(p™—p"), (4) p™ (p"—1)(p*™ — 1p” — mp). 


Hence the totals for the respective subtypes are 


N N N N . 
(1) p" (2) p” (p* — 1)' (3) p™ (p"—1)' (4) p? (p^—1)(p"—1)' 


and, finally (5) with p" —1 substitutions. 
Type XI. When the multipliers are equal in pairs, three canonical forms 


arise, : 
() deen, Yzalyta), des fr, wes fleit di 
(2 ad =ax, y = ay, g = (e, W=ß(w+2); 
(3) x =av, y —ay, a= Bz, wl = Bw.. 


There will be ue D =f) distinct sets of conjugate substitutions for 





(1) and (3), since interchanging a ard e gives conjugate substitutions. This is 
not true, however, for (2), which has, therefore, (p" — 1)(p" — 2) ‘distinct sets. 
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The substitutions commutative with these three subtypes are, respectively, 


(i). x = az, y = bx + ay, desse, w = dz + ew; 
(ii) xv = ax + by, y = cs + dy, dem w = fa + ew, 
(ili) x =as + by, y=au+tby, #2 =œ + dw, w= az + dw. 


There will be vim 1) substitutions of form (i), p” (p* — 1y(p* + 1) of 
form (ii), and (fr — 1)'(p^ — p”) of form (iii). The total number of substitu- 
tions of each type is, therefore, 


a) LEIN (pm — 2) N (p — 2) N 
2(p'—1)p"' p^(p"—1j(pT1)' 2 (p^ — p^Y(p"--1)(p* —1). 


. As a check on the above results, the sum of all the totals for the various canoni- 
cal forms will be found to equal N, the order of the group. For p*= 2 the 
group is simply isomorphic with the alternating group on eight letters, and the 
above results also agree with those for that group. 


(2) (3) 
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On the Determination and Solution of the Metacyclic 
Quintic Equations with Rational Coefficients. 


Br J. C. Grasman. 


(The following paper is in tardy fulfillment of a promise made to the late 
Professor George Paxton Young. See American Journal of Mathematics, vol. VI, 
‚page 114). 


$1. Ife d e f are given rational numbers, and if | 


A zz 8c 4- e, 
B zz 16e — Ze + 8ed? — 2df + 3e, 
O zz 26c° — 35cfe + A0cfd? + 2cdf + Lil — 28cd’e — cf? + 16d* + 2def — a 
D= 3456c°f? — 11520cdef + 6400c*e? + 5120cd3f — 3200c8d?e® — 1440cef? 
+ 2640c'd?f? + 4480c'de'f — 2560 — 10080cd*ef + 5760cd’® — 1 20cdf? 
+ 160cef? + 3456d*/ — 2160d'e? + 360d%ef? — 640de?f + 25665 + f*, 


the quintic equation 


x +10 + 10d»? + 5ex + f= 0 l (1) 


will be solvable by radicals if the sextic equation 


(u — 54u + 5Bu — 50} — Du=0 | (2) 


have a rational root, but if the sextic (2) have not a rational root, the quintic 
(1) will not be solvable by radicals. (In examining equation (2) for a rational 
root, only common factors of C and D of the form m? + n? or the form ai need 
be tried as values of u.) 

7 
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If the sextic (2) have a rational root, denote it by u, and let 


FE zz 2d +f, 
F= 10c8d + 11¢f — 18ede + 12d? + ef, . : 
G zz 50c’d — 69c:f + 20c’de + 4083? - 42c*ef — 48cd*f — 38cde?-- 44d*e — df? ter, ' 
T, = FV Uy. 
(Zui — 2Fu,+ G) «, 
u$ — 3Aui+-Bu, + C’ 
umi ee rece eee 
a= & [— (d + T) —v {d + TF +4 (e + (e — 31], 
a=} [— (84 a) tat ol trete], 
a= 4 [— (d — 1) — v {(d — S + 4 (c — «(e — 7) }] 


and l ; o —1 = ; 
then will 


§2. The preceding propositions may be proved as follows : 


KE 





Let ) £ = at + gäe + ga gue, 
in which Q —1-0, ` 
. then will ` 


a5 — 1065 a? — 1005 a? — 5 (26, — o — 373) a — 20, + 20v, 7, = 0, (3) 
in which 


205 = Y1 Ya + Y2 Ma 20, = Y1 Ya — Vea: 

20; = Yi Ys + ea + Ya Ya V Yos a= Vide By -Yyı t AY 
20, — Y Js F Yzy H YI + Yi Ys 

Zo +H +H c 


Comparing equations (1) and (3), gives us at once 
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To these we add 


0$ — T3 = 2 (0, 0, — To T4), : 

of — ti = 20, (0$ + 43) — 47,047; — 4 (o5 — 73)’, 

(e, + v3)(0. + 74) = (os — Tr +75) + (6s + 72) (05 — T3)» 
(03 — %3)(4 — T4) = (Cg + vs)(0s — T5) + (0s — v3) (os + T), 


in which n= Vi Ja — V Va — YY + Vi Vs, 
may —3 N + d. 


On eliminating 95, 05, 0% s, Ta, Ta and v; from these equations and writing u for 
2542, we obtain : 


[ {uw — 8 (8c? + e) v? + (150? — 266 + 8ed? — 2df + 38) u 
+ 250° — 35cfe + A0cd? + 2cdf + 116€ — 28ed?e — cf? 
+ 16d* + 2def — è} x 
{ cut— (200° + Bee — d?) u® + (15065 + 20c%e + 550d? — 14cdf 
+ 38c — 7d’e + f°) v? — (500c — 400e + 625c'd? + 368df 
+ 100e — 2706d?e + 24? + 200cd* — 104cdef + 56ce 
+ 66d, — 31de + ef?) u + 25 ( — ce + d?) (356 — 35cte + 40cld? 
+ 22d f + 110’ — Bede — cf? + 16d* + 2def — ail 
— {(2cd+/) w—2 (100*d-+-11¢?f —18cde +12 Hef) u+ 5000 — 596i 
+ 20clde + 40d + A20 ef — 48cd/f — 38cde’+ 44d’e — df?-+ ef}? u] 
3- (eu + & — ce -+ d?) = 0. 


On performing the indicated multiplications and division, the resulting 
sextic equation may uid be reduced to the form in which it has been given in 
equation (2) of §1, viz. 


(u$ — 5.Aw? + 5Bu — bCY — Du — 0. 


In the course of the elimination, the equation 


Rs — 2.Fu + G)s, 


7$ = ui —34w + Bu + Ó 


is obtained, and thus 7, is given in terms of 7,. 
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Ift, and 7, have been determined, we have 
Yı Ya = Oz F 7$ = — (e— 73). 
Yz Ys = Oz — T$ = — (e+ Te), 
Yi Ys + Vis = 0, + 74 = — (d— T), 
Aën + Y3 Ya = 03 — 74 = — (d + 7), 


Y Ys — Yi Y = V {(d— 75) + 4 (c — tlet Th 
Y3 Y AL = ~ i(d + Ta)? + 4(e 4- Ta) (c —z)}, 


Vy AE (d —«) E jdn) + 4 (c— «(9 — 991] — a, 








{ d 
yis = $ [— (d — Ti) —/ | (d — 73) + 4 (c— — 2)1] = ay, 
yii = 3 [~ (d+ 9) +v {(d + T3) + 4 (e + TAP — A = ge 
yzy = 4 [— (d + m) —V { (d + Ta) + 4 (c + %)(¢ — Ti) |] = oe 
5 Qi Oe 5 Q4 Ky 
Ct ay" A= e+ ey 
5 X304 ` b 03 04 
"ap CEA 
and ` a= oy + aY, + oy; + oly: 
EXAMPLES. 
b w+ 82° + 2 — 1 — 0, 


c=0, d=3, ec.4, f= —1, 


‚.. the critical sextic is 
l (u? — Qu? + 5.4u + .872)? —17.672u = 0; 


uQ-—.2, 
= gea 5 and T; = grv 5, 


m= = [- ———— I 
a= gis [— 15 35v 5— {470 (25 +11W5)}], 
a = en [— 75 — 3545 «E A/ 1470 (25 + 11 5)}], 


a= -L [— 75 +3545—v {470 (25 — 114/5)]], 
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y= 23 as -ivs ev (Qao sy (2 
Jim gos (15 +15) —/ Ga (15 + zwet (S2 
yi goo HT) - EE GR 


= ggg 18 —1V 8) — (sos) Ges iy ic 


—— u —— 


and . C= oY; + wy, + oy; + oy. 
The value of uf may also be written 


13 
yi = — (15 


™ 500 EE + 3500 


1125 — 5 
zs ^/ 194 (21125 N ) 


with corresponding values of yh. yh Yi 

(This is the resolvent quintic of the modular equation of the 47™ order. It 
was solved by Professor G. P. Young in the American Journal of Mathematics, 
. vol. X, pp. 108-110.) 


2. a5 — 100° — 202° — 15050 — 7412 = 0, 
e=—1, d=— 2, e= — 301, f= — 7412, 
*. the critical sextic is ` ) 


(w + 1490u? + 1213700u — 371489000)? — 1883801304320000u = 0, 
wù = 50, | 
— —4/9 and gua. 

Oy — 1 4- 44/ 9 +4 (34 + TH 2), 
Og = 1 — 44/ 2 N (34 — 14/2),7 
Mg = 1 — 40/24 v (84 — T 2), 
Og = 1 4- 4./ 2 — A/ (34 + 792), 
yi = 9 (197 — 1394/2) + v [81 (197 — 1394/ 2)? — (1 —4/2)*], 
y5 = 9 (197 + 1394/ 2) — s (81 (197 + 1394/ 2 — (1 4- / 2), 

= 9 (197 + 1394/ 2) + / 181 (197 + 1394/ 2 — (1 4- A/ 2*1, 
yi = 9 (197 — 1394/ 2) wi {81 (197 — 1394/ 2)? — (1 —4/ 27}, 


and. æ= oy + oy; + Q*ys + Ys. 
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(This equation was solved by Professor G. P. Young in the American Jour- 
nal of Mathematics, vol. X, pp. 115, 116.) 


3. — a — dot + do — ba? + 12 —1=0. 
Let æ =#(24+ 4), 
" 2° — 602 — 7052 + 84602 + 19179 = 0, 
`ece= — 6, d=—70.5, e= 692, f= 19179, 


`, the critical sextic is 
(u? — 4000u? + 193593754 — 498 242.1875)? — 55042999267578 1 25u = 0, 
u = 125, 
T, ——A/ D, v, = SA D, 
a, = $4141 + 8834/5 +a (51350 + 229109 5)}, ` 
Og = $4141 — 834/86 —A/ (51350 — 229104/5)], 
Og = (141 — 88/5 ka (51350 — 229104/5)], 
a, = 11141 + 88/5 —4/ (51350 + 22910 V 5)}, 
yh = — 4 (15029 + 7135/5) —A/ [tr (15029 + 7135/5)? — (6 +4/5)*}, 
y = — 1 (15029 — 7185/5) —A/ 14 (15029 — 713545)? — (6 —a/5)'t, 
yi = — 4 (15029 — 71854/ 5) +4 [15 (15029 — 7135/5)? — (6 —4/ BIEL, 
} 


gi — — 4 (15029 + 713595) +a 115 (15029 + 7135/5) — (6 + 4/5), .- 
and a 


& — $ (4+ ay, + o'y Loës + oy). 
The value of ył may also be written 
yi = — 4 (15029 + 71854/5) — Ey 1158 (13505 + 60294/5)1, 
with corresponding values of y5, 23, y. 


(This is the resolvent quintic of the modular equation of the 79*^ order.) 


$3. In the preceding sections it has been assumed that the quintic is of the 
form 


och + 1002? + 10dx” + 5ex + f=0.- 
If we consider the full-termed form 
ax’ + Sie + 10ca? +l0da? + Sez + f=0, 


the course of the solution will follow that in the preceding ER step 
by step, and may be summarized as follows: 


Metacyclic Quintic Equations with Rational Coefficients. 


Write 
H, — ac — 6’, 
H, = a?d — 3abe + 2°, 
H, = a? (ae — 4bd + 30°), 
H, = à? (af — 5abe + 2acd + 8b*d — bbc’), 
H, = H,H,— Hi — 4Hj, 
H = HH; HH, 
H, = H,H, + 6H,H,— H} + AH2H,, 
H, = 2H,H, — 3H,H,, 
Hy = H? + 32H,H, + 44, H? 
Hy = H, Hy, — 2H,H, + 9 Hz — Hj, 
Hy = HH, + 2H,H, + 24Hj H;, 


Fly = 2H, (H,H, — 5H) + H,(3H,H, — H,H, — 15H) — 3H} (ER + 8H), 


ax == bb an UA E RU 
Q— 1-90, 


and as before, 


20, = Vita + Voas 

203 = YY + YPY + AY + AA 
20, = yiy + YY + Via + YY, 
20, = yi + Y + Yi, + Yi 

2v, = tall YoYo» 


De = = Ys — Vii — Yayı + Vigo: 


then will o + H, — 0, 
neg. 
26, — di — 9 RAD 0, 
20, — 207,7, + H; — 2H,H, — 0. 


Eliminating o,, 63, c, and Ge, we obtain 


z, — 1E — 2(&4H, + HH) u — Hy + 50H,H,| t 
à s= wu, — SHE —(2H, — Hi)u— Hy + 25H; 
an 

[fu — 8 Ha? — (2H, — H7) u — Hy + 258%} 


x] Ba — (Hi + 7H,H,) u? + (Hy — 18H,H, — 5H,H, + 9HH2) v 
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| — (H, Bart 21H?—66H,H,—26 H} H+ 464H,H?) u+ 25 H, (H4 —25H7)| 


— | Hg! — 2 (4H, + HH) u — Hy + 60H,H,\*u] + (Hu — H,) = 0, 
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which can be reduced to the form 
{ui — 5 Haw — 5 (2H, — Hi) w— 5 (Hy — 25H?)]? — (128 Ho + Hi) wu — 0. (4) * 


Hence, if l 
a = &[— (H5 — T) + v { (H; —;) + A (A, — «,)(H? — 33)]] 
Qs reds “Ag acm! S O4 panman 


then will 
) od ag 


ax = —b + o tatty} + ete. 


Turorem L—Every algebraic equation A of degree n has a dioristic equa- 
tion B of degree (n — 2)! whose coeificients are seminvariants of the coefficients 
of A, and which is such that if A be solvable by radicals, B will have a rational 
root, and conversely, if B have a rational root, A will be solvable by radicals. 

THEOREM IL.—1f the equation A be solvable by radicals, its coresolvent 
equations will be of the degrees whose indices are the prime factors of n — 1. 

Examples.—The dioristic equation of the cubic 

aa? + 3b? + 3ex + d = 0 
18 z+ H,-—0, 


and the coresolvent equation is a quadratic. 
The dioristic equation of the quartic 
axt + Abo? + 6ea? + Adr +e=0. 
is 47 — H? = 0, 
and the coresolvent equation is a cubic. 


The dioristic equation of the quintic is reducible by a linear transformation 
to equation (4) above, and the coresolvent equations are two quadratics. 


OTTAWA, CANADA, March, 1900. 


Construction of the Geometry of Euclidean n-Dimen- 
sionat Space by the Theory of Continuous Groups. 


By E. O. Lovett. 


1. With regard to space, let it be assumed :. 

1°. That it is an n-dimensional manifoldness, i. e., that n iuto dent data 
are necessary and sufficient to determine the position of an element of the mani- 
foldness; these n independent things are called the coordinates of the element. - 


2°. That a figure of the manifoldness possesses ^ 6T 1) degrees of free- 
dom within the manifoldness; i. e., that rg independent data are neces- 


sary and sufficient to render a rigid body fixed in position; the latter a I 


independent things are called the parameters of the figure. 
For convenience, let the element be called a point, and its coordinates be 
designated by o, a, :... , x,. Consider any figure containing this point and 


let the parameters of the figure be q4, az, ----,Gnmin- Let the figure assume 


a new position and call aj, 2, -... , œ, the coordinates of the new position of . 
(91, ga, Sal, Then 


d um 5 n 
` u = EL, to, cost y Bay Qis Gëss: » Ga (n 4) 
. 2 
$21,2,....,m. 


The operation changing (a, &, ... [y £a) into (E s Egs +++ , Én) represents 
one of the motions of an n-dimensional figure, and the ensemble of all these 


nt n (n + 1) 


operations constitutes a continuous group with 


8. 


parameters, The iden- ` 
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tical transformation ought to appear. among these operations; accordingly, there 
must be some system of parameters a, - - --- Get mn: Such that 
f 2 


Ama Bam. ui 
There is no loss of generality in assuming the preceding system of values 


to be ` 
Oy == Ag m2 .... = Onia E 0. 
3 





An infinitesimal transformation of the group is one whose parameters differ 
by infinitesimals from those parameters which produce the identical transforma- 


`- tion; in this case, the infinitesimal transformation is obtained by assigning 


‘infinitesimal values to the parameters themselves; i. e. ‚by such a transformation 
Lys 49, ++ Dn ATE changed respectively to 
` aD 


e, + PE $-1,2,....,m, 
iu the partial derivatives of which the a’s should be put equal to zero. 


Writing, for short, 
T4 ; P125. 


the common symbol for the above infinitesimal transformation is 
nin+1) 





or, putting 


any infinitesimal transformation may be written 
n(n4-1) 
E] 


(EK Oy J; e 
1 
By a fundamental theorem of Lie, if-we put 


rad, a, ad, A 
NEL, äs au) 
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nin+1) 


(Jo J) S M MWK, i (1) 


(gd eu ES jedes e M 


‘where the A's are constants, There are 
TL $ {n(n + 1)? — 2n (n + 1)} 
of these equations, but the a 

ve {n (n + 1 — In? (m+ 1] 
A's are not wholly arbitrary, since the following 
zs In (n + 1 — 6n? (n + 1)? + 8n (n + 1)] 
identities of Jacobi : 
(IM) + (Ir (Fes A) + Ses (Fr 429) = 0, (2) 


Gel... SEY 


must hold. 

Every set of Js satisfying .(1) and (2) reveals a space whose independent 
infinitesimal motions are represented by the infinitesimal operators of the set. 
Those functions of the elements which are invariant under these transformations 
will characterize the geometry of the space. It is proposed here to find these 
characteristics for one set of operators. 


2. The following forms for thé fundamental transformations 
Jis Jas- sa ba A0 
2 


Py De, s Dn: 2D; — € pu (3) 
t, J= 0,5 of 1, 2, ...., f, 
satisfy the conditions (1) and (2). 8 
r Let (a, %,----,%,) and (a, 2,..-.,%,) be any two points, and 
(Eis Ea, = +++ Ea), (Ef, E... EL) be their positions after they are subjected to 


the transformation 
i n (n 4-1) 


R 
T=) J, 





where the J/s have the values (3). 
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Let$(zm,....,m,, % ...., x) be a function which is absolutely inva- 
riant under this operation ; then, if such a function exist, we must have 


"EN S T 
- that is, Deen c 


for all values of the œ’s; hence, equating to zero the coefficients of the a’s in 
lp, we have the following system of linear partial differential equations for the 


function $: 








0p , OD — = 
B To , += 1, 2, CH 
Op 1 OD 1 OP — ,, OP —_ l (4) 
$m Te aU dx a 
A WE ESL WOET,; EE n. 


This system of no ES) equations in 2n variables should not, in genera], 


possess a solution. But the equations are not all independent. In fact, if we 
take the following system of 2n — 1 equations from the above, namely, 


Si d 29 — o, p=1 2, ‚Rn, (5) 
p po 
e 2b EN = + LÍ x, 20 = 0, o = 2, 8, n; (6) 


multiply the equations (5) respectively by 


p» .. 
a, hz1,2,.....,m, 
where ` MO = ne ae dh =0, k= ...., nj; kEi EJ 


iD — A 1 5$) fares l. 
i 9 = a, or — vc, of Im "Ern: 


multiply the equations (6) respectively by 


AG ` : i 
A 7? A= 2, 3,..--,0 


By — € 





-~ where een, API = a — a, 
EE k= 2,8, ...6-, HE d d EE 


D 
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and add the results, we obtain the remaining A (n — 1)(n — 2) equations of the 
system (4), namely, : l 
Vi 9p Lr x; 2p + oi 99 


. [IL qt meg. 
de, Ox} ? Gel 
The complete system (5) and (6) of 2n — 1 equations in 2n variables pos- 
sesses at least one solution. That it has no more is readily seen by noting the 
fact that not all (2n — 1) order determinants of the matrix of 2n columns 


0 0 0. 0 0. `, 1 0.0 0....0 
0 H 0 0 ....- 0 0 1.0 0....0 
0 0 0 0. 0 0 0 0 0 1 
x, — x, 91 — Ly 0 0 DH 0 — vi Rei 0 0 0 
Lg — Lg 0 Hy — Tı 0 DH 0 — Wa 0 x 0 0 
ol — 2, 0 0 0 ml  —u 0 0 0 2j 


vanish; for example, the one formed by the last 2n — 1 columns whose value 
is (x u". 

The unique solution of this system appears by observing that the first n 
equations demand that the solution be a function of 


seg wj, i=l, 2,...., © 


In these new variables the last n — 1 equations become 


Op — ob _ EE 
Ge gage e LEES 


which require that @ be a function of 


, = EE ar 


Es 1 
that is, the function 
b= dëi — at (7) 
1 A a 
‘is an absolute invariant under the most general tranformation of the group (3). 
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This function ô is said to define the distance between the two points 
(ij Caress VES (d qb ey BE) H 


3. Consider, now, the linear manifoldness of elements 
m t Am t a= 0, 


The increments assignéd to 2, 25, 


$5508 1.94 45; 
as follows : 


‚% by the transformations (3) are 


By p; ðn = 1, i=j, n= 0i Ej, | 
i=l, Dy nag EE E Sexe 23 (9) 

By ap; — jp 0m o— m, tn, d= O, j, 
: Eg ree ee e E 


| 
vds J 


By forming the variational equations 
i Zi + A42, + a= 0 


and substituting therein the values (9), we find the following values for the vari- 
ations of A, and a; under the transformations (3): 


i=l, E 84,—0, $a; — 3, 
€ EN 
nder pi i= 2, 3,.... n, M=0, do,=—1, da,=0, 
i gue Hos l 


e, 15 


6A, = Ae 62, = Ai, da, = — Oo 
i1 j1 i 





pc A (10) 
ÒO; — Déi 

Under 2 p; — a4 p; d= Aas, k=2, 3, .... n ded jj 

` i= 2, 3, vere RM, a= 1, 6A, — 22 + 1, OAg = Ài P 

k= 2, 8,.... n Ei, dap = d; ày, E e ve 

The invariants oftwo linear manifoldnesses 
(As, As, ` : An: Og, Q3, - +++ y 04); (az, 23, Gr ee As ag, oi, NET o) 
are solutions of the system of partial differential equations 
(Oé dé aP 5411,90 ys l0. 
KEE KSC dE (11) 


n-Dimensional Space by the Theory of Continuous Groups. 63 


where the increments d are to be successively replaced by those due to the 


uate 1) 


infinitesimal transformations (3) as tabulated above i in (10). 


) i convenience, the equations (11) are arranged in the following manner: 
(n — 1) equations : 


1 equation: 
2 ob.. d , 
Ze + ge) =o P 
2 i * 

(n — 2) equations : 


.99 a 90 | zd ap +4 20 — EE 


^y, dy 79a 7 0a, ^ 0M "VS ros 
taigh — IECH H 439,4, ....,nj (14) 


4 (n — 2)(n — 3) equations: 
4,99 . a, 99 4 ua ua EXE pe 


‘OA; ^; EES Qa, 13A OA 
ur 4$ o, i= 3, 4, n, J =-2, 8, ‚n; (18) 
(n — 1) equations : 
CD ROREM SC DEA 
Ze Beki 
+ oye ge +o; af x) = 0. j22,8,.... P (16) 


It will be seen from table (10) that the variations of the A's are wholly 
independent of the ole: accordingly, invariant functions of the Ais and Ae alone 
may exist. If.such een functions 4 (2g, .. 1 Anı Ags en, EA do exist 


they are solutions of the system of ae!) equations in 2(n — 1) variables: 


eS equations : 
OV 4 Op a Hg, OW — | 
WR 9A; Aj a, T5 9A] — Àj Qu cm "E an 


i= 3, Am, f= A EE 
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(n — 2) equations: 
Ob Oh au OW _ ae 
^L hm, 20] C0 Si 
j= en 3, 4, fo tor o n; 
(n — 1) m 


icnd-j 
(PE dE LEO Day +3, yr 5 x alas A —0, (19) 
izx2--j 


j= 2, By, eee 7 


This system cannot possess a solution if the equations are all independent. That 
the number of independent equations in the system is not greater than 2n — 3 
we verify by observing that the nn determinants of the 2 (n — 1)™ 


order formed by appending the rows of the array: 


LE 0 o. 0 0 h 0 —~—4, 0 Be 0 0 A 
0 =, Dou 0 0 A. 0 0 —4 D EEN 0 0 A 
0 0 Oar DC see haa 0 0 0 Dies Qc Moa 

u 0 TNR 0 à 0 D egy 0 Oi 0 A 0 

aha Daun 0 ù 0 0 0 Any 9... 0 A 0 
0 0 0 us hess: TN RE 0 0 0 D. — A Aa O 
—A 4; ds 0 0^ 0 0 |=} 2 0 0 0 0 


— As 2g 0 0 .... OAS a 0 0O... 0 


— A, 0 cO ae De. Sear 0 0 Ü 22^ 37 
AHI App ApAy Apap oss See APRI AN MAL AIAL .... MAL (OD 
3358-1 AAA ossis MAL REE HE AC oes MA 


Ag An Ae A Au An Ae ien, ARAL AA AAL MAS ARAL... ARI 


are > equal to zero. 
Consider, then, the en formed by the a — 3) equations (18) and (19) 
in the 2(n — 1) variables A,, .... , Any Ag +++, 
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The equations (18) assert that 4, is a function of 
SYM, «msYX MW CEN ua © (23 
2 2 2 


The equations (19) become in the new variables #, 7, ¢: 


29 TE. d Pra. 
2A; & E T 2Àj 7 1 On + (2, F Aj) m ot, 0. . (23) 
j 2 j= 2, 3, LE ee ; n, 
where B=E+1, m=nti, est. 
From any one of these last (n — 2 equations we have 
d£, o% _ = 0, 
ae 


that is, @ is a function of 


Gein, 


" (nal 
DE + i} {dae + 2 


is an absolute invariant under the most general transformation of the group (3). 
The angle 0 is said to be the angle between the two linear manifoldnesses. 

That the above solution is unique is seen from the fact that not every 
2 (n — 1)" order determinant of the matrix (21) vanishes. 

As appears in the table (10), the variations of the oe are functions of the 
a’s and A's; we should not It then, to find an invariant function of the a’s 
alone. 
. But the system composed of the equations (12), (13), (14), (15) ) and (16) 
yields (n — 1) invariants, functions of the a’s and Ws, which come to light in the 
following manner: 

The equations (12) assert that $ is a function of 


or the quantity 


(24) 


gi = a, — a4, $2:2,93,....,m. 


In the latter variables the equation (13) becomes 
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which requires that $ be a function of any set of the (n — i) sets of (n— 2) ` 
determinants each, 


TM amd EE 
£s "i poc PON j= 2, B, died 
Datt — esses (po) DE S M DES 


The bm equations vds and (15) become the (n — 1) following: 


d 


eh Re 72 
(po) ri 9 (pa) a Siet. = 0, j= 2,3, -... N, 


which demand that $ be a function of 
ER 


P= [pons 


3 


furthermore, in the original variables, the equations (14) and (15) assert that the 
A's and A's enter into alone only by means of the determinants 

| E ECCO ‘| 
AL AA oe cera, A 








and, in fact, only through the forms 
PRU Hig is ae Ae | 
DER Rn 


2 


further, the equations (16) cannot be satisfied unless Æ and Q enter into the 
combination 





and 





Q+R= 








Es Ag Ay cere Ay 1 
2b A CA LA 14 


Finally, 1 in the variables P and T the last (n — 1) equations assume the form 


(ay +25) 1 P EECHER J = 2, ä N, 


that is, the solution $ is an arbitrary function of 
PJT. 
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Accordingly, the following (n — 1) expressions 











kes 
IM Ap— abl? . 
Lë H 
$ — ey Oy  dy— Ok = ds 
A= As a, E RER 1m’ Jj 2, 3, n, 
e ` aoe ee ie | 


are invariant functions of the parameters of the two linear manifoldnesses under . 
the most general transformation of the group (3). 

When the two linear manifoldnesses intersect, all the Ad are zero; con-: 
versely, when any A, is zero, all the others are zero, and the linear manifold- 
nesses have a point in common. 

It is clear, a fortior?, that the form 














Ae — AN Ag— Mee M—A P 
AP zb 2s — a As — a$ ln — a 
m Ag ^g M. A. 1P? 
A AA AG eee AL 1 














isan invariant. The analogue of the forms A, and A to the expression for the 
distance between the straight lines in ordinary space is apparent. 

The fundamental notions of distance and direction in space of n-dimensions 
are thus introduced by the invariants (7) and (24), the former relative to two 
elements of the space, the latter relative to two simplest manifoldnesses composed 
ofa simply infinite number of these elements. All the derived notions of geom- 
etry may then be derived by äs simple extensions of these primary notions suc- 
cessively from three dimensions as occur when passing from the plane to ordi- 
nary space. | 


PRINCETON, NEW JERSEY. 


A Table of Class Numbers for Cubic Number Fields. 


By Leca W. Ren. 


This table has been calculated with a view to furnishing for the general 
algebraic number fields an amount of number material sufficiently. great to be of 
use in the further study of these fields, and in particular in that of the cubic 
fields. It gives for each of 161 cubic number fields the class number, A, the dis- 
criminant A, a basis, and the factorization of certain rational primes into their 
prime ideal factors. When A= 1,-the prime number factors of these primes are 
given. Units are also given for most of the fields. The method employed in 

‚the calculation of the class numbers is to be looked at from the point of view of 

the practicability of carrying out the numerical reckoning involved, and the 
actual determination of the numerical value of A. It is to be sharply distin- 
guished from those representations of A by an infinite series, which, although 
theoretically perfect, lead in only a very limited number of cases to the deter- 
mination of the numerical value of A. EN 

The method used depends upon the following theorem of Minkowski’s: 

Tu. 1.—4n every ideal class there is an ideal, į, whose norm, n (i), AREE the 


condition 
dE EE 


where m is the degree and A the discriminant of the field, and r the number of pairs 
of imaginary du found among the m conjugate fields kO, EO, ....,#™. Ishall 


denote (55 -by M. If then we find all ideals of a proposed field, 5, whose 





vA], EE 


norms satisfy the condition (1), and determine the equivalences which exist 
between them; i.e. into how many ideal classes they fall, we have determined 
the class number of kr. 
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The task may be divided into two parts: 

I. The obtaining of all ideals whose norms satisfy (1). 

IL. The determination of the number of the ideal classes into which they 
fall. 

Let 0 be an integer defining the body k, f (s) — 0, the equation of lowest 
degree, the oi, with rational coefficients, satisfied by 0, and d(0) the discrimi- 
nant of this equation. 

We must first of all determine a basis and the discriminant A of k. 

It can be easily shown that if d(@) be not divisible by the square of a 
rational integer, then 


d(0)-— A 

and 1, 8, ...., 0"— isa basis ofk. 

In the case of cubic bodies, when d (0) is divisible by the square of a rational 
integer, we may determine a basis and-hence A by a method given by Woronoj. 

I. We obtain all ideals of E. whose norms satisfy (1) in the following man- 
ner: Since the norm of a prime ideal is a power of the rational prime, which it 
divides, we shall obtain all prime ideals, whose norms satisfy (1), if we factor 
“into their prime ideal factors all rational primes < U|V A|." | 

The desired ideals.are then such of these prime ideals, their powers and 
products as satisfy (1). We have, then, first of all to factor all rational primes 
« MI AJ. ! 

This is easily accomplished in the case 20) Æ 0 (mod p) by means of the 
following theorem: . 

Tu, 2.—If p satisfy the condition 20 £ 0 (mod p), and if we resolve the left- 


hand member of f(x) = 0 into its prime factors with respect to the modulus p, as 
f (zx) z (P (x) y P! (a) he, .... , (mod p), 


where P(x), P' (x), .... are different prime functions with respect to p, and of 
degrees f, f', .... respectively, then is 


| (p) 2 (p, P(Y (p, P'(0)y .... 


the required factorization of (p), where (p, P (9)), (p, P'(0)) are different’ prime 
ideals of degrees f, f', .... respectively. ` 
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When 4) o (mod p), the factorization of (p) may be effected in the 


case of cubic bodies by a method given by Woronoj. 

I shall consider, during the remainder of this paper, the body under discus- 
sion to be cubic. 

II. We now take up the determination of the number of ideal classes into 
which fall the ideals of Æ whose norms satisfy (1). 

The method that I have used is the following: 

Having selected any prime ideal » whose norm satisfies the above condition, 
we must determine first of all whether p is a principal ideal. The following 
method answers not only this question but the more general one. What is the 
lowest power of p, which is a principal ideal? 

We find an integer a such that (a) — ^. pis evidently a principal or non- 
prinfipal ideal according as (a) is or is not the n™ power of a principal ideal. If 
n — 1, p= (a), a principal ideal. 

. The necessary and sufficient condition that (a) be the n™ power of a princi- 
pal ideal is that a unit a exist such that ay is the n™ power of an integer. 

That is (a) can be the n™ power of a principal ideal, although o is not the 
ab power of an integer, but acquires this property through multiplication by.a 
suitable unit. 

The following theorems simplify the determination of the lowest pone of p, 
which is a principal ideal: 

Ta. 3.—If the mi" and mf" powers of an ideal a be principal ideals, then is also 
the IR power of aa principal ideal, where l is the greatest common divisor of m, 
and my. ; ; 
. Tu. 4.— The necessary and fupi condition, that a” = be the lowest power 
- of a, which is a principal ideal, is that (a) be neither the pi*, pi, ...», nor p? 
power of a principal ideal, where Pi, ps, - --- , p, are the different pr ime factors of n. 

The problem of determining the lowest power of p, which is a principal 
ideal, be reduced, therefore, to that of determining whether a given principal 
ideal be the p** power of a principal ideal, where p is a prime number. 

To determine, therefore, whether (a) be the p™ power of a principal ideal,we 
must multiply a with each one of a system of units, 


LT ern Nr 
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such that if « be not the p™ power of a prineipal ideal but acquire this property 
through multiplication by a unit », then one of the units of this system will be 
a, and hence one of these products will be the p power of an integer. 
Such a system of units I call a complete unit system for the power p. (a), 
therefore, is or is not the p™ power of a principal ideal according as one or none 
of the products l 
. Hh, AN, Ge +++, Mr . 

is the p power of a principal ideal, where 71, .... , 7, is a complete unit system 
for the power p. In the construction of such a system of units in the case of a 
cubic field, we must distinguish two cases, according as A is negative or positive, 
that is, according as among the conjugate fields X, W, äi there are two or no 
imaginary fields, and Æ has respectively one or two fundamental units. Con- 
fining ourselves to the case A negative and p an odd prime, such a system of 
units may be constructed for the power'p as follows. All units of the field have | 
the form 7 = + e", where e is a fundamental unit. 

If a be the p™ power of an integer or aequire this property through multi- 
plication by a unit, it has the form, when p Æ 2, 


a = Pe. 
If we take y = + e", where g==— / (mod p), then 
: an = + etu. 
: The p units ‘ 
4 =e (or — £), g=0, 1,2, ...., p— 1, (mod p) 
form a complete unit system for the power p. To obtain such a system we have 
only to find a unit », which is not the p™ power of a unit, i. e., 
i n= & (or — £), g£ 0, (mod p). 

It is evidently indifferent whether we have 7 = e or y= — s? since p is 
odd. For the sake of simplicity, we shall take the + sign, though the unit 
found might have the — sign. »^- 1, n, X^ .... ,7?7! constitute then a com- 
plete unit system for the power p, since 0, g, 29, ...., (p — 1) g form a com- 
plete remainder system with respect.to the modulus p, and hence one of these 
exponents is = — | (mod p). (a), therefore, is or is not the p™ power of a prin- 
cipal ideal according as one or none of the products 


a, an, Qv, .... of) 
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is the p'^ power of an integer. When p = 2, we have merely in addition to the 
above to take into consideration the multiplication of a by the unit — 1, which 
is unnecessary when p is odd, since then —a is or is not the p™ power of an 
integer according.as o is or is not the pt" power of an integer. When A is posi- 
tive, the method is similar, account simply being taken of the fact that the field 
has two fundamental units. 

In order to determine whether any one of the above products be the pt 
power of an integer, we set it equal to (ao; + bo, + c)", where o, oe, 1 is a basis 
of kb. We then obtain, by equating the coefficients of the corresponding powers 
of 0 on the two sides of the equation, three equations to determine a, band c. 
The necessary and sufficient condition for the product under discussion to be the 
p™ power of an integer is that these equations have an integral solution. 

By means now of Theorem 4 and the above method for determining whether 
a given principal ideal is the pt? power of a principal ideal, we can determine 


` the lowest power of p, which is a principal ideal. Let this power be the Op, then 


pp sso p pr (1) 
are representatives of t different ideal classes, which we denote with 
A, A®,...., Am APS 


The class number, A, must now be divisible bet Let N be the number of 
ideals whose norms satisfy (1), the unit ideal (1) being included. 

If N< 2t, we have at once A — t. 

If, however, N< 2¢, we determine the classes of some of the remaining 
ideals satisfying 1. : 

Let į be one of them. If we can find a principal ideal (y) such that (y)=p, 
then j belongs to the class which is reciprocal to that of p, i. e., to A”, where 
r=—r (mod i). We can then easily determine in which classes lie the differ- 
ent powers of j, and the products of these powers, with those of p. If we can- 
not find such a principal ideal (y), we must determine the lowest power of j. 


` which is a principal ideal, exactly as in the case of p. Let this power be the dh, 


"we have ¢=0 (mod s), in which case, if : =?#, it is possible to have į ~ p”, 


We must now determine whether j liesin any one of the classes A, Æ, se., ÆTI, 
It can be shown that it is possible for į to lie in one of these classes only when 


ve 


where 7? is prime to s. There are, therefore, at most $ (s) classes, in one of 
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‚which į may lie. If s==0 (mod 0, it would be possible geet, for p to lie in 
one of > (¢) of the classes B, B?, .... , B*^! represented by the powers ofj. To 
determine whether j lies in the as A‘, we must determine whether the product 
of j and an ideal h belonging to the class, which. is reciprocal to that of A’, is a 
principal ideal: To do this we must find a principal ideal (4), which is a power 
of ih, and proceed as already indicated. If j belongs to none of the classes 
1, A,...., A71, we have st different classes. If N « 2st, then A = st, and in 
general, letting, at any point of the reckoning, » be the number of the ideals 
satisfying 1 whose classes have been determined, & the number of the known 
classes which have found representatives among these ideals, and K the number 
of the known classes, from 


follows A= K.. 


The use of (2) saves much reckoning, as we find from it that we have to 
determine the classes of only N'+ 1 of the ideals satisfying (1), where N = 2N’, 
or ONT +1. 

The table is arranged | as follows: Part I contains all melds defined by the 
root of an equation of the form 


dad ua 2n 


“where A,, 4, are rational TE less in absolute value than 10. The first 
column contains a number for purposes of reference; the second, the equation 
whose root defines the field; the third, the discriminant of the equation; the 
fourth and fifth, the discriminant of the field; the sixth, the class-number ; the 
seventh, a basis (when no numbers stand here, 0°, 0, 1 are to be understood); 
the eighth, one or more units. When, after a unit 7, Æ % is placed, this denotes 


that neither 7 nor —n is the square of a unit. Then follow the factorizations of . 


those rational primes p < Hl A|. The factors are arranged according to the 
magnitude of their norms; i e., the factor with greatest norm stands second. 
When A — 1, the factors are chosen so that their norms are positive and their 
product is equal to p without multiplieation by a unit, except when » is divis- 
ible by the cube of a prime number. In this case, the unit is given with which 
the cube of the prime must be multiplied to obtain p. These units are desig- 
nated by * attached to the parentheses in. which they stand. 
10 : 


N—n-4-k«22K | (2) 


Uk 
Ke 
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p=por (p) — (p) means that p is di factorabilé When = = and a number. 
stand in the seventh column, it mendes that this field is identical with the field’ 
designated by the number. 

Part II contains all fields defined by a root of a cubic equation of the form 


Aya + Aa + Ape + A= 0, 


where A), 4, 4,, A, are rational integers less in absolute value than 3, with the 
exception of those equations of this form which are found in Part I or are trans- 


formable into one of those of Part I by the substitution pigeon . In the 


3.4, 
cases also where one of these equations is transformable into another“of the same 
form by a linear substitution, one only of the two is given. - 
Part II is arranged like Part I, with the exception that in 12, 16, 17, 18, 19, 
since the roots of these equations are not integers, the equations written imme- 
diately under have been used to define these fields. In each case, this equation 


is obtained from the original one by the substitution x: E 
A fuller discussion of the methods employed in the calculation of this table, 

with numerical examples, will be found in “Tafel der Klassenanzahlen für 
kubische Zahlenkórper," published by the author of this article as dissertation. 

See Hilbert, ‘‘ Bericht über die Theorie der algebraischen Zahlkórper," 2211,24. Jahresbericht 
der deutschen Mathematiker- Vereinigung, Vierter Band, 1894-95. 

Minkowski, ‘‘ Geometrie der Zahlen.” 

Woronoj, ‘‘ The algebraic integers, which are functions of a root of an equation of the dd degree.” 
(Translation of the Russian title.) 
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On Certain Properties of the Plane Cubic Curve in 
Relation to the Circular Points at Infinity. 


By R. A. ROBERTS. 


Part I.—On some Methods cf Generating the Plane Cubic Curve. 


I propose to investigate here some methods of generating a plane cubic 
curve. I begin by obtaining the cubic as a locus of a point P as follows: If 
perpendiculars be drawn from P on the sides of a given triangle, then the circle 
passing through the feet of these perpendiculars cuts orthogonally a fixed circle. 
A triangle involves six constants and a circle three, so that we have nine con- 
stants, which is the number involved in the equation of the general cubic. 

I observe that if we describe the conic with P as a focus and touching the 
sides of the triangle, then the circle passing through the feet of the perpendicu- 
lars from P on the sides of the triangle is- the circle described on the transverse 
axis of the conic as diameter. Using trilinear coordinates and expressing that 
the product of the perpendiculars from the foci on a tangent is constant, we get 
the tangential equation of the conic in the form 
Ge + uB + vy Gat + uB! + vy’) 

— B? (2? + u? + v* — 2uv cos A — 2vA cos B — 224 cos C) = 0. (1) 


Now, if this conic touch the sides of the triangle, the coefficients of A7, w’, »* 
must vanish. We thus have aa’ = DÉI = yy! = B®. Hence, the tangential equa- 
tion of the conic touching the lines a, Q, y and having the points a, 8, y asa 
focus, is E 
a. (8* Lat 280» cos A) uv + B (5? +a + 2ya cos B) và 

-- y (a° + 8* 4- 248 cos C) Au — 0. (2) 
I now obtain the equation of the director circle of this conic. The coordinates 
A, u, v are proportional to ge, bus, cw; respectively, where a, b, c are the sides 
of the triangle and o, a, w are the perpendiculars from the vertices of the 
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triangle on a line. Making this substitution, and putting a = p — q cos o 
— y, Sin o, m; = etc., and then putting p = x cos o + y sin o for the tangents 
drawn to the conic (2) from x, y, we get an equation determining the directions 
of those tangents. Putting the sum of the coefficients of co? o and sin? o. equal 
to nothing, we get the condition that the tangents drawn to the conic from a, y 
should be at right angles to each other; that is, the condition that x, y should 
lie on the director circle of the conic. We have, then, for the equation of the 
director circle, 
= bea (B + 5? + 28y cos A) 8, + cag (y? +a 4- Zon cos B) S, 

+ aby (a? + B + 2a8 cos C) S5 0, (3) 
where A. ar S, are the circles described on the three sides as diameters: respec- 
tively, viz.: S, = (s — x)(x — a) + (y — yo)(y — Ys), ete. 

. Taking i origin of the Cartesian coordinates at the centre of the conic, we 
may write 


S= (a0 + BB + ey (aby + bya Laf + y?— 4 — BY, 
where A, B are the principal semiaxes of the conic; that is, 
) S= 2AZ (a? + A2. B^, (4) 


where A is the area of the triangle and X = aßy + bya + caf, so that X = 0 is 

the equation of the circumscribing circle. Again, let one focus satisfy the equa- 
2 3 2 

tion aa + bB + cy = 2A, then, substituting m : E > for a, B, y respec- 


8 


tively, we have 
BY = 2AaBy. Í (5) 
Hence, from (4) we get 
S+ 4A'agy = 2AX (a? + y*— A’). (6) 


But a? + y? — A? = 0 is the circle described on the transverse axis of the conic 
as diameter; that. is, the circle passing through the feet of the perpendiculars 
from a, B, y on the sides of the triangle. Now, if this circle cut orthogonally 
a fixed circle, its coefficients are connected by a linear relation. Hence, expres- 
sing that the coefficients of S + 4A’a@y are connected by a linear relation, we 
have 


La a (+ 9 + 28y cos A) + MB (5? + a? + 2ya cos B) 
+ Ny (o? + 8* + 2a8 cos C) + 2PaBy — 0, (7) 
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where L, M, N, P are constants determining ge position of the fixed circle. It 
may be observed that 


L-bc(8 jn. M-—cea(S—1), N=ab ($ — 1), P=24, (8) 


where % is the radius of the fixed circle, and A, A, 8; are the squares of the 
tangents drawn from the centre of the fixed circle to the circles described on the 
sides of the triangles as diameters respectively. Now, (7) represents a cubic 
passing through the vertices of the triangle, so that the points where the curve 
meets the sides again lie on a line, viz. : 


= MNa+NLG@+LMy=8=0. | | (9) 
The curve (7), then, can be written in the form 


8 (MNBy + des + LMaß) + 12LMN (L cos A + M cos B + N cos C+ P) 
— MN’ — N*E* — LM oy — 0, (10) 


so that, dividing by ayà, the curve is of the form 


as (11) 
where /, m, n, p are constants. l Now, I observe that the Hessian of the cubic 
A, xj + As ed + As w +H A o — 0, (12) 
where A,, A,, A A, are constants and o + a + a; + 2, = 0 identically is 


1 1 1 : 1 
LORS en —— -—0, i 1 
Te ae de r ( 2) 


and that corresponding points on the latter cubic are connected by the relations 
l Ayan w = dam a = Ay g ad = Ay asa. : (13) 


We see thus that points on the cubic (7) such that ao! = (98! = yy, viz., foci of 
the conic (2) are corresponding points on the curve, namely, points such that the 
tangents thereat intersect on the cubic. Now, the cubic (7) is the Hessian of a ` 
cubic of the form. 

MNo? + NLB? + LM? + 08 = 0, (14) 
so that the polar line, that is, the pole of one point with regard to the polar 
conic of the other, of the circular points, for which aa’ = BB! = yy’ is à = 0, viz., 
the line passing through the three points on the curve corresponding to the ver- 
tices of the triangle. Now, there are three cubics of which a given cubic is the 
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. Hessian, corresponding to the three systems of corresponding points, so that the 
cubic can be written in the form (7) in three ways. Thus the cubic can be gene- 
rated in the manner described in three ways. 

A general circular cubic cannot be generated in this manner. For, if the 
cubic (7) is circular, P — 0; but then the circular points are corresponding 
points on the curve; that is, the double focus of the curve is on itself, In such a 
case the circle passing through the feet of the perpendiculars has its centre on a 
fixed line instead of cutting a fixed circle orthogonally, as is evident from the 
fact that the conic (2) then touches another fixed line. The cubic is then the 

_locus of a point P such that the feet of the per pendieulars from P on the sides 
of a quadrilateral lie on a circle. 

If the fixed circle satisfy a certain relation, the locus Gage up into a conic 
passing through the vertices of the triangle and aright line. This relation is, 
from (10), l 


2LMNP = WN’ + N*L? + DAP — 2LMN(L cos A + M cos B + N cos €); 
that is, from (8), 
4A? (8, — RE — P(S — i) =a? (& — K)($ ML, — 8,)(S,— 83) 


+ P (S, BP) — I) — 8) — S) 
+ E (S — E) — IPS, — S) — S). . (15) 


Hence, selecting any given point as centre, we have a cubic for H. so that three 
circles satisfying the condition are determined. Again, I observé that if the 
cubie (7) has a node, that point is situated at the centre of one of the circles 
touching the sides of the triangle; for instance, for the centre of. the inscribed 
circle the cubic is l 


Lo (8 — yF + MB (y — «y + Ny (a — 8y = 0, (16) 
so that, from (8), the fixed circle then satisfies the condition 


a nT b — c) + (b--e— 2) S, 
+ (e a— 0) & + (a +b— c) & K (a +b + o) 0, (17) 


that is, it must cut orthogonally the inscribed cirċle, as it can easily be proved 
that the result of putting k = 0 in (17) gives the equation of the inscribed circle. 
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I now proses to show that the same cubic can be generated if the circle 
L + y = A+ B — mB (18) 


cut orthogonally a fixed circle. 
We have from (4), 
S= 24X peut y! — 4° — B’), 
where, from (3), S= bea (6? + y? + 28y cos A) + caf (5? + a? + 2ya cos B) 
+ aby (o? + 8* 4--2a8 cos C); 
also from (5), BS = 2Aaßy, where X = af + bya 4- cag. Hence, 
S + 4mAtaßy = 2A8 |a? + y — A* — B+ mB’), (19) 
so that to express that (18) cuts a fixed circle orthogonally, we write down a 


linear relation connecting the coefficients of the circle S + mäin = 0, when 
we obtain a cubic of the form (7), where 


L= be(S,—#), M-ca(S,—1), N=ab(S,—#), P=2mA* (20) 
From these equations it is easy to see that, if m be considered indeterminate, the 


fixed circle is not necessarily. given, but may be replaced by any other circle 
passing through two given points, its cantre lying on the line 





La (8, — 8, + Mb (S,— S) + No(S%—S&)=0. — (21) 
Hence, making the radius vanish, we have from (20), 
5, — S — 5, : 
la ^ Mà Ne? SS 


which determines two points mutually inverse with regard to the polar circle of 
the triangle, as the latter circle is the Jacobian circle of A, A, S. We see thus 
that two circles of the system (18) can be determined, that is, two constant 
values of m can be assigned, so that the circle (19) passes through a fixed point. 
Again, if a certain condition be satisfied by the fixed circle similar to (15), the 
cubic breaks up into a line and a conie. This condition, corresponding to a 
given line, supplies a relation connecting m with the fixed circle. 

Suppose m= 2, then the circle (18) is a? + 4? = A? — D. that is, it is the - 
circle described on the line joining the foci of the conic as diameter. Express- 
ing then that S+ 8A*a8y cuts a fixed circle orthogonally, we obtain a general 
cubic of the form (7). Now, the foci o the conic are corresponding points on the 
cubic, so that we see that the circle described on the line joining a pair of cor- 
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responding points as diameter cuts orthogonally a fixed circle. This can be 
proved otherwise thus: A pair of corresponding points on the curve are conju- 
. gate with regard to all the polar conics of the cubic of which the given curve 
is the Hessian. Now, the equation of the polar conics being of the form 
UU, + mU, + nU, = 0, one of the system is a circle. But when two points are 
conjugate with regard to a circle, U say, the circle described on the line joining 
them as diameter cuts U orthogonally. In the particular case, it may be 
observed, when the Cayleyan has a focus on the cubic, at P say, that is, when U 
breaks up into factors, all the pairs of corresponding points subtend right angles 
at P. 

I now proceed to find the locus of the centre of the conic (2), when the 
circle described on the transverse axis as diameter cuts orthogonally a fixed 
circle, or, in other words, the locus of tae middle point of pairs of corresponding 
points on a given cubic. From the first point of view, as I shall show, this may 
be considered as another method of generating a general cubic. Let a, b be half 
the principal axes of the conic, and a, B, y the perpendiculars from the centre 
on the sides of the triangle. Then 


o? = a? cos? (0 — a) + b sin? (8—a), — . (23) 
and similar values for 8, y, where a, B, y, 0 are the angles which the perpen- 


diculars and the axis major make with a fixed line respectively. Eliminating 
0 and 5, we obtain 


sin AY (à — a?) + sin BY (à — 6%) + sin Ov (f —5?)- 0, — (24) 
where A, B, C are the angles of the triangle. Now, if the circle described on 


the axis major as diameter cuts orthogonally a circle S= a? + y? + ete., we 
have a? = S, so that (24) becomes 


sin AY (S—a?) + sin By (S8 — B’) + sin CV (S — 5?) = 0, (25) 
which, at first sight, appears to represent a quartic, but, being divisible by the 


line at infinity, reduces to a cubic, as S— oi S — 6°, S—y’ are easily seen to 
be parabole. The cubic (25) is, in fact, the envelope of the conic 


(S — o?) 4- m (S— 8?) -- n(S — 7) — 0, (26) 
subject to the condition that it is a parabola, viz. : 


mn sin? A + nl sin? B + Im sin? C — 0. (27) 
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“We can obtain the equation of this cubic in another form, thus: Eliminating 0 
and a from (23), we get 


sin Ay (a? — 0?) + sin Bay (£? — 0°) + sin CA/ (y — 6) = 0, (27) 


then, observing that, since the director circle of the conic cuts orthogonally the 
‘polar circle P of the triangle, we have a?-- 5? = P, so that if S— P=6, 
namely, the radical axis of S and P, we get 


sin AV (a? + ô) + sin BY (&? +ò) + sin TET (28) 


which, being divisible by the line at infinity, represents a cubic. This curve, it 
. may be observed, passes through the points where the lines joining the middle 
points of the sides meet the circle S and the radical axis of S and P. 

Projecting, we find that the polar of a fixed line with regard to A, Bisa 
cubic, where A, B are corresponding points on a given cubic. 

In the case of the circular cubic, we may find the locus of the middle point 
of corresponding points thus: Let the curve be 


ly (u + c?) + mu (v? + c?) + n (v? + 0’) + 2puv = 0, (29) 


where u,» are circular coordinates, then corresponding points are such that ` 
uu! = vv —c*. Hence, for the middle point of corresponding points we may 
write j 


e e 
Zu cÉ + —, wav + ——, (30) 
D v l 
where w’, d lie on (29). Hence, we obtain 
l n NE x 


which represents a circular cubic with the points «u? = v! = das foci. Thus the 
locus (31) is the transformation of the given curve (29) by a substitution (30) 
in which angles are preserved. The substitution is, in fact, a transformation 
from polar to elliptic coordinates, viz. : 

) i r-udX(w-—c), ccos0ü-v, (32) 
where ops uv, eyc wll eye —») (33) 


and r, 0 are polar coordinates. It may be observed that the anharmonic func- 
tion of the locus can be expressed in terms of the similar function for the given 
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curve. For it is easy to see that the values of u corresponding to the foci of (29) 
are given by an equation of the form 


(u? + c — Qau)(u? +?— - 28u) = = 0, - (84) 
so that the foci of (31) are given by 
| (u—a)(u — Bui e) = 0, (35) 
‘but the anharmonic functions of both these biquadratics are expressible in terms 
Ge) 
of — Aug 


If n — 0 in (29), the double focus is at the origin on the curve, and the locus 

(31) reduces to the right line 

lu + mv 4- p — 0, (36) 

‚as we have seen already otherwise. That is, when the cubic is not circular, the 
locus reduces to a right line, if two asymptotes intersect on the curve. 

I now proceed to show what geometrical relations are satisfied when a focus 
of the conie (2) lies on a general cubic passing through the vertices of the 
iriangle of reference. Let A be the area of the triangle formed by the foci 
P, P' of the conic and a fixed point ol, 8', ad: then A is proportional to 


Lai p p 
«By v 
a, B, y | aby 
d, D. y 
where 
V= ola (8* — y?) + 8'8 (° — o?) + y'y (à? — 8"). (37) 


Again, let ¢ be the length of the tangent drawn from a fixed point to the 
circle passing through the feet of perpendiculars from P on the sides of the 
triangle of reference, then, if we have 
8 —B=AA, (38) 
where & and A are constants, we see from (7) and (37) that the locus of P is. 

Lo (8? +y + 20» cos A) + MB (5? + a? + 2ya cos B) 
Ny (a? + B + 2a8 cos C) + 2Paßy e AV-o, (39) 


and this obviously represents a cubic circumscribing the triangle and satis- 
fying no further relation with it, for we have six constants at our disposal, 
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namely, Æ, A and the four depending upon the two fixed points. The locus of 
the other focus is evidently obtained by changing the sign of V in (39), as V 
becomes — F 

apy 
generation of the cubic holds also if we substitute the circle described on PP’ as 
diameter for the circle passing through the feet of the pérpendiculars from P; in 
fact, we might substitute any circle of the system (19). 

If we want to generate a circular cubic we should take P= 0 in (39) and 
make V pass through the circular points. The first condition makes the circle 
the director circle of the conic (2), and the second requires that the point a’, 9, ad 
should be at infinity. Thus the relation (38) becomes ?— A? = Aò, (40), where ¢ 
is the length of the tangent drawn from a fixed point to the director circle of the 
conic and à is the projection of PP’ on a fixed line. It may be observed that 
k may be made to vanish in (40) without loss of generality. A general circu- 
lar cubic is also generated when the ‘circle described on PP! as diameter cuts 
a given line at an angle whose cosine is proportional to the cosine of the angle 
between PP’ and a fixed direction. Similarly, a general cubic is generated when 
the circle on PP’ as diameter meets a given circle at an angle $, so that cos & is 
. proportional to the perpendicular from a fixed point on PP’. 

It may be worth while considering the case in which the two fixed points 
involved in (38) coincide for the circle described on PP’ as diameter. It is easy 
to see then that the cubic is the locus of the focus P of a conic touching the sides 
of a triangle, subject to the condition that the circle described through the foci 
P, P' so as to contain a given angle, cuts orthogonally a fixed circle. The equa- 
tion of the locus is found to be 





when we substitute for a, 8, y their reciprocals. This mode of 


ala 


sin dE cos A + 28y} + EE My +2) cos B + evar} 





] 
sin 
y'y 2 2 Q 
T m g e + 8?) cos C+ 2a 8| 
(S! — E?) : RER 
2k sin A sin B sin oC aeg) 
X (By sin A+ yo sin B+ aß sin C) 
Tm (ola (B? — 5?) + BB (p? — a?) yy (à? DI — 0, (41): 
where oi, 8', ai are the coordinates of the centre of the fixed circle, 8’ is the 
square of the tangent drawn from its centre to the circumscribing circle, and % is 








2 
p ad 


— 
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its radius, while m is the cotangent of the given angle. This form (41) contains 
ten constants, so that a cubic can be generated in this manner in a singly infinite 
number of ways. Ifk= 0, the foci P, P subtend a constant angle at a fixed 
point, and the equation (41) then involving nine constants, the cubic can be 
generated in this manner in a finite number of ways. l 

I observe that a circular cubic can be written in the form (29) in three ways, 
the origin in each case being one of the points corresponding to the real point at 
infinity. In connection with this form, I proceed to investigate a mode of gene- 
ration of the curve. Taking rectangular Cartesian coordinates and writing a 
conic referred to its principal axes in the form 


a? y? : 
- — +4-—1=0. (42) 


the equation of the circle passing through =, y ‚and the points of contact of the 
tangents drawn from 2’, y' to S= 0 is. : 


m m ' . e aif a 
2 +E \et+y)- AG Ty +) 5 (a^ y — c) 


where c! = g? — b.. 
Hence, if this circle cut orthogonally the fixed circle 


a? 4- y! — 2ax — By += 0, (44) 
the locus of a, y! is ~ 


l 2 
— 92 (gp y! o) P Gr et à) — EE 
l "EDEA SH (45) ` 


which, it is easy to see, is of the same form as (29). There is no loss of gene- 
rality in making the radius of (44) vanish, in which case the circle (43) passes 
through a fixed point. In that case, the cubic is the locus of the six vertices of a 
quadrilateral circumscribed about the conic, the lines drawn from the fixed point 
(44) to the four points of contact all making the same angle with the conic. 

If the polar circle of the triangle formed by the tangents from P and their 
chord of contact cuts orthogonally a fixed circle, the locus of P is a cubic with. 
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two rectangular asymptotes. For the equation of the polar circle. is 


ai 


Ze A laan (@+ B+ SCH, | 

-Y (e p - Dy cera Da ey =0, (46) 
and if this cuts the circle (44) orthogonally, the locus of a’, y is 
T= 24 ay (Bs — ay) +E 4- E) S (4-19) 47 | 
—2(@ +0) DI eisen, (47) 


We can now generate the general cubic by means of these results, (45) 
and (47). Let 8 denote the circle (43) circumscribing the triangle formed 
by the tangents from P and their chord of contact, and let P denote the polar 
circle (46) of the same triangle, then let X = mS + nP = 0; that is, let bea 
circle coaxial with Sand P and with its centre dividing in a constant ratio, the 
line joining the centres of Sand P. Now let X cut the given circle (44). orthogo- 
nally, then the locus of DG, y') is the general cubic mU + nV=0. 

I now proceed to consider another method of generating a cubic curve. Let 
us consider a circle passing through points on the sides of a triangle so that the 
lines joining them to the opposite vertices form two sets of three concurrent lines, 
which, it is to be observed, is only equivalent to a single condition. Using areal 
coordinates, the equation 


(x +y + 2)(Wa + mmy +nn'z) =k (aye + Wee + ex) (48) 
represents a circle. Making this identical with l 
We? + mmy? + nn? — (mn! + m'n) ya — (nl! + n'l) ze — (Im! + Im) ay = 0, (49) 


where the lines joining the vertices to the intersections with the opposite sides 
are læ — my = 0, lx — my, ete., intersecting in the points “mn, nl, Im; 
. mn, WU, Um respectively, say these are P, D. so that 0, m, n; l, ml, al are the 
coordinates of points inverse to P, P’ with regard to the triangle of reference, 
we obtain 


(m + n)(m' + 9) = hao, (n 4- D(n' 4- Y) =, (1+ m)! +m)= ke, (50) 
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so that (48) becomes 


(x+y + Jel + m)\l+n)A+ U* (m 4- D) (m +n) B He (n+ D(n + m) Ct 
= 2(m+n\n + D + m)(alyz + Bea + ay), (51) 


where A=mytnu—iz, B=let+tnze—my, C=le+my— nz. 


Now, expressing that this circle (51) cuts orthogonally a given circle, we 
get a linear solution connecting the coefficients. We thus have a relation of 
. the third degree connecting /, m, n, sò that the inverse points of P, P! with 
regard to the triangle lie on a cubic circumscribing the triangle 7+ m — 0, 
l+n = 0, m+n= 0, so that the points where it meets the sides again lie on a 
. line. And it may be observed that th» two points are corresponding points of 
the cubic. Now the triangle of referenze involves six constants and the given 
circle involves three, so that we have the nine constants involved in a general 
cubic. l 
I now consider Grassman’s method of generating a cubic. Let us consider 
two triangles whose vertices are A, B. C, A’, B’, C' respectively; then, if the 
lines joining P to A, B, C meet DO, O'A!, A'B' in three collinear points, then 
the locus of P is the cubic _ l 

Biel On! — cpa Bly — Kall — api y'a, = 0, (52) 
where 2A is the area of ABC and pi, Pz, p, are the perpendiculars from A. B, C 
respectively on BO, C'A', A'B'. This cubic circumscribes the two triangles and 
furthermore passes through the intersection of corresponding sides, viz. the 
points AB, A/B’, etc. From the latter fact it can be readily deduced by means 
of the arguments, viz., the elliptic integrals which correspond to points on the 
curve, that A’, B’, OU must be corresponding points to A, B, C of the same sys- 
tem. Now, we.know otherwise that the, lines joining a point P of the curve to 
three pairs of corresponding points are in involution, so that in the same case 


the cubic can be written 
AC’. BA'. CB' = AB'. BO CA’, (53) 


where AC’, ete., mean the areas of the triangles PAC’, etc. Hence, when the 
curve is circular, we can find two relations connecting the two triangles. For, if 
we have the cubic on = kdel, then substituting the coordinates of the circular 
points, we get k=1, 2+ 0@-+y=—d+e+¢, where a is the angle which a makes with 
a fixed line, ete., so that (53) gives AC’. BA’. OB'= AB’. BC’. CA’, where AC’ is 
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the length of the line joining A, C', ete. Also, the sum of the angles between 
AC and CA', BA’ and AB’, and CB’ and BO vanishes. Again, if the lines 
joining P to A, B, C respectively meet DO, C'A', A'B' in three points which 
form a triangle of given area M, the locus of P is the cubic _ 

U= 2M (a! — af — po) (y! — ps), (54) 
where U is the cubic (52). This represents a cubic passing through the points 
A, B, C. : . 

Again, I consider a system of quadrilaterals with a given triangle of centres, 
and I seek the locus of the vertices when the circle passing through three of them 
. cuts orthogonally a given circle. Taking the triangle of centres as the triangle 
of reference, and using areal coordinates, the equation of a circle is 


(x +y + 2)(le + my + nz) = a? cot A + y? cot B+2 cot C, 
and expressing that this circle passes through the points — a’, yh 2; a, — y', 7; 
x, 4, — 2, its equation becomes 
(a cot A+ y" cot B -- z^ cot Ola +y + z)|(y! +2 —a') a 


+(¢ta—y)y + (Xy —27)8 
g)(2? cot A +y’ cot B+ cot C). (55) 





= (y+ 4— af (d + a! — yal ty! 
Hence, we see that if this circle euts orthogonally a fixed circle, the locus of the 
fourth vertex (a, o, 2) of the quadrilateral is a general cubic curve passing 
‚through the six imaginary points where the lines joining the middle points of 
the sides of the triangle of centres meet the polar circle. Also, the locus of one 
of the three vertices is a circular cubic passing through the four points where 
two of the lines joining the middle points of the sides meet the polar circle. We 
thus have as loci of the vertices of the quadrilateral one general cubic and three 
circular cubies. ` ` 

I consider here now a locus connected with the cubic. Let AB be a chord 
of the cubic perpendicular to an asymptote, and let æ, 8, y be the coordinates of 
a point P with regard to the triangle 4, B, C, where C is the point at infinity 
on the same asymptote, then the equation of the cubic can be written 


(la + mB) y? + aß (la + m3) + y (aa? + b? + hag) — 0. (56) 


Now, if o/, 8', yl are the coordinates of the intersection of the perpendiculars 
of the triangle PAB, it can easily be shown that a8' = Bo! = yy'. Hence, the 
13* : i 
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locus of the intersection of the perpendiculars of the triangle ABP is the cubic 
aß (la + mB) + 9? (Va +.m'B) + y (ae? +38? + hag) — 0, —— (83) 
intersecting the given cubic at the point at infinity C and at six points on the 
circle ai — aß = 0, namely, the circle cescribed on AB as diameter. Let 7=/, 
m = m’, then the cubic has, it is easy to see, two mutually perpendicular asymp- - 
totes, and the intersection of perpendiculars of the triangle PAB lies on the 
curve. 
Further, I note the following generation of a cubic. Given the base AB of 
‘a triangle, if a point P dividing in a given ratio the line joining the centre of 
the circumscribed circle and the intersection of the perpendieulars lies on a hyper- 
bola with an asymptote perpendicular to AB, then the locus of the vertex C is a 
„cubic such that AB is a chord of the cubic perpendicular to an asymptote at the 
finite point where that asymptote meets the curve. 
Taking the axis as the base, and perpendicular to it at the middle point, 
the coordinates of the point P are given by 
bat mal yos gr Set 2n (P — x”) 
m+n’ 2y! (m + n) xt en 
where z', a are the coordinates of the vertex and m/n is the given ratio. Hence, 
if P lies on a hyperbola with an asymptote perpendicular to AB, the locus of P 
is the cubic Me 
Imy? + (m — an)? — e) äs + B) +y (Ox? + D» + E), (59) 
whicli is such that A, B are two points on the curve on a perpendicular to the 
asymptote Ax + B = 0, where it meets the curve. | 


- (58) 
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The Cross-Ratio Group of 120 Quadratic Cremona 


Transformations of the Plane. 


Part Second ;* Complete Form-System of Invariants. 


By HERBERT ELLSWORTH SraUuGmHrT. 


$1.—INVARIANTS OF THE Binary Quinto Form. 


1. Three invariants of the quintic as given by Salmont are: 


P? = TI (12}, 
A = X (12)* (34) (35)? (45F, | 
C = P*x(12)7* (34)? (35)? (45)7^ 


where (ij) means the root difference 


(o, — al, (j=l... 


2. The ratio A: P written in cross-ratio form is 


A: P= [3214][3415][3512] + [4123][4325][4521] 1 
+ [5132][5234] [5431] + [5213][5314] [5412] 

— [2814] [2415] [2513] —[3124][3425][3521] $ 

— [4182][4235] [4531] — [5142][5243][5341] | 

— [5123][5324][5421] — [4213] [4315] [4512] J 





in which [ijk] = = o i — ay) (a; — az) ($53, k, i=1. 


Qj — ax) (a ~— a)’ 


_If we put in (2) l ay = [4235], 





(1) 


. 5). 


(2) 


. 5). 


* The first part of this memoir is to be found in the American Journal of Mathematics, vol. X XII, 


pp. 948-388, 1900. It will be referred to here simply as Part First. 
t** Modern Higher Algebra," third edition, $241. 
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and let %, ...- As be derived from A, by successive application of the cyclic per- 
mutation (12345) to the indices, and make use of the relations* 


ja: 


1—A, 


des pcm 


w= 1 — U, = (3) 


we get 


4:P= —[(1— Ay [1+ (1—2) + 2223] + (1-3) H 22 (1 a, + A123] 
+ (1 An Aal UR Rae NEN 
: {Ay Ag (1 — A(1 — A_)(1 — Aq Aalt, (4) 


3. We-now identify the roots a; with the variables} a in the following order: 





Qj Ga Q3 Q4 ii (5) 
: 75 Vg - Vz Vy 9% 
and obtain the relation 
= —0—1 
A=, Me E : : (8) 
Substituting (6) in (4) and changing to homogeneous coordinates 
"TE 
e == P ? e Se ) 


* M. J. M. Hill, * The Anharmonic Ratios of the Roots of a Quintic ” (Proceedings of the London 
Mathematical Society, vol. XIV, p. 182). 

t E. H. Moore, ‘‘ The Gross-Ratio Group of n! Cremona Transformations of Order n—3 in Flat 
Space of n—3 Dimensions" (American Journal of Mathematics, vol. XXII, p. 280, 1900). For the case 
n= 5,1 use the variables v; . .. . Hee and the fundamental system of cross-ratios, SC 


P= pa = Daag and op, [Pras]. 


Whence, 91, Da, p, give the special values œ, 0, 1. ] 

With this notation, for example, the transformation T, corresponding to the substitution on the 
indices (15)(34), is derived as follows: 
(ps — P4 (62 —P3) — _FC 








ld LT EA Pic? 
op ma EC eer 
"TTT e — Pa) Ps — 01) p 


which, in homogeneous coordinates, becomes 
Tao mig im mm (Zi — 2;) : (21 — Za) (Zs — 25) : £1 (Za — Za). 


See Part First, Arts. 4, 28 and 58. 


Cremona Transformations of the Plane. lol 


there results s 
A: P= — Xa (à — 2)! + Set (2 — 2) + Sag (n m) (7) 
+ (a — gy (4 = 23)" (% = zy 1212223 (z E Zo) CR = i) (2 = 23) bs 
In a similar manner, 
0:P=— 1322 (2 — my (m — 23) (2 — g) (a — 2) 
Ü A Xe (ze) (91 2) (8 s) t Aana) (a 25) (42,— 2). | (8) 


: { 21223 (2 — Zo)? (zy — 23) (z — ay. 





4. Applying to (7) and (8) the transformation 
By 1g Bg — Yi "Ya: Ya — Ya Ya — Yas ; (9) 
we find the functions proportional to A, P’, C; i 
8:4 — Xn — ys) ys — Ya + E (y1 — Ys)? Qn — 3s) (ys — Ys)” 
P= (y= ys) Qa — 92) h — 93) (s — Y) (Js — Yd (s — Ya)” 
830 = X(n— yo) ys) Qi — yas — vsY (ys — Ya) 
+ PS — Y) — vy s y J 


(10) 


5. It is desirable to evaluate A, P? and C in terms of the elementary sym- 
metric functions: i 


— M= E 5»-—XyW — Ps = XWue Pa = VYY Ya (11) 
© (i,j, k=1.... 4). 


The results for A and 7? are easily found: 


AA = 3*pj + 2- 3p} + 29. 6p, pı + .... terms containing p, as a factor, 
òP = 2 pj — 3° ps — Ppi pi — ST Pi + 2p) pa + 2* 3p, pip, | (12) 
+ .... terms containing p; as a factor. 


6. For the first part of C, whose weight is 18, we have 


È (91 — ys) (i — y Qs — tA) (ya — Jf (Us — Ys) = as p + a, pj ] 
+ a5 pi pi + apip? + a, pipi + as pip, + ge pape + ds pipi | 13 
+ a, Pip + 910 P» Di Pa + anpi Dën, + Aye Di pipi f (18) 
+ 41 terms containing p, as a factor. J 


7. In (18) put 
A=—-Yw=1, w= Wu 
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Whence by (11), $17—2$79,—0, p=— 1. 
From which a, = — 2, 
To determine az, d, a;, put in succession in (13), 
Yis Yor Yar Ys = 0, 2, zb —15 0, — 3, 2, 1 ; 0, 4, —3, —1. 
whence i . 
Pis Par P3, Pa = 0, — 8, —2, 0; 0, =, 6, 0; 0, —13, — 12, 0. 
These substitutions lead to the conditiors, 


1) ža, + 88a, — Z. 38a; =— 2-3, . j 
2) 2. 88a, + 3°. 15a, — 9?. 35. 78a, — 21. 55 + Bt. 55 + 21. 8413 7°, 
3) 20. 360,429. 32. 13%a, — 22.34133 a, = 355.74 4 911. 14. 17 4 gil. gt. 5¢— 13%, 


from which ; 
a = — 9.95, q= — 2.38.11, aj — 273.11. 
8. To find a, a;, Ag, a, put in succession, 
Ji Yar Yor =L —1, 1, —1; 1, —1, 2, —2; 1, —1, 8, —3; 2, —2, 8, —3 
Whence, 
Du Par Pay PA= 9, —2, 0,1; 0, —5, 0, 4; 0, —10, 0, 9; 0, —13, 0, 36. 
Then from the equations: | 


1) Got 2a, + Pa + a, — 2”, 


2) 655a, + 2?.5*a, + 2. 5*a, + 25.2, = — 2°-11- 29-118, 
3) 2. Bio, + 21.33. 5a, + 2 31. 5 a; + 35a, = — 2°. 83, 687, 
4) 135a, + 2°. 8°. 135. a, + 2*- 31. 135a, + 25.35. a, = — 25.7, 238, 879, 
we get, i 
a= 9, a= — 211, a, — 99.7, a= 20.47. 


9. To find az, Qj), Au, Gs, put in succession, 


Yas Yas Ya, Ya 1, 1, 1, —3; 1, 1, 2, —4; 2, 2, — 3, —1; 1, 1,.4, —6, 


which give, 


D Pay Po Pa= 0, —8, 8, —3; 0, —11, 18, —8; 0, —9, 4, 12; 0, —27, 50, —24. 
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Then from the equations: 


1) 3a, — 2 ay ++ 2!.3%a,,— 9?.3*a, = 27.89. 7.11, 
2) Bax — 2?.3*- Lay + 1lfagy — 29.11'a, = 2-1, 339, 307, 
3) Ha, — 2a + EN + 22. 3? ai = 93. EM 1i ^ 617, 


4) 95a, — 9?.3.55a,, + 39a, — 98.359, — 29.3*:7.11^9, 767, 
we find, | : 
a; = — 9 .9':08,- ap= 2%.35, au = 2-131, ap = DS b. 


Thus we have found: 


X (Dn — YP (yi — Y (y — Y (yo — gs NY — YF = — P p$— 2 37 pi | 

— 2.3. 28pj pj — 2-3-1 1p) pj — 2-3°- Lips pj + 2'pyp, — F- rn 

— 2. Tpi +2". apap! + 2: p, pap, + 99-19 1pfpip, + 2 3*-opipipi f 9) 
coe terms containing p as a factor. 


10. If the second part of C be evaluated in a similar manner and the result 
combined with (14), we have finally, 


5,0 = — 2p? — 2.83. 23p$ — 2. 17 pfpi — 2'-151p3p? 
— 2: 73pi pi — pip, + 2 pipi — 2-18 pipi 


+ 29.5. 11p, pf + 25-9 5p, pip, F2 oip +2 T pp [ 09) 
+ .... terms containing p; as a factor. 


A 


$2.—INVARIANTS OF THE SUBGROUP GY. 


Critical and Non-Critical Points. Arts. 11-13. 


11. One of the points 
li (i=2.... 5) 
is non-critical in the following cases : 
(a). In general, for all the linear transformations of Gy, which form the 
subgroup G and which permute these four points among themselves in 4! ways. 
(b). In particular, for a certain dihedron subgroup of G, which leaves the 
corresponding point fixed. Thus the point 1? is fixed under ; 
GË ~ {jkl} all, (i,j, k, l=2.... 5). 
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(c). For such quadratic transformations as leave the point fixed, thus 1¢ is - 
fixed under each of the 6 quadratic transformations of the set [Part First, 


Art. 10], ` 
Dz! ~ {jl} all (1i). 


These belong to the set SCT, where 
Sy ~ {2845} all (12) [Part First, Art. 15] 


is the complete set of transformations through any one of which GY is trans- 
formed into GQ. j 

12. Under all other quadratic transformations the point 1$ is critical; that is, 
it must be regarded as a pencil of directions which goes into a range of points 
on one of the fundamental sides. [Part First, Art. 12.] These transformations 
consist of um 

(a). the remaining 18 in the set Sr, 

(b) all of the sets, 87", (J Fi=2.... B). 

In all, 3.24 4+ 18 — 90. s 


13. A pencil, 1i, is invariant under such transformations as permute among 
themselves its infinity of direction tangents. Evidently this will happen if, and 
only if, the corresponding point is fixed. i 

As just shown, the point 1¢ is fixed under the linear transformations GT and 
under the quadratic transformations ofthe set Dy, and hence the pencil 14 is 
invariant under the linear subgroup, 


GG ~ jkl} all, 
and under the quadratic subgroup, 
B [jk all 1is.* 


This is in agreement with Part First, Art. 33, where the 4 pencils and 6 
sides were found to form a system of 10 conjugate elements under Ghigo. 

The linear subgroup G7, which p-ays an important rôle in the sequel, is 
also a subgroup of the quadratic group GI, its transformations being the only 
linear transformations in that subgroup. 





* See foct-note to Part First, Art. 10. 
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The Complete Form-System for GY. Arts. 14-17. 


14, The linear subgroup @% is projectively connected with Klein’s collinea- 
tion group G,, by the transformation* 


direct; 2:2 | Zg = ay + ag: ag ECH EH 1 (1) 
inverse; 2: 8 = — g +3 -+ Z: A — By t gi By + 23 — 23, 
where x; .... x; are homogeneous point coordinates; or by the transformation} 
direct; mmi TM Has — Ya Ys — Vo 
mverse; E Vas 5 Bey — By — By — at 31 E. . (2) 


D— Z — 2 F 32S 1 24 92%, 


` where y, .... y, are supernumerary homogeneous point coordinates. 


15. The complete form-system of invariants of Klein's collineation group G, 
consists of the elementary symmetric functions " 


Zä, Xuyuye duo (i,j, b—1....4) (3) 
with the identical relation 
Sy = 0. 


Hence, the complete form-system of invariants of GU will be derived from that 
of G, by applying the transformation (2) to the forms (3). The results are: 


p. = EYY; e 6X + 43/21 25 
— P= Xy. — 8X4 — Bäss, + 165545 (4) 
p= ly; = — 385zi + dele, — 2082122 + Lies, 





where again Xy, — 0 identically in the z's. 


* Part First, (5), Art. 7. . 
1 For the case G^, I introduce supernumerary coordinates conveniently in the form 


Yi Y2 Ys 19a = — 94 FH 954 H 94:8 — wr H ta T, 49 9, :1— 9 —24—9,, 
from which, in combination with (1), we derive (2). It thus appears that 
Zy == 0 


identically in the z's as well as in the es, I thus have the y's related to the z '8 of GO just as Professor 
Moore has related the y's to the w’s of G,:- See his paper, '' Concerning Klein's Group of (n un In-ary 
. Oollineations"' (American Journal of Mathematics, vol. XXII, pp. 836-342, 1900). 
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In these forms put 


2h =P, mag MAT, (5) 
and they become . 
p.——2[8p— Yq] 
— P = "Lut en] (6) 
p,7 — p [8p! —?'pg + Ar]. | 


16. The forms A, P’, C, initially given as functions of the roots of the quin- 
tic, have been interpreted (a) as functions of the homogeneous coordinates of the 
transformations of the cross-ratio group Gen, and hence of the subgroup GY, by 
the agreement (5), Art. 3; (b) as functions of the supernumerary homogeneous 
coordinates of the transformations of G4, by virtue of the substitutions (9), Art. 4, 
since this is the same as (2), Art. 14; and (c) as rational integral funetions of 
Pis Po, Ps By by (12), Art. 5, and (15), Art. 10. 

Hence, by Art. 15, they are absolute invariants of GY). They may be further 
simplified by substituting in them the value of p, p, p, from (6), Art. 15, and 
remembering that p, — 0, thus l . 


A4 = W — 2.3 (per + 9°) + 19pgr — 3", * vq 
bP? = gig Git + gh?) + 2: pg? — Sei (8) 
AO = P. b*pfgf? — 2.35. 23r* + 24.5.7 pgr — 2- 5°. A3p'ghrs 

+ 2.8*- 187 pqr* — 2-148 (pr? + per?) — 2-17 (pfit + g*r?) | (9) 


— 2.73 (pir + ger‘) + (pig? + pfo?) +25. 53(p'gr + pair) 
+ 2-8 (pg + pg'r) — 2 (pir? + q*) — 2.3 (pfr + p'gor). 


17. The form P’ is of special interest later. , 
In terms of y; .... y, for the group G,,, we have by (10), Art. 4, 
|P,—H(u—3)2^4A4, | (10) 
and in terms of z .... ga for the group GS), by (7), Art. 3, 


Pi = 22925 (21 — 2)(% — 23)(% — 2s) (11) 


e 


in which latter the factors on the right give the six sides of the quadrangle [Fig. 
II, Part First]. 
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By well-known principles,* the linear homogeneous substitution group Ghi,» 
which is isomorphic with the symmetric-permutation group on n letters, has one, 
and only one, fundamental relative invariant, namely, / A, since (except for 
n = 4) it has one, and only one, self-ecnjugate subgroup G,,. 

2 


Since the index of this subgroup is 2, it follows that the only relative inva- 
riants under Gp: (n #4) must throw off the factor (— 1). 

This conclusion, however, holds also for n = 4, since Gi can be generated 
by transformations all of period 2, 
H K, XY, M, [Part First, (3), Art. 6.] 
so that if any primitive root of unity higher than the second could be thrown 
off, it would have to be built out of the factors (+1) and (— 1), which is 
impossible. l 

Hence, P, is the only fundamental, relative invariant under G,,, from which 
it follows that P, is the only such form under GẸ. 

Therefore, all relative invariant forms under G$? must be of the form 


PP F (De, ps, Dal, (12) 
where f is a rational integral function. 


§3.—CHARACTERISTICS OF INVARIANTS UNDER Gy. 
Fundamental Notions and Definitions. Arts. 18—21. 


18. Since a quadratic transformation, when applied to any function of the 
se, must double its degree, it follows that.no such function can be invariant in 
the ordinary sense under Gs. 

The only invariant form possible is a rational fraction such that, under any 
quadratic transformation of the group, a common factor (a function of the z's) is 
thrown off in numerator and denominator. 

Evidently, the degree of the numerator must be the same as that of the 
denominator and equal to that of the factor thrown off. 


19. Since a linear transformation does not change the degree of the function ` 
operated upon, it follows that numerator and denominator of an invariant frac- 
tion must each be an absolute or relative invariant under GW. 











* Weber, ‘‘ Lehrbuch der Algebra," vol. II, p. 161-164. 
15 
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Such a fraction cannot have both terms relative invariants under GY, for 
[Art. 17, (12)] it would have the form 


Psi (po; Pas Ps) 
P+). ds (Po, Psy Pa) 


which reduces, according as x; Z x», to 


P796 (py, Pas Ps) or (Pas Par p) 
I 1 21 3: £4 or II 1^ 2 3 4 y 
HI 2 (Ps, Pa» Pa) (D Pos 78. ës (Pas Dy, Pa) 


in which bcth numerator and denominator are absolute invariants under GEI. 
[Art. 16.] br 

If, then, either numerator or denominator alone is a relative invariant under 
GY, the fraction will have one of the forms ) 


y Pett. dy (Pa, ps Ps) Pı (Por Pe, Pr) 
OI) sa ee (IV) ee ee eu 
e) [07 (Pas Ps: Pa) im mY) Prati. Gy (Pas Ps, Pa) 


Forms of the types (III) and (IV) will be considered at the end of the paper 
[Art. 52]. l 

In the succeeding investigation, the forms considered for numerator and 
denominator of invariant fractions will be absolute invariants under G%, so that 
every such fraction will be of the type 


(V) $1 (Pe, Pss Pa) 
$2 (P21 Ps; p) 


20. It follows at once that an invariant fraction cannot have its numerator 


and denominator of odd degree in z,, 2%, 2, for it would then have the form 


prt Psp) 
pst dn (Pe, Pas Pa) 





since p, is the only fundamental invariant form of odd degree in o, %, Se under. 
the linear subgroup GQ. 
But such a fraction, when reduced, becomes, according as x, 2 x, 





2 (ky — Ka) 2 2 
VI) 23 (ps P Pa) or. (VIT Pı (Pas i; Pa) 
ic ® (Pas P5» Ps) EX ) gà ^ -Pa (Pe, Pj, Pa) 


in which both terms are of even degree in 2,, 2;, Se. 
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Thus, numerator and denominator of an invariant fraction must be rational, 
_ integral functions of ps, P3, Pa, and hence also of p,q, v, and, therefore, s ymmetric 
depuis of as 29, Se Owing to the relations (5) and (6), Art. 15. 


21. Hou these considerations corne the following definitions: 

(a). An invariant under a quadratic operator of Gy is a fraction whose nume- 
rator and denominator are rational integral functions of z, Se, Ze such that it is trans- 
formed into itself by the operator, after throwing off a factor in the ge common to 
numerator and denominator. 

(b). An invariant under the Group Gx ts a fraction which is invariant under 
every one of a system of generators of the group, and so under every transformation 
of the group. For this purpose we use the generators of GY, 


K~ (34), L~(23)(45), M~ (4), 
and as the extender to Gu, the quadratic inversion, 


T'—(12), [Arts 4, 28, Part First.] 


(c). Any homogeneous function of z,, %, # Which is suitable to form the 
numerator or denominator of an invariant fraction as above defined, is called an 
invariant form. Evidently such a form may be composed of factors or terms,* 
each of which is a simpler invariant form. 

(d). Those forms by means of which all other invariant forms of the group 
can be rationally and integrally expressed, are called the system of Anand 
` forms, or the complete form-system of the group. 


"D - THEOREMS ON InvARIANT Forms. Arts. 22-25. 
Theorem I. 
. 22. The most general invariant form under Gan is of degree 6n in %, Zz, Ze 
and throws off the factor 1?" under the dep generator T'. 
Proof. We denote by J; (21, Se, Sal any homogeneous function of degree s in 
21, Se, %3, Which is invariant under Gn and investigate the value of s and the 
nature of the factor thrown off when /, is operated upon by the quadratic 
extender, 
T! ~ (12) ; 4:43:43 == 2925101291815. (1) 





* In the case of invariant terms, of course all must have the same ‘‘ throw-off.”’ 
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Thus we have* Fe (Zis 2 Bs) et = Jas (2283, A: AR)- 27 (2) 


Since /, is an invariant form by hypothesis, some factor of degree s [Art. 18] 
in %, %, 2%, must be thrown off, thus 


Ses (za Zn RN 222) =f, EH n 3) $s (215 2o, 3) . f (3) 


Now apply 7’ again to (3) and as the left becomes homogeneous of degree 


4s, we have 
(2,25 25 SACHE 25) =f, (a, Za, 23) Ps (a; 2, 3) Ps (a; 2, 2g) (4) 


Hence, dividing by € (zi, %, 25), 


GR), = 5, = s (Z1, 22, 23) Pe (Has 2s Zam- (5) 
Therefore, Q: (21, Zs %) pa . (Xs) (6) 
and m Pa (ën, 25, 5) qu = 09. (7) 
Substituting (6) and (7) in (5), 
zsm (8) 
giving s = 3i. (9) 
Then eg (mod 8). 
But ; s=0 (mod 2). [Art. 20.] 
Hence, s=0 (mod 6). (10) 


Then from (6), 
l i T = Ds = Pon = (n5), 


from which it follows, t= 2n. (1). 
Therefore, the genera! invariant form, K, is of degree 6n, and throws off the 
factor 7” under 7”. 
Theorem 11. . 

23. The most general invariant form may be decomposed into two factors, 


Hg, = P™ - Ron-29 


- 


where u equals zero or a positive integer and Rg», contains no factor of P. 





* For convenience, the operasor is here written as a subscript to the operand. 
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Proof: The six factors of P are the six sides of the quadrangle IT. [(11), 
Art. 17.] Since these form a conjugate system under G3), and since H, is inva- 
riant in the or dinary sense under all transformations of G9), it follows that if Ren 
contains any factor of P, it must contain every such factor, and if any of mies 
factors are repeated all must be repeated equally often. 

Moreover, since we are considering only such forms as are absolute inva- 
riants under G$, such a factor cannot involve P to an odd power. [Art. 19.] 

Hence, Ren contains as a factor either no factor of P or else Dir, where u is 
-a positive integer. 
Theorem III. 

24. The curve Ben = P” Keg 2) = 0, (1) 
has a multiple point of order 2 (n+u) at each of the critical points 1$, (1=2.... 5). 

Proof: Consider the two factors of (1). 

(a). P* fulfills all the conditions for an invariant form, namely: 


It is an absolute invariant under the linear subgroup Gf. [Art. 16.] 
It is of requisite degree in zı, 2, Se" that is, 6- 2u according to theorem I. 
It throws off the proper factor under 7", namely, ai" *^, thus 


Pe = [rae (a — 25) (a — alte — lr = v. P^". 
The curve . P=0 , 


is a degenerate sextic, having three branches through each of the points 16, 
since. it represents the six sides of the quadrangle IL. [Art. 17.] Hence, 
P" zm l l 
has at each of these points a 6u-ple point. 
(b): Hence, the remaining factor 
Rom-ım 


must be an invariant form, since the product R,, is such by hypothesis. That is, 


[Esam] p 5 70779 Ra (2) 
From this it follows that the curve , 
B. (n—34) = 0 (3) 


has the multiple Bids 1i each of order 2 (n — 2u). 
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For if the curve (3) contains any of the points 1$, 4t must contain all of them, 
since they form a conjugate system under G$}, under which subgroup, of course, 
Rem) 18 invariant. : 


25. That it does contain three of these points follows from the properties of 
the quadratic transformation 7’, whose critical points are the three coordinate 
vertices and whose critical lines form the triangle of reference [Art. 10, Part 
First],-namely : l ' l 

Under 7" a curve through one vertex goes into another curve through the 

' game vertex and throws off as an extra factor the opposite coordinate side; and, 
conversely, a curve under 7" can throw off a coordinate side as a factor only 
when it contains the opposite coordinate vertex [special case of Art. 11, Part 
First]. ` e 

Now (3) reproduces i:self under 7’ and throws off the factor 


7? (n — 2u) 


which contains all three coordinate sides. Hence the curve contains each of the 
coordinate vertices and, thersfore, all four critical points as just shown. 

Since a curve passing once through each of the coordinate vertices throws 
off, under 7’, precisely the factor 7, in order to throw off ?? ^—??, a curve must 
have 2(n— 2u) branches through each vertex. l 

` Thus three (and hence all feur) of the critical points are multiple points of 
order 2 (n — 2u) on the curve (3). 


‘Therefore, the curve (1) . 
: Dir, Boss a) L0 


has each of these points as a multiple point of order 


| [Bu + 2(n — 22)] = 2 (n + u). (4 


§4.— COMPLETE DETERMINATION OF J, FOR m = 1, 2, 3. 


General Forms of Degree 6, 12, 18. Arts, 26-35. 


26. The determination of the most general invariant forms of any given 
degree 6n suitable for numerator and denominator of invariant fractions, involves 
three steps. 
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(1). Set up the most general form of the given degree invariant under GY, 
involving arbitrary coefficients. . 

(2). Apply the transformation 7" by which GY extends to Gs. 

(3). Determine the arbitrary coeñicients in such a way that the required 
factor, 7", may divide out and leave the original form. 


27. For this purpose, all forms will be expressed in terms of p, q, r, since 
the application of 7’ to these is peculiarly simple, namely, 


Pr =q, u 
qr —pn (1) 
ys c. 


28. The most general invariant form of degree 6 under G2 is 
Ay p} t az P3 + As Pa Pa» 


which may be expressed in terms of p, q, v in the following manner :* 


(8) (4) (8) 


í 3 
+ So, 


+ 2a; 








Apply T 
Divide by ai 





* In each case the form is written in a rectangular array with the original letters at the top, those 
resulting from the application of 7’ next to the bottom, those left after dividing all terms possible by 
7 in the bottom row, while the arbitrary coefficients occupy the column at the left and the numerical 
coefficients are written in the body of the array. ` 
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The conditions to be met are— 

(1). The new form must throw off 7’. 

(2). The resulting quotient must be the same as the original form. . 
. In order to meet these conditions, 


(a). The coefficients of p° and pg must vanish. _ 
(b). The coefficients of like terms in the original and resulting forms may 
be equated Ti having been divided out]. 


These give only two independent relations, 
2? 38a, — Pa, — 3’a, — 0, 
Da, DN Zoe — 3a5 = 0 D 
From which 04:05:44 6: 9:40. 
Hence the most general invariant of the 6th degree is proportional to ; 
2: 3p$ + 3%p3 + 29* Dpp (2) 


This is precisely the form A derived from the quintic. [(12), Art. 5.]- 
Its value in terms of p, ag, 7 may be read from the table 


SA — 2Qp'g? — 2: 8 (pr + g?) + 19pgr — 2r, (3) 
thus agreeing with (7), Art. 16. | 
29. The most general invariant form of degree 12 under GQ) is 
b pi + bapi + b. pi + bappa + bipi + Os papi + br PPPs (4) 


which, in terms of p, q, 7 in rectangular array, is 
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(1) (3) (8) (4) (8) (6) (7) (9) (9) 
pe} PË | pg py p pq 
+ 2%, | 3t 98.38.5 | — 2.38 0 — 16.32 
+ 2, 1 25.3 =% . gu 0 
— b 9? o. — 24.3? 0 0 
— 2b, 55 7.38.7 | — of. 38 0 — 9s 
— 99b, 38 24.32.19 | — 21.3? 0 — gn 
+ Pb; gi 2.38.13 | — 9*. 3t 0 0 
+ 2b, 3? 2.53 — 2.3? 35.5 0 
Appl 
E y q? per pgr gir pg 
Divide -" = 
by zi qr PIT 
(10) (11) (12) (13) (14) (15) (16) -(17) (18) (19) 
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30. The conditions to be met here are— 


(a). The coefficients of terms (1) to (6) must vanish, 

(b). The coefficients of term (7), (8); (9), (10); (11), (12); (13), (14), must 
be equal in pairs. | 

(c). The coefficients of terms (15 to (19) are the same in the old and new 
forms, and hence give no relations. 


There are then 10 relations, which are not all independent, but readily 
reduce to the following 7 equations: 





(5) 











31. Two invariants of the 12th degree are already known, P? [Art. 24], 
and A’ [ Art. 28]. 
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Hence their values, 


Po Pa pip pipi Pa P Ps 





+ 2:3:5 + 2-8 + 28° 52 EA 


+ 9! — 92 — gi 4-21: 3? 





b, b; b c b, 








must each satisfy the above system of equations. This is easily verified. There- 
fore, there exists an infinity of solutions of the system (5) of the form 


m, A+m,P, (7) 


where m, and m, are arbitrary parameters. Hence, all the first minors in the 
determinant of (5) must vanish, as well as the determinant itself. If, now, any 
second minor does not vanish, then no solution exists other than those included 
in the form (7). The second minor obtained by omitting the 5th and 7th columns 
and the 1st and 2d rows is easily shown to be different from zero. 2s 

Hence, all invariant forms of the 12th degree are included in the form (7). 


32. The most general form of degree 18 invariant under G involves 12 
arbitrary constants, thus ' 


ei + op ph + es ph gà + eu Php + es pipi + app + a+ e pipi 
T Cy ps Pi + Cy P$ Du Lou Pa 2314 + em Pe pi pi (8) 
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When expressed in terms of p, g, 7 in the rectangular array, this becomes 
OI (2) (3) (4) (3) (6) 





— Pc, 
+ 3e, ` 
+ Sie, 
— io, 


x 915 Cs 


+ 2'e . - . RB — 9 357-11 


— Oo, 93 - E? e. ap, —90.234.5- 7| 912. 35 

+ Zo, X ] 96-35-11 98+ 35-7 912. 95 

— 26 | g8. : oi, 33 —.90.32.7 918. 34 

— Mc 2 ‘3° 2:67 — 210.11 eh 
— Wen : . 94. 91-33-137 |—93- 32-143 98-34-19 


+ Sex 3 . -38°11 94.32: 7:19 Ei: 32+ 43 98 - 3% - 73? 











Apply 
T' 


Divide 
by 7$ 
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m (8) (9) | (10) an‘ 
pt p p®or p! gr | pq? 
— ce, |2317  |— aie gt 7 0. 0 0 
+2, | 2°3°5 — gi. 8 — 95-8: 6 2:3:5 — E: 35 
+ 2%, |2038: 5:29 | — 99-9? — 98-35: 5 315 . gb — 939 + 38 
— 2, | 22°17 — gis — 2:32:71 [|[270:3:47. |—22-:3: 7-43 
— 9e. | 95-491 — 93:41. i[— 27-395 99-32-31 | —gil-3t 
IEN 29.35.57 30.718, $- 8*7 9». 96.7 0 
—$95e, |29.39.5:17 | — 25: 3?- 61 — gn. gi. T 95.955 — |—25-35- 5 
+ Zo | 8+ 98-11 — git. 38 — 2: 35°7 93. gh 19 — 2+ gt: 5 
— 926 916.92 —— 939 — 20- 33.7 os, gi —~ 26. 33-5 
— We | 99* 3:43 — gil. p? — 11:73 2:83:47 — 2": 71 
— Mey 31.9.59 (|. 2-5113 ger auge | 25-37-53 
+ Bio | 2° 277 — 95.18 — 95-8*-157 | 2?:3:5:11|— 29:3: 11: 41 
Apply 4 1054 58,5 13 1 
7 pgr pa pyr par pq 
Divide 


120 


— He, 
+ 2°, 
+ 2¥e, 
‘| — 256, 
— 256, 
+ Qe, 
— Bo, 
+ Peg 
— He 


13 
— 2 Die 


— 2161 


T 250, 
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(18) 


(14) 


(15) 











— 915. 93. 52 
—35-3:5 

— 2. 33 ‘5 
—213-.3-.5'47 


— 2%- 5.17 














(16) 











Apply 
T' 


Divide 





(17) (18) 


ON 9n 
NR 92 ` 3?- 5 
er 983 


0 
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(19) (20) (21) (22) (28) (24) 














Ki 


pr! pig? p 


Divide ; 
by ag pr | pr 
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(25) (26) (27) (28) (29) (80) (81) 
ps gr p der p gr l p’ gr? mort p g^? 7 
— Po 0 0 0 o 0 0 0 
+ 218. — 94.89 5 0 95.3.5 0 — 98.93.85 0 918 
+ 2%, | — 27-39: 5 | 278-5 0 — 99. g 0 0 0 
— 956, | — 255: B? 0 00:319 0 — 22.17 0 0 
a EN — 94.3.67 | 920 916.32. 5 — 90. 3 — 915.93 ‚92 0 - 
+ 92'c 0 94.3. T 0. 0 0 0 0 
— 9e | — 2.35 | 9% 0 — gm 0 0 0 
+ eo, | — 9-3-7 o giis 32 0 0 0 0 
— 920 — 95.8 0 QF 0 — 9n 0 0 
— Wey — 24-3°41 0 Oe 5 T1 0 — 25.89 0 0 
— 2%, | — 289.3 om oi), 9$ — 98.5 0 9n 0 
+ 39e, | — 2: 58 0 297-47 0 — 92.8 0 0 
a: par "ot par ph? pq? piqr? r2 
Divide ' , 
Sale pee | pee pq pg | pigr d 
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(82) (83) (34) (85) (86) (87) 

pe per pig? | per | pev | pg 
— Pa | a+ Bt 7 0 o 0 0 0 
J Do, 912 l — M3 l 94-93-55 g Sa — 988.9 
+ 27e, | 96-211 | — 25-3?.19 | 275-3: 5 0 Í 0 0 
— Bo, 0 o 0 0 0 0 
— Fea |217 Lamaen |9'13:18| — 2-11 | 2 0 
1 ën | ge 72 | Pag 0 0 0 0 
— 9e | a+ 3? — 99-83-11 | 24.3.5 0 0 0 
+ Ge, | 2% |— 28-3 95.3 | — om 0 0 
— 26 0 0 0 0 0 0 
Er Aey " 9.93 918. 7 u 92 919. 32 — ga 
— Me, | 9-5-7 |— äisem | 9-139 | — 2-3 0 0 
+ Weg | 2° — 29-3 2-13 | — 29-3 |2” 0 
SC pig" vor | au | pir Immo | p 
Divide ei = T 

bye | H pyr pig’ o pq | pw | pg” 


17 
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33. The conditions in this case are— 
(a). The coefficients of terms (1) to (12) must vanish. 
(b).. The coefficients of terms (13) to (30) must be equal in pairs; that is, 
(13),- (14) 15), (16); (29), (30). 
(c). The coefficients of terms (31) to (37) are the same in the new form as 
in the original, and hence afford no relations. l 


These conditions give rise to 21 relations among the 12 c's. This system 
reduces readily to the following 16 equations: 


Co €, 





T gu. 36 + 95.98 

+ 2.8 — 2°39 5 
— 9-397157 | + 29-5 +28 
+ 28+ 38 —3°5°23 


Lind 9H. 3? 4- 91 


H 





+ 98-335 -99 | — 2-17 





— 95. 38 4-3:7:48 
0 — 5'47 


Ke 912 





+ 25: 7-88 101 | 2:8: 5-99 
-0 | 0 
+ 2:191 


+ 918 


— 95-5: 7:18 


+ 98 - 3? 


0 

















Cy 


Cremona Transformations of the Plane. 


Cio 





+ 26:8. 

— 98. 9? 

+ 99-31-57 
Ln 95. gt 

+ 2-32. 61 
— 12:3%-5°17 


4 9585.5 








— 98.32 
+ 99-5 

— 9.44 
4- 28. 5? 


— 98+ 5? 


+ 295-3: 43 


— 271 

+ 929:3?- 5 
+2:3°5°7 
Le 

2:8 
4237:19 
— 2:3:4] 
— $9-3:41 
43995:1 


— 89 
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84. Two invariant forms of degree 18 are already known, A? and AP’, and 
since these depend upon two of the forms derived in (7), (8), (9), Art. 16, it is at 
once suggested that the third form C, which is of degree 18, may also belong 
to this system. [See (15), Art. 12.] 

In fact, it is easily verified that the 16 equations are satisfied by these three 
forms: 











Cy Ge Oo 
A= + 93.93 + EM + 93.35 

AP= 0 — 8 — 98:3 
Q—9 —92:895-23| — 2°17 

p Ps pips 








+2. 35-5 + 95-3*-5 + 98 - 33+ 5? 
-+ 28 + 38 + 21: 53- + 2:3 (9) 


|--299- 5:11 + 24+ 32+ 5? + 23.33 + 95- 7-11 





Ps P$ Ps ërëm, PPs Pi 





35. It follows that an infinity of solutions of the above system of equations 


exists of the form 
mÅ? + m,A P? + m,C, (10) 


where the ms are arbitrary parameters. 
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Hence, all determinants of the 12th order in the matrix of the coefficients 
must vanish and also all the first and second minors of these. A third minor, 
however, is easily found which does not vanish, namely, by depleting the first 7 
rows and the 2d, 5th and 10th columns. Thus, no solution exists other than 
those included in (10). 
Therefore, the only invariant forms of degree 18 are included in the general 
form | 


md? + mAP Last, 


$5.—THE System or FUNDAMENTAL INVARIANTS. 


Invariants of the Linear Groups GË. Arts. 36-38. 


36. It has been shown that each of the pencils 17 (¢ — 2 .... 5) is invariant 
under a dihedron group G%. [Art. 13.] ) 

The known* complete form-systems of these subgroups will now furnish the 
means of determining the system of fundamental invariants for Go. 

These auxiliary systems may be read by the group properties already shown 
in the configuration II, Fig. X, Part First. 

‘It will be sufficient to deduce the system for one pencil, say at the ver- 
tex 18. 

The three conics 13:24, 18°25, 13°45 


are permuted under the dihedron 
GY ~ {245} all. 


Hence, this group must also permute among themselves those directions in the 
pencil 18 which are given by the corresponding tangents to these conics at that 


point, 

8 —225—0,). 

22, — Sa -— d . (1) 
4+ 2-90. 

The product of these tangential quantics is, therefore, one of the cubic invariant 


forms under GP, 


fic — 24 4 3 (d il) — 24. | (2) 








* Klein, **Ikosaeder," Kapitel I, 29. 
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The other cubic invariant is the product of the three sides of the quadrangle IT, 
which pass through the point 18, 


Suec e (3) 


37. In order to find the quadratic invariant under G3, we take the inva- 
riant conic belonging to the fundamental system of Gf [ Art. 14], 


pisse 33:7 + 282,2, = 0 (4) 
and find the tangents to it from the point 18, namely [Art. 46, Part First], 
Q2 Medo t (5) 
o, + 2 = 0. 


‘The product of these tangential quantics is, then, the quadratic invariant form 
of G3, 
fp — mus + z. i (6) 

. This follows since, under @%, the point 13 is fixed. and the conic is fixed, so that 
the tangents must be either fixed or permuted, making their product an inva- - 
riant. Since there is only one quadratic invariant under GP, it must be f, thus 
determined. ` 

In like manner the ESCH may be found for the other pencils and their 
groups. 


38. It will be seen that the above forms A, Jz, f; correspond to Klein’s 
: forms f Jis; Bi in the following manner : 
F, BO) (T) 
| | | A —9« YA) 
so that the identity* holds ` ` : | 
= PRR- FPES Six. (8) 
For the point 13 we have 
fà — A (e$ + L) — 12 (2s + m 23) — 3 (ir + 212) + 26, | 
R= + (fe + shal) — 244, 
(f+) — 8 (ety tad) +6 (Ad + fel) Tig. J 


- From (9) we see at once that (8) holds. 


(9) 





* Klein, ‘‘Ikosaeder,”’ p. 49. 
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The only remaining type-form of the 6th degree under G! is 
Jh=— 2 da ad) läis at c (10) 


which alone is non-symmetric in %, z. 


Relation of A, P*, C to fi, ft, fs. Arts. 39-47. 


39. It has been seen by theorems I, II [Arts. 23, 24] that every invariant 
form under G4, may be reduced to 

Reon Pr Rem 22) , 
and that it has at each of the critical points a multiple point of order 2 (n + u). 


For the forms already considered the parameters, n and u have the follow- 
ing special values: | 


(a) 








40. Consider the sextic curve 
A; (2) 





*See Art. 46. 
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The product of its tangential quanties at 13, one of its double points, is the. . 
binary quadratic invariant for that point. For 


A=0 


is fixed, and the point 13 is fixed under the linear group G?. Therefore, the 
two tangeuts are either fixed or permuted, and their product is the quadratic 
invariant /,, since only one such form exists under GY. 

In this sense the ternary form A is said to correspond to the binary form fz, 
and since A is the only ternary invariant form of the siath degree, the corr BEE 
is one to one. 

If, however, the second polar of (2) with respect to the vertex 13 be formed, 
Ja is found to carry a numerical factor, thus 


AM ` | 3) 


41. The correspondence is very different in the case of the degenerate curve. 
P=0, (4) 


` which een the six sides, each ‚taken twice. The product of these at 13 is 


exactly ff, so that 


PA. 20) 
Whereas, the other 12th degree form A’ gives the correspondence 
I A ~ PR 0. (6) 
This illustrates theorem III [Art. 24], showing how the factor i 
l P* in the form Ryn, - (m 0) 


raises the order of the multiple point by 2u on account of the degeneracy i the 
curve (4). 

For this reason the correspondence (5) is not one to one, since f? may go 
equally well with some form of degree 18. See (10), Art. 43. 


42. [n order to find the binary correspondent to the curve 
l 0=0, | (7) 
we form the 6th polar of (7) with reference to the point 
13; 0:0:1. (8) 
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For this purpose the following remarks are useful : 





@. Bai, € Lara, 


dz Oz; SE 
(i,j, b= 1, 2, 8). 


or __ xm 


(b). At the point (8), 
pr=l, q-0, r=0. 


(c). Neither the factor p* nor any of its derivatives below the (a + 1)* can 
cause any term to vanish. s 
(d). The factor g? or any of its derivatives up to and including the 6%, 
save one, 
Pg? : 
Ar (i = 1, 8) 
will cause all terms to vanish in which it may occur. mE 
(e). The factor 7” or any of its derivatives up to and including the 2y*, save 


one, 
Qo 
di dz 


will cause all terms to vanish in which it may occur. 


(f) Hence, the 4 derivative of a term, p'g?r', will vanish for the point, 


0:0:1, unless : 
B+ By SA. 


43. Applying these principles to the curve (9), Art. 16, we see at once that 
every term has s 


B+ 2S5. 


Hence, the first five polars must vanish. But for 4-— 6 there are two terms 
whose sixth derivatives do not vanish, 


— Zu? and gor, 
Determining trom these the sixth polar, the product of the tangential quantics at 
the sextuple point 13 of (7) is found to be 

zz te. . (9) 


This is a perfect square, and is precisely the dihedron form ff. [(9), Art. 38.] 
18 : : 


* 
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Therefore, the curve (7) has three cusps at the point 13, and hence the same 
also at the other three critical points. i $ 
Thus we have O~ f. (10) 


This may be called the normal correspondence between /? and a ternary form of 
. degree 18, while that between f? and P? of degree 12 exists only because (4) breaks 
up into straight lines through the critical points. 


44. It remains to discover the ternary form to which /? corresponds. From 
the identity (8), Art. 38, we derive 


2f? = 9$ — 92-312. ^ (n). 


48 — 2: $0 ~ PR — 2: DR. (12) 


: From (3) and (10), 


Calling the left of (12) C’, we have 
O! ~ af. B (13) 


45. The above results may be made more general as follows: 


TurorEem IV.* 


If the ternary forms œ, B correspond. to the binary forms a,b of degree 2, Di 
then the product 


aß ~ ab 
and the sum a+ B~a,b or a4 b, 
according as | Aen, Du or =u. 


The proof follows directly from the principles of higher plane curves, since 
the correspondence in question is determined by finding the lowest non-vanishing 
polar of each curve with respect to the given point. 

By this theorem a more general form than C corresponds to f$, namely, - 


Q 4- 5AP! ~ f, |. (14) 


where A is an arbitrary constant. 
' Here the binary correspondent of C, which is of lower degree than that of 
AP? [Art. 39, (1)], prevails also for the composite form. 





* The chiaf theorems are numbered consecutively. See Arts. 22, 23, 24. 
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Likewise C’ [(12), (18)] may be generalized, for if we put 
A’ — 2: 33C + GAP? = OT, 
we have ` C" ~ 2f?. : (15) 


46. THEOREM V. 


No invariant form under Giz, can correspond to any binary form which ne 
odd powers of the cubic forms fi, Ja. 

Proof: If an odd power of either /, or f, alone is involved, then the form is 
of odd degree. This is impossible, since the degree of the binary form -must 
equal the order of multiplicity of the point in question, which is always 2 (n + u) 
according to theorem ITI, Art. 24. l 

If an odd power of the product only, f/f, is involved, the form is then of 
even degree, but is non-symmetric in %, 2 [(10), Art. 38]. This is impossible, 
since the ternary forms are symmetric functions of a, %, 2. [Art. 20]. Hence, 
all their polars with respect to the coordinate vertex, 0:0:1, through which all 
the invariant curves pass [Art. 24], are symmetric functions in 2%, 2, and similar 
_ statements hold with reference to the other three fundamental points. 

Therefore, all invariant forms under Gyo) have as their binary corr espondents 
at the point* 13, rational, integral GE of 


47, The complete enumeration of binary correspondents for all ternary 
forms of degree 6, 12 and 18 may now be given as follows: 


mA ~ 2m; fs; 
Pm, f2, if n 
m, A? + mP ~ m, fi, if m #0, 
ms f2, if m= 0, m, x 0. 
maf if m=0, m+0; 
mfi, ifm +0, m,—0; 
M Ja f$, if m; = m,— 0, mO; 
m; fi, if m, = — 2: 35m, 0; 
^m, fz + mfg, if m,  — 2: 89m, #0. 


mA? + m, OÖ + m AP’ ~ 


(TN 
Lä Lä bo 


bs 








* The foregoing investigation, which has been given with respect to the point 13, applies equally 
well to all four critical points, since these are conjugate under GQ. 


134 Sravamr: The Cross-Hatio Group of 120 Quadratic 


The simplest invariant forms independent of P? corresponding directly to 
the fundamental even binary forms are 


iA ~h, j 
j o ~) (16) 
LO! ~ f 


Tue GENERAL REDUCTION THEOREM. Arts. 48-52. 


48. Definition. An invariant form is said to be reduced if it does not con- 
tain Di as a factor. 


LEMMA. 

Two reduced invariant. forms of the same degree, which have the same binary 
correspondent at one of the vertices, can differ only in such terms as contain P* as a 
factor. 

Proof: Let R and E! be two reduced ternary forms, each of degree 6n, hav- 
ing the same tangential quantic at the point 13. We are to prove 


R— E PES ws, (1) 


where R” contains no factor of P and is zero if u = 0. 

Since Rand # are reduced forms, the common tangential quantic at the 
point 0:0:1, is of degree 2n [Art. 24], and involves only z; and z, [Art. 46]. 
Hence, by principles of higher plane curves, 

(a). E and R’ each contain no terms of degree less than 2n in z; and %. 

(b). They are identical in the terms of degree 2n in z, and Se, 

| (c). And, therefore, they can differ only in terms of degree higher than 2n 
in z, and z. 

Now, R— F is an invariant form of degree 6n, since R and X are such by 
hypothesis. Then E — W must have at 13 a tangential quantic of degree 
2(n4-u). [Art. 24.] 

Two cases now arise : 

(D. u=0. The tangential quantie is then of degree 2m which, by (e), is 
impossible, since R— E! contains no terms of degree < 2n in z, and z. Hence, 


R—-R=0. ` (2) 


(II). «#0. This means that R — E^actually contains P* as a factor, in 
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which case alone [Art. 41] can a form have a tangential quantic of degree higher 
than 2n. Hence, the conclusion (I) is established. 


Corollary. 


49. If one of two ternary forms of the same degree has the factor P™ (u> 1), 
while the other does not, the degree of the binary correspondent of the former 
is greater by 2u than that of the latter. 


Tarorem VI. 


50. The most general invariant form under Gy is a rational integral function 
of the forms A, P’, C. 

Proof: Let R, be the most general invariant form of degree 6n, and let Q, 
be the resulting reduced form of degree 6 (n — 2u). 

Suppose the binary correspondent of Q, is given by 


Qi Gy (fs; A fi); : (1) 


where @, is a rational integral function of the even binary forms of degree 
2 (n — 2u,) in 2, % [Arts. 24, 46.] 

Now, a known invariant form of degree 6 (n — 2uf) in z,, 2%, z; can be con- 
structed, having G, for its binary correspondent, 


S= G (3 A, 0,40"). (2) 


For the arguments in (1) are weighted 2, 6, 6 respectively in the variables, and 
they are the binary forms corresponding directly to the arguments in (2), which ` 
are weighted 6, 18, 18 respectively. See (16), Art. 47. 

Therefore, Q, and 8, are two reduced forms having the same binary corres- 
pondent, which, by the lemma [Art. 48] are then either identical or differ only 
in terms involving P’. 

Thus, either Q; — 8,220, (3) 


in which case the theorem is proved, or 


Q — S = E, (4) 
where E, is divisible by P* (u, 2 1). 
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Call the quotient Q, of degree 6 (n — 2u, — 24) and suppose 


QUAS. EC 
Then, as before, set up the known form 
Sz: G,( A, 0, & C7). (6) 
of degree 6 (n — 2u, — 2u,) and having the same binary correspondent as CO 
Hence, either Q, — S, — 0, (7) 
in which case Ry = P Gy” 
and R= Pete G+ PG 
=9(P A, C), | (8) 
or else Qs -— = Rs, i (9) 


where AR, is divisible by P* (y, 1). 

-If this process be continued, we must reach. after a finite number of steps 
x, a form independent of P?, since the finite degree 6n is successively reduced 
‘by multiples of 6, the divisor being always a power of Pi. 

Hence, after the x" reduction, we shall have 


and ; Q. = 8S. = G,(4 4, 0, $ €^), (11) 
where G, is a function of degree 6 [n — 2 (uj ++ .... Lol in %, 25 2s. 
So that 

R, = PG. (12) 
But . Qua = Re + GG Perl, F Gear ; 
Hence E, Q Pet- DG, + Drei. 
Likewise, 


R, are Prtiete—1t ted G P:w—ıt 2 G. 4 + Där, — 2 EIS 
R. — Pe Uet ee the—at el G. + kit ekat Bk) G4 
+ Petet He —3) G E + Prrx—3 ore 
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Therefore, we have 
Fey = 9, (P, 0, G6, .... D 
=, (P. A, 0, 05 
— $ (P. A, C), (13) 


where the ale are rational, integral functions. 


51. Hence, every absolute invariant form under Gy, throwing off the required 
factor in 2,, Se, 43, is a rational integral function of the fundamental forms A, P, C. 
Out of these forms must be constructed the invariant fractions, which return 
absolutely to themselves after canceling the common factor in numerator and 
denominator thrown off under any quadratic transformation of the group. 
Since A is the only form of degree 6, there is no fraction of that order. The 
simplest fractions of degree 12, 18 and 24 respectively are 
os APY A AC 
pta v poc pe v pes 


52. It was shown [ Art. 17] that the form P is the only fundamental relative 
invariant form under G9), and that it throws off the factor (—1). It also throws 
off (—1) under the generator 7’ in addition to the factor 7* in the z's required 
by the theorem of Art. 22. 

It is, therefore, the fundamental relative invariant form under Gan, and all 
other relative invariants are formed from the product 


Pee A, P, 0). 
However, P is an absolute invariant under the alternating group Go, and the 
complete form-system for this subgroup is, therefore, 
) A, P, 0. 
There is then for Ga an absolute invariant fraction of degree 6, 


A 


Pp’ 


There is no form of degree 12 in addition to those given in Art. 51 
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For the degrees 18 and 24 the following non-reducible forms for Ga are to 


be added : 
4? C AP 4 Ag 
p" Dr Q^ PO 


It wil be seen that these fractions are all of type (III) or (IV), Art. 19, in 
which forms all relative invariant fractions under Gan must occur. 


THE UNIVERSITY OF CHICAGO, Dec. 1, 1900. 











NorE.—In Part First, the last foot-note to Art. 1 should read, pp. 279-291, and the last foot-note to 
Art. 3 should read, p. 288. The heading above Art. 17 should read, Arts. 17-20. 


Memoir on the Algebra of Symbolic Logic. 


By A. N. WarTEREAD, Fellow of Trinity College, Cambridge, England. 


PREFACE. 


The present memoir is a purely mathematical investigation concerning the 
Algebra of Symbolic Logic. -As a matter of history, this algebra has only been 
continuously studied since the publication of Boole's ‘‘ Laws of Thought” (1854), . 
and to C. S. Peirce* and to Schróder,t must be assigned the credit of perfecting 
its laws of operation. But, as a question of logical priority, this algebra must 
be considered as the first object of mathematical study. Tt holds this position. 
by a double right. l 

First, its interpretation is concerned with the fundamental conceptions of 
classes, and of their mutual inclusiors and exclusions; thus the terms of the 
algebra, such as a, b, c, .... , x, y, z, can be interpreted as each representing a 
class; a sum of terms, such as a+ b, represents the class formed by the two 
classes a and 6; the product of terms, such as ab, represents the class common 
to the two classes a and 5; the symbol 4 represents all the classes which are the 
subject of discourse, so that not-a is conceived as a class composed of all 
with the exception of a, and is denoted by a; the symbol 0 means nonentity. 

Secondly, the symbolism of the algebra is the simplest of all algebraic sys- 
tems. Itis explained in $1, Part I, of this memoir. The laws a +a = a, aa =a, 
enable the use of numerals to be avoided, either as-factors or indices.. .Also, the 
associative, commutative and distributive laws are preserved. 

But the algebra bas apparently had the defects natural to its simplicity. 
. It is like argon in relation to the other chemical elements, inert and without 


* Proc. of Amer. Acad. of Arts and Sciences, 1867, and Amer: Journ. of Math., vols. III and IV. 
T''Operationskreis des Logikkalkiüls," 1877, "Vorlesungen über die Algebra des Logik," vol. I, 
1890, vol. II, 1891. 
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intrinsic activities. Accordingly, the purely mathematical study of the algebra 
has languished; the theory of Duality, the theory of Development by the pro- 
cess of Dichotomy, and the theory of Equations, have apparently exhausted its 
purely mathematical properties. The investigations concerning these properties 
were commenced by Boole, and have been brought to a high degree of perfec- 
tion by Schréder. But the greater part of the literature relating to this algebra 
may be termed “applied mathematics ;"* it is primarily concerned with the rela- 
tion of the symbolism to its interpretation in the field of Logic, and with its use 
as a practical means for the exact expression of deductive reasoning, especially 
in regard to the foundations of the various branches of mathematics. 

In the present memoir, it is shown that the algebra has many more purely 

mathematical properties than those with which it has hitherto been credited. 
In the theories of ordinary algebraic symbols, the solution of equations is not the 
dominant subject of enquiry. Analogously, here the centre of interest has been 
shifted from the solution of equations to the study of the properties of functions 
of independent variables. - 

The keynote of this memoir is the prominence given to three ideas, namely, 
that of the “invariants ” of a function of independent variables, that of “prime 
functions of independent variables,” and that of the theory of “substitutions” of 
independent variables for ‘independent variables. This last idea connects the 
algebra with the theory of Groups, and opens out a large field for investigation 
in that direction. ; 

Invariants are defined in $2 of Part I: In the course of the memoir, the 
leading properties of functions of independent variables are shown to depend on 
them. Primes are defined in 83 of Part I. The expression here called a 
“primary prime” has been noticed by Jevons, and some of its elementary prop- 
erties are discussed by Schröder$ and Peano.| But here a different use is made 





* Though the field of the application is itself '* pure.” 

T C£. Venn’s ** Symbolic Logic,” ist ed., 1881 ; 2d ed., 1394. 

1Of. the admirable work in this direction of the Italian school, originated and inspired by Peano. 
The following are some of iis principal works: ‘‘ Arithmetices Principis," by Peano, Turin, 1889; 
* Notations de Logique Mathématique,” by Peano, Turin, 1894; “Formulaire. de Mathématiques," 
Tome I, Turin, 1895; ibid., Tome IT, No. 1,1397 ; ibid., No. 2,1898 ; ibid., No. 3, 1899 ; ‘Revue de Mathé- 
matiques," Turin, Tome VII, No. 1 ; ibid., passim. 

$ Cf. loc. cit., vol. I, ‘‘ Neunte Vorlesung," pp. 970, 971; pp. 380, 381. 

| Cf. “ Formulaire de Math." 1895, I, $5, propositions 24 to 80. ' 
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of them, and from them are ae a other functions called “n-ary linear 
primes” and “ n-ary separable primes.” 

. In-§5 of Part I, the properties of primes in relation to factorization and 
summation are developed ; and the fundamental nature of primes is here made 


" evident. =» 


In 86, the factorization of any evanescible function of n variables into n-ary 
linear primes is discussed. An evanescible function is a function which can be 
made to vanish by an appropriate choice of values for its variables. This factor- 
ization of a given evanescible function into n-ary linear primes can be carried 
out in an indefinite number of ways. But the fundamental theorem is proved ` 
that, in general, the minimum number of such factors is 2^. An exceptional 
evanescible function for which the minimum number is 2" — r is said to be of 
deficiency r. The deficiency is shown to depend on the vanishing of r of the 
invariants. The term “deficiency ".had previously been formally defined in $2 
in relation to these invariants. The term has'also a meaning, arising out of its 
present meaning, in regard to non-evanescible functions (cf. $8). 

In $7, the theorems deduced from $6 by the method of. duality are enun-. 
ciated. These relate to the expression of functions of n variables as sums of sepa- 
rable primes. The property; analogous by the user of duality to deficiency, is 
called *' supplemental deficiency." 

In §9, two special types of functions called “linear” and “ separable” func- 
tions are discussed, and various theorems relating to them are proved. 

Part II is devoted to the theory of “ Substitutions.” A function $ (x, oi 
is transformed into some function 4 (u, v) by the transformation oz f, (u, v), 
y= f,(u,v). But, in general, it is not allowable to conceive x and y as inde- 
pendent variables, when this transformation is used. For the condition of the 
possibility of the two equations of transformation, viewed as equations to find 
u and v; is an equation which œ and y must satisfy. Thus x and y are restricted to 
be simultaneous solutions of this equation. But this equation reduces to the iden- 
tity, 0 = 0, for all values of x and y, if the coefficients of the functions f, (w, v) 
and f, (u, v) satisfy a certain condition. In this case, the transformation amotnts 
to the substitution of one set of independent variables for another set of inde- 
pendent variables. ‘The term ''substitution" is exclusively used for this type of 
transformation. Each substitution is denoted by a single letter; also u and v 
are replaced by a and y. Thus we write Tz =f (x, y), Ty = f (æ, y); also . 
Tọ (t, y) is written for é (Tz, Zy). These explanations occupy $1 of Part II. 


.142 ` WHITEHEAD: Memoir on the Algebra of Symbolic Logic. 


In 82, the relations between the coefficients of f (x, y) and f, (x, y), that is, of 
Tx and Ty, are more fully discussed. It is proved that both Te and Ty are of 
deficiency two and of supplemental deficiency two; and the two functions are 
also otherwise related. up l i 

In $3, it is-proved that there is only one reverse substitution corres- 

ponding to a given substitution 7, and its coefficients are determined. It fol- 
lows (cf. §4) that all possible substitutions form a group. The group is not 
continuous, since the concepts of * real number” and of infinitesimal variations of 
real numbers have no place in this algebra. It is of finite order, if the number of 
distinct fundamental terms in the algebra, representing constants, is conceived 
as finite. It is of indefinite order in so far as these fundamental given constant 
terms are not brought into explicit definition ; and also in so far as new funda- 
mental constants may always be produced at discretion without violating any 
law of the algebra. The order of the subgroup 7, T”, 7?, .... is evidently 
finite and determinable in the general case.* 

In 86, the “congruence” of functions is defined. Two functions, (a, y) 
and (x, y), are defined to be “congruent,” if any substitution T exists such 
that Tọ (x, y) — (c, y). The fundamental theorem is proved that all functions 
are congruent which have all their corresponding invariants equal. A complete 
set of congruent functions is called a congruent family. - l 

The subgroup of substitutions (cf. §7) which leave a given function unchanged 
is called the identical group of the function. It is proved that the identical 
groups of all members of the same congruent family are simply isomorphic. It 
is also proved (cf. §8) that, except in assigned special cases, the subgroup com- 
mon to the identical groups of any two functions, contains more than the single 
identical substitution 7°. 


PART I. 


Tue THEORY op PRIMES. 
§1.—Elementary Principles. 


The following summary of the elements of the algebra may be useful: 


*T have since determined tha order of this group, which is, in general, of the 12th order, and the 


orders of all other groups mentioned in this memoir. I hope shortly to publish these results, which > 


depend on a new general method in connection with this subject. —Note added February, 1901. 
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Let a, b, c be. any terms subject to the laws of the.algebra, then 
a+tb=b-+a, one, 4 e). 
a+a=a, a+0=a. a-- i-i. 
ab = ba, abe=ab.c=a.be. 
- aa=a, a0O=0a=—0, ai= iaaa. 
The supplement of any term a is written a, and is defined by 
ata=i, aa=0. 
The supplement of a complex expression, such as (a +b), is written — (a + b) 
We have l 
—(a+b)=ab, —(ab)-a +b. 
Also l a=a, 0—i, i=0. 
The equation P+9=0 
E | 

implies P=0, Q=0, and conversely. Thus, any number of equations in 
which the right-hand sides are zero, can be combined into one equation by 
simple addition of their left-hand sides. 

The equation P = Q is equivalent to 

PQ+ QP=0. l 

Thus any equation can be transformed into one with its right-hand side zero. 

The equation P= Q implies P= Ọ, and conversely. The general “ devel- 


oped” form of a function of n independent variables x, y, .... is 
Aay .... t + Bay ft. + Ezy... t, 
where every possible product involving x or w, y or y, .... fort, is represented, 


and the coefficients represent constants. 
The supplement of this function is 


Axy .... t+ Baoy....t+....4+ Ery... t. 


For the sake of brevity, the argument will be conducted with respect to 
functions of two variables; but the leading ‘theorems can easily be generalized 
for functions of any number of variables. The typical form of a function, $ (x, y), 
of two variables will always be written 


Aen + Bay + Gen + Dry, 
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and this notation for the coefficients will always be adhered to. Then 
ao S GOAT Oy Dee 


The condition that a proposed equation in n variables, v, y, .... t, such as 

y (v, y, Cis = 0, 
may be a possible equation, is found by substituting 4 or 0 in P(x, y, .... t) 
for each of x, y, .... t in every possible combination, and by equating to zero 


‘the product of the results of such substitutions. This equation of condition will 
be symbolically represented by ey 


T+: ya. 


Thus the condition for the possibility of 


$ (v, y)=0 
is ABCD — 0, 
and the condition for the possibility of 
| Ha + Ko=0 
is HK=0. 


The general solution of this latter equation is 
x= K+ uf, 


where u is an arbitrary unknown. Thus since an indefinite number of ‘special 
values can be given to u, every equation has, in general, an indefinite number 
of particular roots which are all included in the general solution. 

According to the duality,* to every symbolic theorem involving +, x (the 
symbol for multiplication, usually omitted), ?, 0, there corresponds a symbolic 
theorem in which + is replaced by x, X by +, iby 0,0 by ?. An outcome 
of this theory in its application to functions of independent variables is as fol- 
lows: From the theorem that @(a, y) can be expressed in the form ab (x, y), 
when the condition x (A, B, C, D) —0 is fulfilled by the coefficients of $ (x, y), 
there can be derived the theorem that @(x, y) can be expressed in the form 
v (æ, y) when the condition x (4 , B , €, D)= 0 is fulfilled. _ l 


SO, my ‘Universal Algebra," §24, for a full statement and proof of this theory. The theory is 
due to C. S. Peirce and to Schröder. 
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§2.—Summetric Functions. 


Consider n terms dy, as, ---- aae Let their symmetric functions be defined 
as follows, by a notation which will be adhered to: 
EM = Ys Ag, S=} a Ag Opp vans EE 
pi GE Piret 


where, in Sj, it is understood that the subscript p is not equal to g in the same 
product a,a,, and similarly for S,, 8,,.... Spe This, or a similar supposition 
respecting the inequality of suffixes when typical products or sums are given, 
will be adhered to unless it is otherwise expressly stated. Then 


u, E n— ee: n— Dae, Siss =aq, rtt On, 


P,g=1 P, q r=1 
Also, evidently, 
| SF SF + 
SEELE... 
These subsumptions can all be expressed in the typical equation 
el | (1) 
This equation is also equivalent to any one of the following forms: l 
Sp Sota = Sota Spt S = S, S, Spt = Sp» Sp H S uum Sus. (2) 
All other symmetric functions of o, a, .... i V and of their supplements, can 
be expressed in terms of these fundamental symmetric functions. Thus 


S, S, —Xayay S, S Cim Xd, Dr 8 Sn—2 = Bap dod des. | (8) 
SA = Zapa, a, ro S, S, “w= Ed, hy Gy By, ns č 
It follows from equations (2) that if S, = 0, then EN Spiga, -+ IS, all vanish, 
and that if S, — 0, then S, ,, S, s, A all vanish. 
The symmetric functions of the eosificients of the function $(z, y, .... £) will 


be called the invariants of the function. Thus, for the function (a, y) of two 
m the invariants are 
=A+B4+C04D, 8 =AB+ ACH AD 4- BO 4- BD 4- CD, 
= ABC+ABD+ACD+4+ BCD, &,=ABCD, | 
S -—ABOD, $—ABO4 ABD4- AOD-4- BOD, (4) 
$,—AB-- AC--AD--BO--BD-4-OD, S,— ÀA--B4- C4- D, 
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If the condition for any special property of a function can be expressed as a rela- 
tion between its invariants, without the coefficients otherwise entering into the 
relation, the property will be called an invariant property. Such invariant 
properties will be proved in Part II to be analogous in many respects to inva- 
riant properties of rational integral algebraic forms in ordinary algebra. 

The following definitions of technical terms may be stated at once, though 
their fitness will only be apparent when primes have been introduced. Let 
$ (x, y, .... t) be a function of n variables, and let A, $, .... S» be its 2" 
invariants. Then if S,=0, (a, y, .... Ò will be said to be of “deficiency 
one” at least; if & = 0, the function will be said to be of “deficiency two” at 
least, and so on. Thus, if Sic 0, the function is of “ deficiency p” at least. 

Again, if S= 0, tee, y, .... t) will be said to be of “supplemental defi- 
ciency one” at least; if S. ss 0, of “supplemental deficiency two” at least, 
and if Sp _,= 0, of “supplemental dolunay p+ 1" at least. ` 

Now, if Sp = 0, the equation 


ee ; 


is a possible equation. In this case the function will also be called evanescible. 
Thus an evanescible function is of supplemental deficiency one, and conversely. | 
` If ©, = 0, then the equation 


$ (x, y... 0) — 0, that is, TIC eee =i 


is a possible equation. In this case, the function will be said to be “capable of 
the value i." Thus a function capable of the value © is of deficiency one, and 
conversely. i 


-83.— Primes 
A function of one variable x, which is of the. special type 
az + ax, 
where a is any constant, will be called a “primary prime." It will be written’ 
for brevity in the form p (a, x). It is obvious that p (a, x) = p(w, a). Then 
p (a, x) =ax + az = p (a, x). | 


Thus the supplement of a primary prime is itself a primary prime. 
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The solution of the equation 
pí(a,«)—0. 
is per ` l ee. 
Thus the solution is definite, involving no arbitrary unknown. In other words, 
the equation has only.one root. 


Conversely, if the equation 
Fiz+ Kaz 0 


has only one root, then the function Hz + Kz is a primary prime. For the 
solution is 


em K+ ud, 

Hence, since by hy pothenis the equation has only one root, 

HÆK. 
But, since the equation is possible, 

K=0. 
that is, KF. ! 
Hence, : | A= K. A l 
Thus ` : ` He + Ky = Hx + He= p (H, x). 
A function of the n variables x, y, z, ..-- which can be expressed in the form 


aa + as + by + by + catoat.... 
will be called an “n-ary linear prime.” It can be written 
| pla, v) pb tte dt 
and for brevity it will be written , 
pia, x; Oy 933323 1) 
The supplement of an n-ary linear prime is - 
pa, a; b, reen, = p (a. x)p(b. y) ple, E 
= p (a, x) p (biz y)pí(es).... 


This type of function of the n variables a, y, z, .... will be called an “n- -ary 
separable prime.” Thus for two variables x and y, we have secondary linear 
primes, symbolized thus: 


: P(a, 2; b, y) - p (a, 2) +p (b, y) 2 a? + az by + by; 
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and secondary separable primes, symbolized thus: l 
p (a, 2; b, y) = p (a, £) p (b, y) = (ax + ax)(by + by). 


A primary prime can be looked on both as a linear prime of ohe variable, and 
as a separable prime of one variable. 

It must be noted that an n-ary prime, either linear or separable, is not a 
degenerate form of a (n + m)-ary prime of the same type. Thus, ax + ax is not 
a degenerate form of ax + az + by + by; for no constant value of b can be found: 
which will make dy + by vanish for all values of y. Similarly, aw + ax is not a 
degenerate form of (ax + az)(by + by). 

It is one of the leading objects of Part I of this memoir to prove that primes 
are to be considered as the fundamental types of function of this algebra, and 
that all functions of unknowns can be conveniently acus according as they 
'are constructed of primes. 

The condition that dé Lo, y) may bea seen linear prime is found by 


` identifying it with p (a, x; b, y). But we may write 
p (a, 2; by) (a D) ey + (4 4-3) ay + (a+ d)ay + (a +d) ag. 
Hence, by comparison of coefficients, 
A=a+b, B=a+b C=a+b, D=atb. 
These equations can be written as the single equation 
(A+B+ 0+ D)ad+ d B3 oe EE (A+ B 4-0 D)ab 
T BO D)ab = 
The resultant of this equation for a and 5 is 
(A 4- B -- C4- D(A -- B 4 04 DY(A4- B - 04+ D(44+ B-4- C4 D)—0. 
Hence, after multiplying out and reducing, we find 
| S, + & = 0; (4) 
which is the necessary and sufficient condition for a secondary linear prime. | 
Thus a secondary linear prime is evanescible and capable of the value 7. 


Its invariants are jS; — 4, I$, — 4, $5 — 4, $,— 0. Itis of deficiency three and of 
supplemental deficiency one. 
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Reciprocally, we can state without further proof, that. the necessary and 
sufficient condition that @ (x, y) may be a secondary separable prime is 


& S 0. (5) 
Thus, a secondary separable prime is capable of the value ? and is evanescible. 
Its invariants are S= 2, /$; — 0, /$,— 0, /$;— 0. It is of deficiency one, and 
of supplemental deficiency three. It is evident that the same function cannot be 


both a secondary linear prime and a secondary separable prime. 
It can be proved that a general form for a secondary. linear prime: is 


(p+a+r)ay ta let + (ry f oops | (6) 
and that a general form for a secondary separable prime is 
parzy + pgrzy + gray tray. om 


Another form for the condition (4), that 9 (x, y) may be a secondary linear 
prime, can be proved to be 


ī= BCD, B— ACD, Ü— ABD, D= ABC. (8) 


Reciprocally, another form for the condition (5), that $ (v, y) may be a secon- 
dary separable prime is 


A=BOD, B=ACD, O —ABD, D=ABC. (9) 
The solution of the equation 


p(a,x; b, y)=0 


is&=a, y =b. Thus the equation has only one set of roots. 


Conversely, if the equation l 
$(s y) — 


has only one set of roots, then $ (x, y) is a secondary linear prime. 
For, by eliminating y, we find 


A Bz + ODE — 0. 
- This must have only one root, and accordingly 


AB — O4 D. 
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Similarly, in order that the equation for x may only have one root, we must 
have ` RS 
AQ — BL D. 


These equations are equivalent to the single equation 
ABCD + (4 + B(C + D) t- (A 4- 0B t D) — 0, 
that is, i S,+ &=9. l 





Hence, (x, y) is a secondary linear prime. A similar theorem holds for equa- 
tions involving any number of unknowns. 

The condition that $ (v, y) is a primary prime with œ as sole variable, is 
evidently l PENNE l 
l A=B=C=D. - (10) 


This is not an invariant condition, but it involves 
i eA. Os, Boe Oy on. 


Thus a primary prime pía, a), if it is written in the form (y + y) p (a, x) so as 
to appear as a function o? two variables, x and y, is a function of deficiency two 
and of supplemental deficiency two. 


§4.— Factorization and Expression as Sums. 


Any function can be factorized in an indefinite number of ways. For 
assume 


$ (x) = Ax + Ke = (He + Kc oct Kye) = HH + Ky. 


Then 
H=HH, KK. 
Hence, 
H,H — 0, H H+. 
Also 
A, =H + pH, = H + pp A= H+ p p. 
Similarly, i 


K=K+ due R=K+g9- 
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Thus, 
$ (x) = He + Ka = (H+ pi) x + (K+ q) ej UL pip) £ + (K+ 99) |. (11) 
Similarly, 


is, y) 214 + p)zy  (B-- aay t+ (C--v)zy c (Dt ayeyh 
x {(A + pire) ey + (B+ Gq) ey + (O + 17%) oy + (D+ 55) BY. (12) 
Thus the most general types of pairs of factors have been found. They can be 


expressed otherwise thus: Let dn fe, y) and af, y) be any two functions of 
x and y, then the most general type of fact or of $ (x, y) is 


$ (v, y) +h (2, y); 
and the most general type of a pair of factors is expressed by 
$ (æ, y) = io (x, y) hs y) io (m ai thle, ai we, ai, a3) 
Equation (13) is evidently identical with equation (12) when we put 
V. (v, y) = pixy + qty + may + & y, 
Vs (æ, y) = Pay + ay tray + six y. 


. Reciprocally, any function ĝ (x, y) can be expressed as the sum of two functions 
in an indefinite number of ways; thus, if we put 


$ (x, y) = $i (c, y) + 9x (v, y), 
the most general type for $, (x, y) is 


$i (o, y) ld Le, y); | (14) 
and if ĝ, (x, y) be given by (14), the most general type for $, (x, y) is 
EICHE DET (e, y) iw. y) +(e y)}. eo Q8) 


. Let ét, y) and $,(z, y) be called “summands” of $ (x,y), the word 
" summand " corresponding to the word “factor” in relation to products. ~ 
We have thus seen that any “unction ẹ (x, y) can be factorized, or expressed 
as a sum, in an indefinite number of ways. It‘remains to consider the special 
conditions which factors or summands can be made to obey. 
It is evident from (12) that a factor of $ (x, y) cannot have supplemental 
deficiency of higher order than the supplemental deficiency of ẹ (æ, y). For 


(A+ p)\(B+ aq) —0, 
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implies AB=0; 

and un (A+ p(B +ga + 7) = 0, 
implies ` ABC=0; 

and so on. 


Again, from (12), it follows that a factor of @ (x, y) must have deficiency of . 
at least equal order to that of @ (x, y), and may have deficiency of a higher order. 


Forif  . B ET 
it follows that 
—(A + pi) ETD) dinge 


andi ABO=0, | 
it follows that z \ 


—(A-c p») (B+ an) (E+ 4) = ABC par =0; 
and so on. 

Reciprocally, a summand of @ Ge y) cannot have deficiency of higher order 
than the deficiency of $ (x, y), and it must have supplemental deficiency of at 
least equal order to that of @ (a, y). A 

For example, no function can have an evanescible factor unless it be itself 
evanescible; and every factor of a function capable of the value ¢ is itself capable 
: of the value 4. Reciprocally, no function can have a summand capable of the 

value i unless it be itself capable of the value t; and every EE of an 
evanescible function is itself evanescible. 

If @ (x, y) be evanescible, then an evanescible companion factor to any pos- 
sible factor can always be found. For any possible factor can be written in the 
form 


ei 


(A + p) zy + (B+ qayt (C+ ney + (Dt sey. 
The most -—— type of its companion factor is | 
(A + Pips) ey + (B+ Gq) ay + (0+ o) ay + (D ee By. 
This is evanescible if 


(A BECHTER PEACH + nr) + 8,8) = 0. 


vi 
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But this is always a possible equation for 5, qa, rs, Sg, since, by hypothesis, one 
set of roots is p, = ga = fy = s — 0. 


$5.— Properties of Primes. 


A linear prime has no evanescible factor other than itself. And conversely, 

' if an evanescible function has no evanescible factor other than itself, it is a linear 

prime. First consider the primary prime »(a, x). Any factor must be of the 

form (a + p)æ + (a + g)x. This factor is 2vanescible if 
| (a+ pYa 4- d — 0, 

that is, if ap + aq + pg — 0. 


But ap = 0 implies p = ua, and aq = 0 implies g = va. Thus 
(a+ p)x -- (a 4- g) & — (a + ua) x + (a + va) x = ax + ax. 
Hence, the evanescible factor is merely the original primary prime. 


Again, consider the secondary linear prime p (a, x; by). -Any factor of it 
must be of the form 


(PEU nay d gie tari iia ebd 
This factor is evanescible if 
(a 4-5 4- p)(a 4- 5 -- qY(a 4- 5 4- r)(a 4- b 4- 8) —0. 


Hence, p (a 4- b)(a 4- b)(a 4- 0) — 0, 
that is, . pab = 0. 
Hence, p-u(a 4-0). 


Similarly, q= (a b), T= us(a +b), s = u (a + 0). 


Thus the evanescible factor reduces to the criginal secondary linear prime. A 
‚similar proof holds for any n-ary linear prime. l 
Conversely, let $ (x, y) be an evanescible function which has n no evanescible 
factor other than itself. -- Then, by hypothesis, 
ABCD =0. l (a) 
-Also any factor is of the form 


(A+ p) ay + (B+ a) ay + (C+ r) ay + (D + s) ay. 
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And bs hypothesis, if this factor is evanescible, it must reduce to the function 
® (x, y). Hence, assuming evanescibility, 


p=wA, g=uB, rss s=wD; 
‘that is, qiue. GBe6 MEN; sD=0. . (b) 
But the condition for evanescibility is ) 
(4 + pB + gO + r(D +s) =0. 

Eliminating q, v, s, we find - 
(A+ p) BCD — 0; 
hence, p= ABOD -- v(B 4+ C+ D) 2e(B + 0 4- D), 
by the use of equation (a). 


But the first of equations (b) is to hold for every value of p which is con- 
sistent with the evanescibility of the factor. Hence, 


»(B+0+D) f= 
for every value of v. 
Hence, AB+AC+ AD 


Similarly for q, r, s. Thus we find 
Syd. 
By combining with equation (a), we deduce 
S, + Seen, 


This is the condition that ¢ (x, y) may be a secondary linear prime. A similar 
proof of this converse part of the theorem nolds for a function of any number of 
variables. Reciprocally, a separable prime has no summand capable of the 
value £ other than itself. And conversely, if a function, capable of the value © 
has no summand capable oZ the value 7, other than itself, it is a separable prime. 

A linear prime cannot be expressed as the product of two factors, of which 
one is constant and other than 7. 

For assume 


p (a, 2; b, y) = d (Ay + Bay + Gent Dzy). 
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Then | dA, — a +b, dB,=a+b, dO,—a-rb, dD,-—a- b. 


Thus d (A, + B, + O,+ D) — 4. 
Hence, l d=i. : 


Reciprocally, a separable prime cannot be expressed as the sum of two sum- 
mands, of which one is constant and other than 0. 

The sum of two distinct linear primes, functions of the same variables, is not 
evanescible. 


For if p (a,, ©) + p (az, x) is evanescible, then 
(a; + ag)(a, + a) = 0, 
that is, aa, T aa, = 0. l 
Hence, " Q= A. 


Again, consider p (a, 2; bi, y) + p (a, 2; ba, y). It is evident that this is only 
evanescible if 

P (a4, zl +P (t, w) and p (b y) +p (b y) 
are both evanescible. But this requires 


ay = a and b, = be. 


Reciprocally, the product of two distinct separable primes, functions of the 
same variables, is not capable of the value 7. 

'The properties of primes proved in this section are the reason for the name 
“prime” here assigned to them: and they are also the foundation of the impor- 
tance of primes, linear and separable, in the theory of factorization and summa- 
- tion respectively (cf. $86, 7). For factorization into linear primes is ultimate in 
the sense that the factors cannot be further decomposed into evanescible factors ; 
and linear primes are the only factors with this property. Similarly, for ı sum- 
mation into separable primes, mutatis mutandis. 


$6.— Factorization into Linear Primes, 


Any evanescible function of 2 variables can, in general, be factorized into 
a product of a minimum number of 2" n-ary linear primes; and the exceptional 
cases arise when S, = 0, Nia Æ 0, and then the function can be factorized into 


a minimum number of (2 — r) n-ary linear primes. This proposition, which we 
21 
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will proceed to prove, gives the reason of the term “of deficiency r” which has 
been applied to $ (a, y, .... f) when S,=0. For if $ (x, y, .... t) be evanes- 
cible, the minimum number of n-ary linear prime factors has been reduced by r 
from that of the general case. Also, a very analogous meaning can be found 
(cf. $8) when the function is not evanescible. : 

It will be sufficient to write out the proof for a function of two variables: 
.the method is evidently general. 

First, to prove that any evanescible function of two variables can be 
expressed as a product of four a each of which i is a secondary linear prime. 

Assume - 


$ (v, )- IG. 835.9): 


Then, by comparison of coefficients, we have 
4 


A=][@+%), B=]1@ +5), o Dia, D=]]@ +5). 


r=1 r=1 


Hence, 


These equations for the coefficients are ae. to the single equation - 


IE FAS b, dl dE ; 


ral r= = 


+ cll. +3,) + oS a, + DIL + à) + Dat, =0. (m) 


r=] 


Consider this as an equation to find a, bi, Ca, bz, 43, be, Qa, bs; and put for its - 
left-hand side 


A (a bi; KIT bz; Az, bz; Ay; by). 
Now, since à gp a : 
' II A Ms Zoch, 
x g r=1 rel 
with other analogous equations, we see that :n each of the component factors of 
i,t e i, i, a 
Ii AS up " Eu ) , 
0, 0 0, 0 
either A or A, and either B or B, and either C or C, ma, either D or D, must 
" Rppest; but not both of any pair. 
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Again, any one of the four sets of values for a, and 5, given in 


| mw of 
makes one of the four i 
4 4 


Sab, Yad, Sch, DEB 


r=1 r=] psi ` r=1 


take the value 4. Hence, in each of the befcre-mentioned component factors, at 
least one out of A, B, C, D must appear as a summand. 

Also, it is easy to see that sets of values for Ay, by, 05; by, As, bs, Ag, b, can 
be chosen out of 


i 
a, b, Q5, bz, Agy bs, Us b = a 


which er make three, two, one, none out of X a, bp, > a, by, Ta a, Du 


72] real 
Sa a, b,, vanish. 
nl 
Hence, the resultant of equation (m) is 
(A+ B+ C - D(A 4- B 4- € 4- D(A-- B4- C4- D(A -- B 4- C 4- D) 
X (AB -0-F D)(A 4-B 40+ D(A-d- BO 4- D(A4-B --0O 4- D) 
x (A4--B --C-- D(A 4-B -- 0 - D(A B FC 4 D(A cB 4-O 4- D) 
x (A--B 4-0 t D)(A + B -C-4- D(A--B4-C 4- D) — 0. (n) 
This reduces to ABOD — 6. 





But this is merely the condition for evanescibility. Hence, equation (m) can 
always be satisfied when $ (x, y) is evanesecikle. 

Secondly, to prove that the evanescible function $ Le, y) can only be 
expressed as the product of three secondary linear primes when its coefficients 
satisfy nu 
SL An: (16) 


that is, when the function, in addition to being evanescible, is of deficiency one 
at least. 
For, assume 


: 
$9 (e ais Unie, z; 5.) 
. r=1 
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Then, by comparison of coefficients, we have just as in the previous proposition 


a 3 ht 8 = 3 p 
AT] (a. 4-9.) 4- AY a t B [T (9-5) + BY a,b, 
ral r=] r=1 


r=1 


3 3 3 l 8 
Olio - 5) - 0%, a. 4 DIIG 4-5) D> a —0. (p) 
r=1 ' rel T=] vol 


The discussion of the form of the resultant of this equation is in all respects 
_ similar to that of the form of the resultant of equation (m), except that now it is 
not possible to choose a set of values out of 


Ay, di, a5, b, Ag, b, = ate 
3 3 Si 8 = 3 Aa . 
"which makes none out of 2 a, b,., Zon A. 2e DN 2 a, b, to vanish. Thus 
the resultant of equation (p) is equation (n) with the first factor, namely, 
(A+B+C+D), emitted. This resultant reduces to equation (16) given 
above. i 
Thus we have found zhe condition that the general minimum number of 
four secondary linear prime factors may be reduced to three. This condition 
may be stated: a function of which the field is not restricted,* necessarily has 
both deficiency and supplemental deficiency. 
It is easily proved, by solving for A in equation (16), that a general expres- 
sion for an evanescible deficient function of two variables is 


[BOD +q (B +0 +D) ey + Bay + Gen + Day. 


The evanescible function $ (x, y) can only be expressed as a product of two 
' secondary linear primes when its coefficients satisfy 


S t 5,—0; (17) 


that is, when, in addition to being evanescible, it is of deficiency two at least. 


` For, assume 


rl 


$ (x, y) = [[ rt, 2; b, y). 








* Cf. my ‘‘ Universal Algebra,*’ 8383. ` 
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Then, by comparison of coefficients, we have 
2 . 2 ME HE 2 a 
All +i) +43 b, +B]1@ +) +BY a, b. 
r=1 


+ OTL (a +3) + OD) a + DIL, +0) + DD a3 b&=0. (q) 


r=1 
The discussion of the form of the resultant of this equation is in all respects 
similar to that of equations (m) and (p), et that now it is not possible to 
choose a set of values out of 


i 
gu, by, de, by = ok 


2 2 
which makes none, or only one, of > a, bps » E bs PE a, b SOLO ob, to vanish. 
r=1 


r=1 


Hence, the resultant of equation (q) is 


(A+ B+ € 4- D(A 4- B 4- 0+ 0(44+ B 4- € 4- D(A+ 84+ C 4- D) 
X(4 4 B 4-0 4-DY(A -- B --C -DY(A -B +0 4- D(A 4-B -C +D) 
x (4 +B --O --DY(A + B --O4-D)— 0. 
This reduces to equation (17). 
It has already been proved (cf. equation (9) that the condition that the 
function $ (x, y) may be a secondary linear prime is 
S, + S,— 0. 


It is easily proved from equation (17) that a general expression for an evan- 
escible function of deficiency, two at least is 


Ing + (p + gC + D) + CD} ay t (o + CD) ay + Oxy + Day. 


It must be carefully noticed that, to take the general case, ẹ (x, y) can be 
expressed as the product of four secondary linear primes in an indefinite number 
of ways: also, that it can be expressed as the product of more than four such 
primes. 








$7.— Expression of Functions as Sums of Separable Primes. 


This article is devoted to the enunciation of the theorems reciprocal to those 
of the previous paragraph. 
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Any function of n variables, capable o? the value i, can, in general, be 
expressed as a sum of a minimum number of 2” n-ary separable primes; and the 
exceptional cases arise when AS, 4.170 and S,,_,5£0, and then the function can 
be expressed as a sum of a minimum number of (2" — 7) n-ary separable primes. 

This proposition gives the reason for the term “of supplemental deficiency 
r” which has been applied to éise, y, .... f) when $4 ,,,—0. For if 
(x, y, ---- f) be capable of the value 7, the general minimum number of n-ary 
separable prime summands has been reduced by r from that of the general case. 
The term has also an analogous meaning (of. 88) when (a, y, .... t) is not 
capable of the value i. l 

The special enunciations for functions of two variables are as follows: 

Any function capable of the value ? can be expressed as a sum of four secon- 
dary separable primes. 

The conditions that « function can be expressed as a sum of three, or two, 
secondary separable primes are respectively - i 

S, + S,=0, . (18) 
or | S+S=0. (19) 
The condition that a function may be a secondary separable prime has already 
(cf. equation (5)) been found to be 
l S TA-G. 

By a comparison of equations (16) and (18), we deduce the proposition that 

any function of n variables which can be expressed as a produot of (2"—1) n-ary 


linear primes, can also be expressed as a sum of (2^ — 1) n-ary separable primes, 
and conversely. 


§8.—Non-Evanescible and Non-Deficient Functions. 


A non-evanescible function can be expressed as the sum of a constant sum- 
mand and of an evanescible summand. The constant summand is definitely 
determined, but the general form of the evansscible summand has an ambiguity 
(that is, an arbitrary element) in its expression. 

For, put $ (x, y) = H+ Qı (2; y), 
where H is constant, and the coefficients (A, Bı, €i, Di) of od, (a, y) satisfy 

i A,B, O,D, = 0. ^ (a) 
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Then, by comparison of coefficients, | 

A=A+H, B=B +H, 0=G+H, D—D 4 A. (b) 
Hence, by multiplication, - l E 
H+ A,B,C,D, — ABCD, 


and thence, from (a), H= ABCD. . (c) 
& Also, from (b), 
A= (H+ u) A= (X, + im) A, 


B= (+ us) B, (d) 
C= (S, T Us) C, 
D (S + wu) D, 


where we find, by substitution in (a), 
Uy Uz Ust, IS, = 0. 
‘Thus, finally, the general expression in the. required form is 


d(x, y) = I+ [8 + n) Ary t Btu) Boy 
+ (S, + us) Oxy + (8, Lal Dey = 0, (20) 


Uy Us Hait IS, + 0. 


Let these two parts of $ (v, y) be called its constant summand and the general 
form of its evanescible summand. l 
It has already been proved in.§5 that the evanescible summand of ¢ (x, y) 
cannot have a deficiency of higher order than that of éis, y). It is easily seen 
that the conditions that the evanescible summand may have the same deficiency 
as p(x, y) are respectively as follows, where U,,‘U,, U3, U, are the symmetric 
functions (cf. §2) of the four terms t. Uz, Ug, Uy: 


I£ S; = 0, then SI, Lt UV) = 0. 
If &=0, then 8,(0,+ U;) — 0. 
If l S; — 0, then (U, + Ue 


These conditions can always be satisfied by a, Ug, us, u, in an indefinite number 
of ways.. It may be noted that'if & (x, y) is of deficiency three, its evanescible 
summand of the same deficiency is a secondary linear prime. 

The corresponding theorem for n variables is as follows: It is always pos- 
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sible to express a function ĝ (x, y, .... È of n variables in the form 
D . f . 
$ (x, yi j= Sy +11r v; b,., Ys rrr lep, b, (21) 
rol ; 


where u has the minimum value of 2* if S; £0, and of (2 — r), if /$,— 0 and 
8.41560. Itis from this theorem that the tarm “deficiency " arises. i 


Reciprocally, it is always possible to express a function $ (v, y, .... t) of 
n variables in the form x 
OOH oe SSD Day yy ve d deas (22) 
r=] 


where u has the minimum value of 2" if S» = 0; and of (2^"— r), if Sp_,,,=0 
and S. ,4-0. This theorem exhibits the meaning of the “supplemental defi- 
ciency.” m j 

Also, in the case of two variables, let vj, v2, v3, v, be any arbitrary terms, 
and Vi, V2, Vz, V, their symmetric functions. Then the reciprocal theorem to . 
equation (20) is that (a, y) can be expressed in the form l 


éis, y) = Sm + Alien + Bv Die | 
"o + (Sv, + 0) ay + (So, + D)zy — o, (. (29) 
S, = 0; 


so that the first factor is constant and the second is capable of the values. Also 
the second factor has the same supplemental deficiency as $ (x, y), if v, v2, 03, v, 
are chosen to satisfy the following conditions, which are always possible: 


If Sai, then D, (V, + Vj) — 0. 
If $ i 5,20, then Sn + V9) = 0: 
If $,— 0, then S, (V; + V,)=0. 


By comparison of the first equations of (20) and (23), the following general theo- 
rem is deduced: Let u. 4, Uz, wu, be any set of four arbitraries, and let 
D, Uz, Uz, U, be their symmetric functions; and let v,, ge, vg, v, be another 
set of four arbitraries, and let Vj, V,, Vz, V, be their symmetric functions, then 
the following equation is an identity: l ~ 


$ (z, y) = S, + D (S + V) 9' (m, y); (24) 
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where A’, DO D! are the coefficients of 9 (a, y), Si, A, &, Sf its inva- 

riants, and = u u 
= (S + Da Ui) vi + (5, +m) A, 
= (S + 8, 0) v + (S, +m) B, 


Oz (Si + 8, U) vs + (S + s) C, e 
D = (8 + S, Ty) v, + (S + a) D, 

and, after some algebraic reduction, 
8, — 8,5, ELE ] 
$= SE + SO ER SU, | TS 
Go SRE ATER SDM, | 


Si = SU, + 8%, + STM. J 
Thus it is always possible to choose the arbitraries so that Sj =i and = 0 
simultaneously. But it is not possible to make A have the value ? unless 
Dit & — i; that is (cf. $2, equation (1)), unless A — $,; and it is not possible to 
make A vanish unless S;S,= 0; that is (cf. loc. cit.), unless A = S,. 
For instance, by choosing ilie arbitraries so that 


U,— U,—d, UQ— UQ— 0, n= Kat, h= VO, 


we find u " 
Si S-&-X, S—S&, Seen, | (27) 
$9.—Linear and Separable Functions. 
A function of n variables x, y, 2, ...-, which can be expressed in the form 
az -- ba + ey + dy ex + fe ...., . (28). 
will be called “linear,” and this form will be called its “linear expression.” 
A function of n variables æ, y, 2, .... , which can be expressed in the form 
(az + bx)(ey + dy)(ez + fz) ...., - (29) 


. wil ns called “separable,” and this form will be called its “separable expres- 
sion.’ 
_ The condition that @ (x, y) may be sec? is found by i it with the 
form (28). Hence, 
d=a-+te, B=a+d, Ge, Dan 
22 i : 
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Then, by eliminating.a, b, c, d, we find 
| S, (4D -- B O) — o. (80) 
It will be observed from the form of this condition that linearity is not an 
invariant property. 
Reciprocally, the condition which the coefficients of $ (v, y) must satisfy i in 
order that the function may be separable is 
S, (AD + BO) — 0. (31) 
- Thus separability is not an invariant property. 
By solving equation (30) for A, it can be proved that a general expression 
for a linear function is 


(p+ DB + C) ay + Bay + Ory + Day. | (32) 
Also, from equation (31), a general expression for a separable function is 
(pq + BO) zy + Buy + Oxy + Day. (38) 


It is easy to verify that a factor of a linear function is not necessarily itself 
linear, and that a factor of a separable function is not necessarily itself separable. 
Reciprocally, a summand of a linear or separable function is not necessarily 
itself linear or separable. 

It can be proved that it is always possible to factorize any function $ (x, y) 
into a pair of linear factors; and, reciprocelly, that it is always possible to 
express any function $ (x, y) as the sum of a pair of separable summands. 

Also, the condition that every possible fector of $ (x, y) may be linear, is 


, BC+AD=0. (34) 
Reciprocally, the condition that every possible factor of ẹ (x, y) may be 


separable, is 
BC+AD=0. (35) 


If a linear function is deficient, every »ossible factor is linear. For the 
conditions are E ET 
Hence, AD+ BO —0. 
Reciprocally, if a separable function has supplemental deficiency, every possible 
summand is separable. 
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If the function $(z, y) is linear, then = 8,. For, by equation (30), 


we have 8 
S=u—(AD + BC)=u(At+ D(B+ C). 


But ` (A+ D)(3 + 0)Æ &. 

Hence, DEN: ` 
But by §2, S,-€ S. 

Hence, ` S, = &. 


It follows as a corollary that, if a linear function is deficient, it is of deficiency 
two at least. ES. 

Reciprocally, if the function ® (x, y) is separable, then A = S,. Also, ifa 
separable function has supplemental deficiency, it has supplemental deficiency 
two at least. 

. In general, there are an indefinite number of linear expressions of a linear 
function. For, let $ (x, y) be a linear funczion, and let ax + bx + cy + dy be 
one linear expression of $ (x, y). Then it can be proved that the general form 
of linear expression of $ (x, y) is 


1(a 4- 5 4- uj) a 4- p (ab 4- ed)] e-+ 1(a +b + w;) b + p (ab 4- cd) | « 
+ {(ct+d+u)c+(p+g)(abted)} y + {(e+d+,)d+(ptg)(ab+ed)} y. (36) 
But if $ (x, y) is evanescible, then evidently 
ab —20, cd=0. 


Hence, each of the coefficients in (36) reduces to the corresponding coefficient of 
the given linear expression. Thus, when a linear function is evanescible, it has 
only one linear expression. 


[To be continued.] 


On a Special Form of Annular Surfaces. . 


Be VIRGIL SNYDER. 


The equation of a scroll which contairs an m-fold linear directrix and 
another n-fold linear directrix, skew to the first one, is of the form 


RE: + by + az + dw — gp + bu + 0% + dw, 
T aw + bay + ee + daw’ € age + by + oz + dw’ 


wherein 


the two directrices being = 0, A= o; u = 0, u = c. 
The annular surface obtained from this scroll by Lie's equations is of the 
form 


DN o Z — (X-FiY) 
0 W — (X — 47) —Z 
Gay By by. er ee u 7 
ga ya, boy —0— yo - d; — yd, 


which develops into the form ` 


äu + SA + Sym S —0,. (3) 


N 


S, = 0 being the equation of a sphere. e 

The required surface is the envelope of ihe sphere (3), whose equation con- 
tains the variables A, u, connected by the relation (1).. It is the tact-invariant 
of (1), (3) in the A, u plane, and contains the variables X, Y, Z, W to the 
degree 4n(m --n — 1), n £m. Thus the spherical image of the quadric is a 
quartic (Dupin’s cyclide), and that of the crlindroid is an annular surface of 
order 8, though for special values of the coefficients a,0,, c, d,, it may be made 
smaller. l 
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By a e transformation of the directrices, the form of the scrolls in (1) 
is not essentially changed. The number and reality of the pinch-points are not 
changed, and the asymptotic lines will be projective. The new forms substi- 
tuted in (2) will give very different forms in spherical space. If the directrices 
belong to the complex en 

p i c= (xw — x'w) — (yz — y'z) = 0, 

` their spherical images will be points, and the annular surface will be binodal. 
The locus of centers will be in the radical plane of these two point-spheres. If 
the directrices are conjugate polars with regard to c, the surface reduces to a 
curve traced on the surface of a sphere. If one directrix is the line 2-0, w— 0, 
the annular surface becomes a cone or developable, aceording as the other direc- 
trix does or does not belong to e; Finally, if both directrices belong to c and 
cut (z, w), they become isotropic planes, and the surface becomes one of revolu- 
tion. The important characteristic of this transformation is that asymptotic 
lines on the scroll (1) become lines of curvature on the corresponding surface in 
sphere-space; hence the same scroll, projectively considered, will suffice to define 
the lines of curvature of cones, a species of developables, surfaces of revolution 
and annular surfaces having two spherical directrices. The locus of centers in 
every case lies on a quadric of revolution, which may become a plane. 

When the scroll has two coincident directrices, the equation has the form’. 


\ 
n 


2, PA, wW= 9, | | 9 


wherein @, (A) is a polynomial in A of degree s. In this equation à has the same 
value as before, but u is now defined by 


(aœ + by Lost LT = (ase + Aen pues Casco OT Eu, 


The spherical image of this scroll is 


H ` 0 Z eU Fer) 
0 w le ue 
ay — Ay b, — Ab, ; € — AC, d,— Ad, r= 0, 


45 — A0, — pd, ba — Ab, — ub, Ca — AC Mäe dg — Ad, — ud, 
which develops into 
— SOL AAL S (5) 
BSATS C 25 
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The envelope of the sphere (5), when A, x are connected by (4), is of degree 
4n (m + 2n —{1), (n £m) in X, Y, Z, W. 

The spherical image of a scroll defined by an m, n (n € m) correspondence in 
a linear congruence is an annular surfäce of order 4n (m 4- n — 1), when the 
directrices are skew and cf order 4n(m + 2n — 1), when they are coincident. 
These forms still contain irrelevant factors; by making the directrices satisfy cer- 
tain conditions, e. g., belong to a given complex, any particular s, can be elimi- 
nated, which reduces the order of the surface. The presence of double generators 
also reduces the order of the surface, in general, to the form 


4 (mn — 8), 


wherein à is the number of double generators. 

Thus, the (2, 2) quartic scroll becomes an annular surface of order 16; it is 
the transformed surface of zhe binodal cyclide when the nodes are distinct. The 
lines of curvature are of order 16 from my article in vol. XXII, p. 96, of the Jour- 
nal. Similarly, the cyclide having three distinct conical points is transformed 
into a surface of order 12, having lines of curvature of order 8 and one double 
generator. 

Each of these sur’aces has two lines of curvature of order half that of the 
general ones, the curve of contact with the {wo directrices. Special forms of 
these are obtained by restricting the pinch-points. 

The cyclides which have less than two nodes are not annular surfaces unless ` 
. the node be biplanar or uniplanar, in which cases they can be readily trans- 
` formed by the method of equation (5). 

An illustration of this method is afforded by Cayley’s cubic scroll, which 
can be written in the form 


2 


ay? = (a + y)(zz + yw), ; 
or 2 z(1-cT2)nu. (6) 


This is the degraded Kummer surface [(13) 2],* as singular surface of a quad- 


_ ratic complex. 
Equation (5) becomes 


u (X? + Y? - Z2) — AXW + (2? 2-2) ZW — 0, 








* A. Weiler, Ueber die verschiedenen Gattungen der Complexe zweiten Grades. Mathematische 
Annalen, vol. 7. See pp. 205-6. 
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and the envelope of this sphere, subject to the condition (6), is 
(X? 4- V+ HY -- 2W (22 — A(X Y? -- 22) + W?X? — 0, 


which is a cyclide having a uniplanar point at the origin, and is the type [(13) 1] 
of Loria.t Three lines of the surface pass through the origin and lie in Y= 0. 

The lines of curvature are defined by the intersection with the surface of a 
tangent pencil of spheres, whose point of contact is the origin ( W Æ 0), and the 
common tangent plane is Y — 0. They are of order 4. By the transformation 
in question, this surface becomes an annular surface of order 12, and whose 
lines of curvature are defined by the intersection with the surface of a pencil of 
spheres having for circle of intersection (trajectory circle of a special spherical 
congruence) a line along which the double directrix touches the surface. The 
other lines of curvature are of order 3. 

The relation between the scroll and the annular surface may be made 
clearer by giving more of the details of the transformation. 

From every point of the double directrix (x, y) issues one real generator of 
the scroll; there are no pinch-points, but for one point on the directrix the gen- 
erator which issues from that point coincides with the directrix itself. 

The director becomes a sphere. S, its points become one generation of mini- 
mum lines upon it, and the planes through (x, y) projective with points upon it, 
go into the second generation of S, projective with the first. Passing through 
each point P of (x, y) on the scroll and lying in its associated plane zx through 
the director, is a generator g. Through the point on S, determined by the min- 
imum lines m, and m,, is a sphere G, containing both minimum lines (touching 
S). The locus of the points of contact is the trajectory circle of S. Upon this 
circle are no points at which all the lines of curvature touch each other, but at 
one of them the generating sphere coincides with S. The generating sphere is 
real for every point of the trajectory circle. 

The locus of centers of the generating spheres (one mantle of the curve of 
centers) is a curve passing through the center of S and lying on the cone of revo- 
lution determined by this point and the trajectory circle. The axis of this cone 
is the curve of centers of the other system. The only plane line of curvature is 
the plane of the trajectory circle. 








tG. Loria, Recherche intorno alla geometria della sfera... . Memorie della Acc. Reale di Torino, 
vol. 86, ser. IT, 1884. See p.100. These types have been more minutely classified by Bócher in his 
Reihen entwickelung. .. . Leipzig, 1894. 
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There is no distinct eyclide which corresponds to the (3, 1) scroll. In the 
equation of the cyclide there are 13 constants, while the equation of the Kummer 
surface contains 18; hence, several distinct types of general annular surfaces are 
confounded when the points of space are chcsen to represent one fundamental 
complex. 

When the cubic scroll is given in the form 

9? + x (zx + yw) — 0, S 
the corresponding cyclide is of the third order and has a uniplanar point. Its 
equation is 
(X + Y? ++ ZY(Z— X) m Z. 
Besides the minimum lines X + iY — 0, Z= 0, thé real line X = 0, Z= 0 lies 
on the surface and passes through the uniplarar point. 

. Although this is a contact transformation and transforms spheres into spheres 
such that lines of curvature are covariant, yet the pencil of tangent spheres which 
defines the lines of curvature on the cyclide does not transform into the pencil of 
spheres which defines the lines of curvature of the new surface; in fact, the tan- 
gent pencil into which the old tangent pencil i is transformed plays no part in the 
transformed surface.* 

On p. 253 of volume XXII of the Journal, I gave the equation of a [3, 1] 
scroll whose asymptotic lines are of order three. The spherical image of this 
surface is of peculiar type. Let 

— 4 . 
» Hr E ? 
the line æ= 0, y — 0 belongs to c, hence, it will be a point; the line 2 — 0, 
w= 0 goes into the plane at infinity, hence, all the generating spheres of the 
surface become planes which pass through a fixed point, i. e., the surface is a 
cone. The equation of this cone is found to be 


(42? + 3? + 42)? — g'12y* = 0. 


Its lines of curvature are cut from the surface by the- pencil of spheres concentric . 
with its vertex, 


+y +E e, 








: *The remark made by Casey, Phil. Trans., vol. 161, p. 627, that all tbe lines of curvature of a 

trinodal cyclide are circles is incorrect. This is only true of a limiting case of Dupin’s cyclide, in which 
two nodes coincide. It is type [(21)(11)] of Loria. In my classification of Dupin cyclides I called this 
a ** pinch " cyclide. i d 
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By eliminating z (e. g.) between these two equations, the projection of the lines 
of curvature on the a, y plane becomes 


ew (81? — 93?) + 3V Sxy?] [kw (822 — 94°) — 34 Sag] = 0. 
D y 


Both surfaces are symmetric about àll the axes, hence each curve is of order 6. 

By transforming the cone by the above method, keeping the directrices in 
the point-complex, a binodal annular surface is obtained whose order is 12, and 
all of its lines of curvature are still cf order 6. - 

If, instead of z, y and z, w, any two lines which cut the latter and which do 

not belong to c had been chosen for directrices, the spherical image would be an 

annular surface of order 12 with two plane directors; hence, all of its lines of 
curvature are of order 6, and are plane curves. The surface is not a surface of 
revolution. The two sextics which are cut from the surface by these planes have 
36 points of intersection ; of these, 18 lie in the circle-points of the cutting plane 
and six lie on the axis of the planes; the other points are either nodes on the 
surface or points of tangency of the cutting plane. The latter alternative is 
excluded because it contains a line of curvsture and consequently cuts the sur- 
face every where at the same angle (Joachimstal’s theorem). Hence, the surface 
has à nodalline of order 12. "This surface is thus seen to have a remarkable 
analogy to Dupin's cyclide. The latter is an annular surface of order 4, and all 
of its lines of curvature of the second system are plane curves, which factor into 
conics through the eircle-points (circles) and cut each other in points on the axis 
of the two planes. These curves have only four points in common, two at the 
circle-points and two on the axis; hence Dupin’s cyclide has no other nodal line. 
This transformation is more general than that by reciprocal radii, which it 
includes as a particular case. It is not, in general, a point transformation, but, 
as was shown by Lie, it can be expressed in terms of motion, reciprocation and 
Bonnet’s dilatation, the last transforming a point into a sphere. Analytically, it 
is expressed as the most general linear transformation of the hexaspherical 
coordinates which leaves the quadratic form II = 0 invariant.” 

By means of it a whole class of surfaces can be derived which have the same 
property as that just cited. Let f(x, y) = 0 be the equation of any plane curve. 








* Of. A. Loewy, “ Ueber die Transformationen einer quadratischen Form in sich selbst mit Anwen- 
dung auf Linien- und Kugelgeometrie." Nova Acta, Leopoldina, vol. 65, pp. 1-66. Itis unfortunate 
that the word dilatation is used in so different senses. Loewy calls this "eine von Ossian Bonnet 
angegebene reciproke Umformung.” 
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If it be revolved about any line in the plane, it will generate a surface of revo- ` 
lution whose order is in general, twice that of the curve, and all of whose lines 
of curvature are plane curves. If, now, this surface be transformed into line 
space, it will become a scroll contained in a linear congruence having asymptotic 
lines of order just helf that of the general surface of this type. If the direc- 
trices of this congruence be transformed into any lines which cut z =0, vw=0° 
but do not belong zo e, the characteristic property of the surface remains. 
unchanged. Now let this new surface be trarsformed back into spherical space. 
It will be an annular surface of order higher than that of the surface of revolu- 
tion, unless the curve f= 0 has each circle pont of its plane for a multiple point 
of order half that of f. The new annular surface wil not be a surface of revo- 
lution, but all of its lines of curvature will be plane, and the curve of each section 
by these planes will break up into twocurves. The nodal line is not the trans- 
formed curve of the circles, loci of nodes in /. The planes belong to the same 
‘axial pencil, the axis being always a finite line: The planes of the circles of the. 
other system of curva:ure all touch a cylinder whose generators are perpendic- 
' ular to this line. 


CORNELL UNIVERSITY, Vay 29, 1900. 


"On the Transitive Substitution Groups whose Order is 
a Power of a Prime Number. 


By G. A. MILLER. 


In a transitive group @ of degree n, the subgroup Gi, which contains all 
the substitutions of G that do not involve a given letter, is of degree n —« (a> 1), 
and G is one of n/a conjugate substitutions of G.* Each of these subgroups is, 
therefore, transformed into itself by ag, substitutions of G, g, being the order of ` 
Gi. These substitutions constitute a group G of order ag. When « 7 1, G; 
contains a constituent of degree o. Since each of the substitutions of G that 

is not contained in G, contains the o letters which G, omits, and since the 
- order of G, is ag,, it follows that the said constituent of G, is a regular group of 
order o. In what follows we shall assume that the order @ is a power of a 
prime p". As the order of a subgroup G must be a power of the same prime 
ag, — p" ; hence, a = p*. -This result may be stated as follows: 

Tuxorem 1.—If the order of a transitive group is a power of a prime p", the 
subgroup formed by all its substitutions which omit a given letter omits p" (k 5 1) let- 
ters of the group. i 

Any set of conjugate subgroups or substitutions of @ is transformed by all 
the substitutions of G according to a transitive substitution group of order pP. 
Hence, Theorem I includes the theorem that all the substitutions of G which 
transform one of these subgroups or substitutions into itself, must also transform 
p" (kZ 1) of its conjugates into themselves. In other words, the substitutions of 
G which transform one of a set of conjugate subgroups or substitutions into itself 
constitute a group in which p* of these conjugates are invariant. This includes 
the theorems. Every non-invariant subgroup or substitution of a group of order 








*Of. Netto, ‘‘Theory of Substitutions," 1892, p.84. Also Cauchy, Comptes Rendus, vol. 21, 1845, 
p. 669. i 
t Burnside, ‘‘ Theory of Groups,” 1897, p. 65. 
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p” is transformed inio itself by p” (%51) of its conjugates. A group of order 
"1 that is contained in a group of order or is invariant. A group of order p” 
cannot be generated dy one set of its conjugate subgroups. 

Let K represent the group formed by all the substitutions in the holomorph* 
of G which transform. the substitutions of G according to its group of cogredient 
isomorphisms. The order of K is some power of p, and its subgroup formed 
by all the substitutions that omit a given letter is the group of cogredient 
isomorphisms of G. From the facts that each letter of this subgroup corres- 
ponds to a substitution of Or and that this subgroup omits p*(& > 1) letters of 
G, it follows that G contains p" invariant substitutions. Hence, the given theo- 
rem includes the important theorem, due to Sylow, that every group of order p" 
contains invariant operators besides identity. 

When CG, is trarsitive, it must be holomorphic to the regular constituent of 
G, mentioned above, since G, contains at least one other subgroup which is con- 
jugate with G, under G. As all of these conjugates are transitive, there can be 
m — 1 


only two of them. This is only possible when p — 2 and k= 2 


the 

TuronEx IL—J7 the subgroup formed by all the substitutions which omit one 
letter of a transitive group of order p" is transitive, the order of the group is 2?" **, n 
being any integer. . 

When the condition of this theorem is satisfied, G, is clearly the direct 
product of G, and its other conjugate. Hence, it follows from a known theorem] 
that the number of transitive substitution groups of order 2? *!, whose largest 
subgroups of degree lower than the degree of the group are transitive, is equal 
to the number of regular groups of degree 2”. 

Since each of these groups may be constructed by writing a regular group 
of order 2” in two distinct sets of letters and adding to their direct product a 
substitution of order -wo which permutes the corresponding letters of its systems 
of intransitivity, the number of invariant operators of such a group must be the 
same as the number cf such operators in the mentioned regular group of order 2". 
The largest Abelian subgroup that is contained in such a group is clearly the 


* Bulletin of the Amer:can Mathematical Society, vol. VI, 1900, p. 3&6. 

tIbid., vol. V, 1899, p. 245. . 

į Quarterly Journal of Mathematics, vol. 28, 1896, p. 207. American Journal of Mathematics, vol. 
XXI, 1899, p. 306. 


Hence, 
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direct product of the Abelian subgroups of these regular groups of order 2". 
Hence, the transitive groups of order p" in which the subgroup formed by all 
the substitutions which omit a given letter is transitive, constitute an infinite 
system of groups of order 2/^*! which are completely determined by the groups 
of order 2”. 

Suppose that @, contains E systems of intransitivity. The number of sys- 
tems of intransitivity of G is then <k+1. We shall first show that p Z k +1. 
The largest subgroup of G which transforms G, into itself must transform Gh | 
into p^ (4 1) of its conjugates, and hence it must contain b -- 1—À VE ENER 
systems of intransitivity. This proves that pZ% +1. When G, is transitive, 
k = 1 and p = 2 às was observed above. | 

When p = +1, the largest subgroup of G that transforms @, into itself 
is transitive. Since this transitive subgroup is of the same degree as G and con- ` 
‘tains the same subgroup that omits-one letter, it must be @ itself. In this case 
G, contains p similar regular constituents of order a. These results may be 
stated as follows: 

TaroreM IIL.—Zf the subgroup ‚formed by all the substitutions which omit one 
letter of a transitive group of order v" contains k systems of intransitivity, then 
p<k+1. When p=k-+1, the transitive constituents of this: subgroup are 
similar and regular. l ; 

Cauchy proved that the symmetric grcup of degree n contains subgroups of 
order p", where m = e (5) + (m) +e =) +... KS (+) being the 
largest integer which does not exceed + = es proceed to determine when 
such a group (G) is transitive and to study some of the properties of these 
groups. Since the symmetric group of degree n contains all the possible substi- 
tutions in n letters, G is of degree n whenever n=0 mod p. The degree of 
each of the transitive constituents o? @ must be a power of p, as it is a divisor 
of p". If G were intransitive when n = pf, we would have 


l p^ + p® + ph... Ip 
ph, pF, yos .. being the degrees of the iransitive constituents of G. Hence, 


. the number of constituents of lowes: degree would be a multiple of p. As these 
. constituents would all be similar, we could combine p of them and thus form a 








*Cauchy, Comptes Rendus, vol. 21, 1845, p. 844. 
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transitive constituent of a larger order in the same letters. This is impossible, 
as nlis not divisible by mm") `G must, therefore, be transitive when n = p°. 

It is clear that al the symmetric groups of degrees p*-- æ, a< p contain the’ 
same G, and that the G's of all the symmetric groups of degrees p° + a’ d 
a! < pf * 1 — y? are the direct products of this G and the G of the symmetric 
group of degree a’. That is, when a’ is p*(p > 2), the corresponding G is the 
direct product of the G of the symmetric group of degree p? and its conjugate 
written in a distinct set of letters; when a’ = 2p? (p 73), the corresponding 
G is the direct product of three such groups; when a’ — lp? +7 (p>/1+1,7< p°) 
the corresponding G is the direct product of 7 + 1 such groups and the largest 
group whose order is a power of p that is contained in the symmetric group of 
degree 7. Hence, the 

Turorem 1V.— The largest group G of order p" that is contained in the sym- 
metric group of degree n is transitive whenever r = p" + a, a < p, and only then. 
When this condition is satisfied, G contains a subgroup of order p"™—1, which is the 


aan, E 
direct product of p conjugate transitive groups of order p? . These transitive 


m—1 
groups in turn contain subgroups of order p ^, which are the direct products of p 


m-—p—1 


OP 


conjugate transitive groups of order pF, etc. 

COROLLARY I.—Jn a group of order p", every subgroup whose order exceeds 
pr) (mo prt + pt? +o... +1) is éneariant or contains an invariant 
subgroup of order S p. . 

Cororzary IL.— The largest subgroup of order p™ that is contained in any sym- 
metric group contains just p! invariant operators, y being the number of its transitive 
constituents. 

This theorem was proved above. To see that it involves Corollary Lit is only 
necessary to observe that a group of order g which contains a subgroup of order 
gı, which is not invariant nor contains an invariant subgroup of the entire group, 
can be represented as a transitive substitution group of degree gyg,.*  Corol- 
‘lary II follows from the fact that each of the transitive constituents of the men- 


m—1 
tioned subgroups of order p ? contains just p invariant operators. 
We proceed to give a method by means of which it is possible to construct 
a transitive group of order p" (m being any nuriber greater than 2) which con- 











*Dyck. Mathematische Annalen, vol. XXII (1383), p. 102. 
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tains only p invariant operators. Let H represent a regular group of order p 
which contains only p invariant cperators and whose quotient group with 
respect to these invariant operators contains no operator whose order exceeds 
p, and let M, be the conjugate of H which is formed by all the substitutions (in 
‚the same letters as are contained in HI which are commutative with every sub- 
stitution of H.* Since the quotient group of H, with respect to its p invariant 
operators contains no operator whose order exceeds p, H, contains a non-Abelian 
. subgroup of order p, which includes its p invariant operators. ‘This subgroup 
and H generate a group of. order p**? which contains only p invariant operators 
with respect to which its quotient group contains no operator whose order 
exceeds p. Since it is well known that groups of the given type exist when 
a = 3 or 4,f it follows that they exisi for every value of a> 2. 
It follows from the preceding paragraph that the only value of m for which 
a group of order p" must contain more than p invariant operators is two. It is 
easily seen that this is also the only value of m for which every subgroup of 
order p”—? is invariant; for if a group of order p* contains a non-invariant sub- 
group of order p*~®, any direct product of which this group is a factor must have 
the same property. Since groups of order gë contain non-invariant subgroups of 
order p., there must be groups of order p" (m being any integer > 2) which con- 
taim non-invariant subgroups of order p”—’. 
The following method may be employed to determine all the groups of order 
mm, provided all the groups of order on") are known. Suppose that a group (R) 
of order p" is represented as a regular group. Any one of its subgroups (H) of 
order p"—! contains p systems of intransitivity which are permuted according to, 
the group of order p by the remaining substitutions of R. Hence, H may be 
constructed by writing after each substitution of a regular group of order op") 
the same substitution in p — 1 distinct sets of letters.[ All of the other substi- 
tutions of Æ are of the form st, where ¢ merely interchanges the corresponding 
letters of the p systems of H and s transforms each one of these systems into 
itself.$ 
Since ¢ is completely determined by H, it is only necessary to consider 
how s may be selected. When the substitutions of H are transformed by R 





* Jordan, ‘‘ Traité des substitutions," 1870, p. 60. 

tHölder, Mathematische Annalen, vol. XLIIL, 1893, p. 410. 

2 Quarterly Journal of Mathematics, vol. XXVIII, 1896, p. 286. 
§ Ibid. 
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according to a substituticn in its group of cogredient isomorphisms, we may 
assume that s is commutative with each substitution of H. In this case it may 
evidently be assumed that s involves only the letters of the first system of 
intransitivity of H, for, if it were otherwise, we could transform st by a substi- 
tution which would transform H into itself and also reduce the number of letters 
in s. Hence, there cannot be more such groups than the number of sets of sub- 
stitutions in H which are conjugate under its holomorph. This number may 
sometimes be reduced by the following considerations: 

Let a, 8, 83, .... , & represent the constituents of a substitution of H, each 
constituent involving all the letters of one cf thé transitive constituents of H. 
From the equations 


a 
—1 p—233—1 —1 2 08 p 
(ele serien... e f 
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it follows that s may be sc selected that it is not the p*'^ power of any substitu- 
tion in the first transitive constituent of H. Since s must clearly be commuta- 
tive with every substitution of H. none of zhe powers of a non-commutative 
substitution in the first transitive constituent of H is a suitable value of s. In 
particular, we observe that s can have only one value when H is cyclical or 
when it is Abelian ard of type (1, 1, 1, ....) It has been assumed throughout 
that s’ is not identity, and that R transforms 7 according to a substitution in its 
group of cogredient isomorphisms. 

When some- substitutions of R transform H according to a substitution which 
is not in its group of cogredient isomorphisms, we may write these substitutions 
in the form st,t, where ¢; and ¢ are commutative, while s is commutative with 
every substitution of H. As in the prececing case, we may assume that s 
involves only the letters of the first transitive constituent of H, and hence it is 
also commutative with 4. It is evident that ¢, may be restricted to at most 
one out of each conjugate set of operators of order p?in the group of isomorph- 
isms of H. 


CORNELL UNIVERSITY, Dec., 1900. 


Geometry on the Cubic Scroll of the Second Kind, 


By Frepericr C. Ferry. 


It is the object of the present paper to give a detailed treatment of several 
of the more interesting questions of the geometry on the cubic scroll of the 
second kind, and especially to consider the surfaces which can be passed through 
any curve on this scroll, so far as the orders of those surfaces and the natures of 
the residual intersections are concerned. Among published articles, those bear- 
ing most directly on the subject proposed are perhaps the following: 


Clebsch, “Die Geometrie auf den Flächen dritter Ordnung. Kronecker 
J., LXV., 359-380. 

Chasles, ‘‘ Ueber die Steiner'sche Fläche.” Kronecker J., LXVII., 1-22. 

. Chasles, "Bemerkung über die Geometrie auf den windschiefen Flüchen 

dritter Ordnung.” Math. Ann., I., 634-636. 

Voss, “Zur Theorie der windschiefen Flächen.” Math. Ann., VII., 54-135. 

Halphen, “Sur la classification des Courbes algébriques.” J. de l'Ec. Pol., 
LII. l 

Noether, “ Zur Grundlegung der Theorie algebraischen Raumcurven.” Ber- 
lin, 1883. 

Sturm, ' Ueber die Curven auf der allgemeinen Flàche dritter Ordnung." 
Klein, Math. Ann., XXI., 457—515. 

Rohn, “Die Raumeurven auf den Flachen dritter Ordnung." Leipz. Ber., 
XLVI., 84-119. > 


And, in general, the methods employed and the results obtained in the fol- 
lowing pages will be found to be analogous to those presented in a paper by the 
present writer on the “Geometry on the Cubic Scroll of the First Kind,” pub- 
lished in the Archiv for Mathematik og Naturvidenskab, B. XXI., Nr. 3. 
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l.— The Cubic Scroll of the Second Kind. 


The equation in homogeneous coórdinates of the cubic scroll of the second 

kind is 
y? a (ys + x2) —0. 

Let this equation, or the surface itself, as the case may demand, be denoted by 
X. The double line on X is given by x= 0, y — 0; the plane «= 0 touches X 
along the entire length of the double line, and hence contains. that line three 
times; every other p.ane through the double line contains that line twice, and 
every plane through the double line cuts out a generator from X, the generator 
cut out by the plane x= 0 being coincident with the double line. The plane 
y = 0 is not a determinate plane, for the substitution of y + 0x for y, with a 
corresponding change in the coórdinates z and s, leaves X unchanged in form. 
The planes z= 0 and s = 0 change with the plane y — 0 and are not determined 
when the plane y — 0 is determined, for the substitution of zJ- Az and s + ay 
for z and s respectively leaves X unchanged in form. The tangent planes to X 
at any point of the double line are w= 0 and the tangent plane to the hyperbo- 
loid ys + xz = 0 at that point; these two tangent planes coincide at the point 
g-0,y-— 0, s — 0, hence, this point is a pinch-point on X l 

Any generator on X is given by equations of the form y = ag, z = as — a5; 
the generator given by y = a,x, z = ajx — as meets the double line at its point 
of intersection with the plane z+ @s = 0, hence, the points z =— as on the 
double line corresponc to the planes y = aw through the double line, and in par- 
ticular the point s = C on the double line corresponds to the plane x = 0 through 
the double line; i. e., the pinch-point corresponds to the plane which is tangent 
to X all along the double line; thus, to each point of the double line corresponds 
a generator through that point, while to the point s — 0 of the double line cor- 
responds a generator coincident with the double line itself. Therefore, it may 
be said that two generators on X meet the double line at every point, of which 
one coincides with the double line itself, while at the pinch-point both EE 
coincide with the double line. . 

To distinguish the two sheets of X in the neighborhood of the double line 
that will be called the first sheet in which the generators at successive points of 
the double line are distinct, and the other, in vrhich the generator at every point 
of the double line coincides with the double line, wili be called the second sheet. 
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II.— Codrdinates on X. 


Assuming ein = à/u and yjz — ^/v and inserting these values in 3, there 
— Ay 





results s/y = , whence the coördinates A, u, v on X are connected with 


the coórdinates v, y, z, s on E by the relations 
YZS = Air An uv? — Av. 


Als: the ditis line in the. first sheet, »/2 and vin take infinite values, while 
A/u is finite, and any generator is given by an equation of the form aà + bu = 0; 
hence, any homogeneous equation in A and o of degree n represents n generators 
lying in the first sheet in the neighborhood of the double line ; and, in particular, 
à = 0 gives the generator at the pinch-poirt, and u= 0 the generator which is 
cut from X by the plane y — 0. Given, then, a homogeneous equation in A, u, v 
representing a curve on Z, to determine the points where this curve or branches 
of this curve lying in the first sheet in the neighborhood of the double line meet 
the double line, it is necessary only to put v/A — v/u -o or A[v-— u[v — 0 in 
the given equation, whence there will result a homogeneous equation in A and u 
giving the generators at the points desired. 

The double line in the second sheet is given by A=0, and to its points 
correspond finite values of the ratio ujv ; thas, au + b» — 0 gives a point on the - 
double line in the second sheet; and, given a homogeneous equation in A, u, v 
representing a curve on X, to determine the points where this curve or branches 
of this curve lying in the second sheet in the neighborhood of the double line 
meet the double line, it is necessary only to put A= 0 in the given equation and 
to solve the resulting equation in u ard v. 

Any plane az + by + cz + ds = 0 cuts from € a cubic curve whose equa- 
tion in A, a, v is found by direct substitution to be 


a2? + bau + cuv + d iu 2__ Av) = 0. 


This curve is found by the methods given above to meet the double line in the 
first sheet where that line is met by the generator cu — dà — 0 and to meet the 
double line in the second sheet at the point determined by the equation 
c» + di = 0; now these two points, one lying in the first sheet and the other in 
the second sheet, are known to be coincidert since they are both cut from the 
double line by the same plane; hence, to the point du 4-.cv = 0 on the double 
line in the second sheet corresponds by coincidence that point on the double line 
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in the first sheet whica lies on the generator dà — cu = 0. So, in general, the 
change of u to à and of v to —u in the equation determining a point or points 
on the double line in the second sheet gives the equation of the generator or 
generators passing through the same point or points on the double line regarded 
as lying in the first sheet. "Thus the point on the double line in the second sheet 
given by u= 0 lies at tke pinch-point in tae first sheet, and the point on the 
double line in the second seet given by v = 0 lies at the point where the gene- 
rator - 0 meets the double line in the first sheet. In general, a point on the 
double line will be said to lie in the first sheet or tbe second sheet according 
as the equation by which it is determined is of the form a +bu=0 or 
au -- by — 0; thus, a homogeneous equation in 3. and u of degree n determines n ` 
points on the double line in the first sheet of X, and, similarly, a homogeneous 
equation of degree n in u and.» determines n points on the double line in the 
second sheet of X. 


IIL.— Curves on X. 


It is evident that, in general, proper curves on X are given by irreducible 
homogeneous equations in A, u,v. Let such an equation, or the curve repre- 
sented thereby, as the case may demand, be denoted by $; let the degree of $ in 
all three variables be denoted by p and its degree in the variable » by g, whence 
it follows that p 2g. If the ierms of @ be arranged according to the powers 
of », thus: 


$m Up +v Upi HP Up- F eere +o Up. t , Jos T0, 4,20, 


where U,_, denotes.a homogeneous polynomial in % and u of degree p— x, - 
then, as has been shown, Up— = 0 must give at once the p — q generators meet- 
ing the double line in the points where that line is met by the curve ¢ in the 
first sheet; hence, the curve @ has »—g points of intersection with the double 
line in the first sheet of 2. 

To find the points of intersection of the curve @ with any generator 
aà + bu = 0, it is necessary to substitute — bja. u for A in $ ; having performed 
this substitution, the equation is divisible by a factor u?-*; this factor having 
been rejected, there is left an equation of deg-ee g in u and v, which determines 
q points where the curve p meets the generator in question. Hence, $ has q 
points of intersection with any generator; thus, $ has g points of intersection 
with the double line in the second sheet, which points are found by equating A 
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to zero in and solving the resulting equationin u and v, after rejecting the 
factor u? ^ *. If $ be arranged according to powers of A, thus: 


PEN HM H MY, ak, Nat rn 0, (Sp), 


where H. , denotes a homogeneous polynomial in u and v of degree p — 0, then 
will ,=uP”2. Vi and V; = 0 gives the g points where the double line is met by 
the curve @ in the second sheet. Since, then, the curve @ meets the double line 
in p — q points in the first sheet and in g points in the second sheet, it has in all 
p— q +g= p points of intersection with the double line regarded as lying in 
both sheets. Any plane through the double line of X contains, in addition to 
that line, a generator of X; such a plane meets the curve $ in p points on the 
double line and in g points on the generetor in question, and hence contains 
pq points of intersection with tke curve; hence, the order of the curve $ is 
p+ gq, which will be denoted. by m, so that always m=p-+q. The curve a 
will often be designated as a (p, q), where p and g have the meanings assigned 
above. Thus any generator is a (1, C), the double line regarded, as lying in the 
first sheet is a (0, 1) and regarded as lying in the second sheet is a (1, 0) like any 
other generator, while, considered as lying in both sheets, it may be said to be 
a (1, 1), a conic. These results agree entirely with those given in the considera- 
tion of the geometry on the cubic scroll of the first kind, if E be regarded as 
obtained from that scroll by allowing the linear director to tend to coincide with 
the double line in the one sheet, while a generator tends to coincide with the 
double line in the other sheet, the former coincidence determining the first sheet 
of X and the latter the second sheet of 3; thus, on the cubic scroll of the first 
kind, each generator is a (1, 0), the linear director is a (0, 1), and the double 
director a (1, 1). 

T wo curves, (p, q) and (p',.g’), are said to belong to the same species when 
p=p'andg=g. The number of distinct species of curves of any order m is 
evidently the greatest integer in m/2, the species (p, 0), consisting in each case 
of only a certain, number of generators, being omitted. 

A curve $ will be said to have a pair of branches at any point of the double 
line when two of its branches lying, one in the one sheet and the other in the 
other sheet in the neighborhood of the point, intersect at that point of the double 
line. With reference to the arrangements of the terms of $, according to powers : 
of v and of A respectively, as given above, the condition that $ have a pair of 
branches at the point where any generator a2 + bu = 0 meets tlie double line is 
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that V, p= (au — bv) .V;., when U,_,= (aa + bu). H .,, and that @ have a 
pair of branches whatever it meets the double line, it is necessary and sufficient i 
that , i WE 

V, = G(au—by)^. (aqu — bah... (aqu — br). u? 79, 
when Up- = C, (arr + biu). (apu + bo)... (A + bu)", 


where ,21,8, 2, ++... +a,=q@ and §,+8,+....6,=p—q. 
Here can occur severa. pairs of branches at any point where @ meets the double 
line, and superfluous branches in addition to the number sufficient to make up 
the pair or pairs of branches at any point can occur. If = 29, just as many of 
these superfluous branehes will occur in the one sheet as in the other; and if, 
further, a, = 6, while p = 29, then will only pairs of.branches be found without 
superfluous branches; while in this case, if o, = 8, =1 , these pairs will all occur 
singly. It is geometrically evident that p — 24 when only pairs without super- 
fluous branches occur, or when as many superfluous branches occur in the one 
sheet as in the other, since in either case just as many points of the curve 
mustlie on the double line in the one sheet as in the other, demanding that 
Bruges. ` l 

If Up- = (aà + buy. U; en then will two branches of $, both lying in 
the first sheet in the neighborhood of the double line, intersect the double line at 
the same point, but without forming thereby a pair of branches as that term has 
been defined. Similarly, if l 


p—q E (aA + buy. U5 g—as 


then will o branches, all lying in the first sheet in the neighborhood of the 
double line, intersect that line at the same point.. Likewise, if 


Y (em +d}. Pps 


then will B branches of $, all lying in the second sheet in the neighborhood of 
the double line, intersect that line at the same point. 

| That every point where $ meets the double line be a multiple point of $, 
resulting from the intersection on that line of branches lying either in the same 
or in different sheets of X in the rieighborhoods in question, it is necessary and 
sufficient that 


D He 2773. (aq + byw). (aA + bu)... . (a, + bug, 
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where 6, > 2 and y, is what V, beccmes when u and v have been changed to A 
and — u respectively wherever they occur in it, If 8, — 2, each point where $ 
meets the double line will be a double point of $, in which case p is evidently 
even. . 

If U, eis, Ui then will @ pass through the pinch-point a times, 
while each of the a branches lies in the first sheet in the neighborhood of the 
pinch-point. Similarly, if KS V; 4, then will $ pass through the 
pinch-point @ times, while each cf the @ branches lies in the second sheet in the 
neighborhood of the pinch-point. And, in general, the curve $ has the pinch- 
point for a point of multiplicity y when, and only when, U,. ,. ein, Ul, 
and the point where any generator aA + bu = 0 meets the double line is a point 
of multiplicity y on the curve @ when, and only when, 


Up, Vp ES A73. (ad + buy". D. 


Unless otherwise stated, it will be supposed henceforth that every equation 
@ employed is homogeneous and irreducible. 


IV.— The Curve as the Intersection, Totat or Partial, of X with a Surface S. 


To find the equation of a surface A which shall cut the curve & from X, it is 
necessary to substitute x, y, zand s for A?, Au, uv and g? — Av respectively in 
the equation @, or in a, where o is such a factor as shall render this substitu- 
tion possible. Evidently, this factor o must be homogeneous in A, u, v, and let 
its degree be denoted by n’, while m’ shall denote the degree of the equation ap 
in x, y, 2,8 after the required substitution has taken place; hence, m’ will 
denote the order of the surface S. If nj denote the degree of o in the variable 
v, then will a residual intersection of order at least as great as w +- n; result- 
from the intersection of S-and &, and, therefore, that the curve $ be the com- 
plete intersection of S and X, it is necessary that n' + n/= 0; i. e., it must be 


true at once that 
® =f (a, Au, uv, ee a Av) =0, 


so that the required substitution may be immediately possible. Since in this 
case v enters into & only in one or both of the combinations uv and p? — Av, and 
since one or both of these combinations must make up a term C (uy)*. (u? — Av)? 
of $ where a + 8 — 1/2. (else would $ be reducible by the factor A), it is 
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clear that in every case of complete intersection p — 2g. Again, when 

9 zz f (X, Au, uv, uà — Av) = 0, 
the intersections of $ with the double line in the first sheet are given by an 
equation which is obtained directly from the above and may be called 


p 
J! (uy —2Av)/v? = 0; similarly, the intersections of @ with the double line in the 


second sheet are given by an equation f" (uv, "T — 0; if the divisions by v 
and u be performed, tese become respectively j” (u, — Alz 0 and f" (v, u) = 0; 
but, since these two equations are made up of the same terms, it is clear that 
f'=f"; i has been shown that two equations f(u, — 2) — 0 and f(v, x) --0 
give the same points of the double line; hence, when $ is capable of immediate 
substitution, not only must p= 2g, but also every point where $ meets the 
double line must be a multiple point of $ resulting from the occurrence there 
of a pair or pairs cf branches without superfluous branches; the same is 
geometrically evident whenever the intersection is complete. In general, 
m = 1/2.(p-- m), siace the required substitution changes a quadratic to a 
linear factor in every case; hence, when n’=0, it follows that m = 1/2.p; 
and, since . l 
$p=p+ip=ptq=m, 

no residual intersection can appear, and the curve $ is the total intersection of a 
surface S of order à p with = when, and only when, 


PES (2, Au, uv, è — A») — 0. 


Thus no curve (p, g), where p is odd, can be the complete intersection of any 
surface S with X. This also is at once evident geometrically. 
If PESO, Au, wr, i — w) — 0, 

it will be necessary to multiply @ by such a factor o of degree al in A, u, v and 
ni in v, where n>1, as shall render the required substitution possible. The 
curve @ in this case will not be the complete intersection of any surface S' with 
E, but there will result a residual intersection of order at least as great as 
n'-+nj. The order of S being m = 4 (p+ n). m will be a minimum when 7’ is 
a minimum; and those surfaces 9 of the lowest possible orders, cutting the 
curves @ from X, are of special interest, and will be given-particular attention. 
Since, as has been noticed, the required substitution replaces a quadratic by a 
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linear factor in every case, it is clear that ai must be even when p is even and 
odd when p is odd. 

Since v can be replaced in o$ only in ‘the combinations u» and Av (the latter 
occurring in the form vë — Av), it is clear that no term of o$ can contain v to a 
power greater than the sum of the powers of A and u in that term, and this will 
be true especially of those terms of o@ coming from terms in $ which contain 
the greatest, i. e., the g™ power of v; hence, if p< 29, it will be necessary that 
o contain in each of its terms A or u, or both, to a power or sum' of powers at 
least as much greater than the degree of o in v as is the excess of g over p — q; 
i e, it. must always be true that p + a > 2(q + nj); since m' = 4 (p + n’), it is 
now seen that m' >g + nj, and hence the lowest possible order of S is at least as 
great as q in every case; it has already been found to be g in the case where 
(», oi is the total intersection of Sand X. 

If o involves v, then will o conzribute to zhe residual intersection of S and 
X an irreducible curve of order at least as great as two; while, if o does not 
involve v, it can bring into the residual intersection' only generators, n’ in num- 
ber. Therefore, unless otherwise stated, it will be supposed that o is a homo- 
geneous function involving only A and u, aad consequently representing n/ 
generators. 

Having chosen, then, o, for any given curve $ in such a way that p +T Z: 2g 
and even, every term of a, = 0 can be at once resolved into a constant times a 
product of powers of aw ‚av, Au, 2? and g? ; and, further, since 


Dal, (1) = (un). Or ifa 
= (uv). (AP (ar)? if 28 >28 
= (ur) (Au). WITT ifla, 


it follows that this factoring of the terms 0,9 = 0 can always be done in such a 
way that no term contains both A» and u’ as factors. When œ= 0 has been 
thus factored in each term, the substitution of x, y, z for A, Au, uv respectively, 
as many times in each term as each of the faetors in question occurs there, is at 
once possible; and thus the equation o,9 = 0 is made to involve the variables 
2, u, v only in the combinations Av and vi Since s is to be inserted in place of 
uU? — Av by the required substitution, it is permissible, as a step toward that end, 
to replace Av wherever it occurs in che factored form of o — 0 by vie, so 


Ne 


25 
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that any factor (Daf now becomes 


Qo) = lw — 8) = (y & C Py eee "M 
+0... CPI + 8%, 


containing only s: and powers of u^. Thus is 0$ = 0 made to involve only 
x, y, Z, 6 and u”, and in this form, arranged according to powers of u’, it may be 
written thus: 


Gp = (P+, byt (aio 071,4), + Uu | 
T Get EN poi Fota =O, 


where 4», represents a homogeneous polynomial in x, y, z, s of degree x. 

Let 0, and 6, derote the number of times that A and u respectively occur as 
factors of all the terms of a, so that o, — A^. u^. o]. an, and let it be assumed 
for the present that & — 0. Since the variables x and y can occur in the above 
equation only from the substitution of the same for the combinations A? and Au 
respectively, it is clear that that equation can contain neither of those variables as 
a factor unless the equation œ, = 0 contain A as a factor; that case has now 
been excluded, for by supposition $ is irreducible and 9, — 0. Similarly, since 
the variables z and 3 enter above only from the substitution of z and w? — s 
respectively for uv and Av, it follows that the above equation 0,9 = 0. can have 
neither z nor s as a factor; for v is not a factor of all the terms of $ and does not 
occur at allino,. If’ occur p times as a factor of the equation in question, it may 
be removed by dividing by vr and making a corresponding reduction in 0,. But 
such a limit can be found for 6, as shall make the occurrence of p? thus as a 
factor of this equation impossible, and in the following manner: Among the 
terms of $ is one at least without u, and consequently of the form C. AP", »* 
where 0 Sa <q; such a term, when multiplied by the term of o,, which is of 
the lowest degree in u and may be expressed as C". 47 ^^, u^, will lead to one of 
the terms of lowest degree in vi in the derived equation; and, if the factoring 
and substitution be performed thus: 


OR. SEO. (uv Qr) 7t qa cime mm (utei 9 us 
if06,23(p-F«); or thus: 
= O". (uv (Ao). APE d a 
ifa SO EA (p +4); or thus: ` 
EM a Qay-ts POH Sm ea 
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if 0, <<a; and only in the first case does the term in question give rise to a term 
or group of terms containing u” as a factor; therefore, aterm which shall not 
contain the factor u? will always be found in o,9 = 0 if 0, € 4(p+ ) ; and, in 
‘general, if 0, = (p 4- v)-F y, then will (i)! be a factor of every term of the 
equation o,$ — 0. Unless otherwise stated, it will be supposed henceforth that 
6, S (p +T) +1. 

Among the terms of ¢ is one, at least, without A and, consequently, of the’ 
form C.gu?-*. 9^, where 0<a<g. Sucha term, when multiplied by that term 
of o, which is’ of the highest degree in u and may be written C’.u", when the 
required substitution is performed, gives 


Owen, OF. ut = O". (uy. (P+ — OM, (gf 075 ze, 


One or more such terms must always occur in the equation o, —0.' All the 
terms in @ which are free from A, together determine, as has been seen, the 
points where the curve @ meets the double line in the second sheet; evidently, 
the lowest value which a takes in these terms is the same as the order of the 
multiplicity on the curve $ of the point 4 — 0, w=0, if that multiplicity have 
reference here only to the order of intersection at the given point of the branches 
of $ lying in the second sheet in the neighborhood of that point; i. e, if the 
smallest value which a, as here defined, takes in the equation of the given curve 
| $ be denoted by a, then will a, give the number of times the curve & passes 
through the point where the generator u= 0 meets the double line, that point 
being here regarded as lying in the second sheet. Hence, the equation 0,9 = 0 
may always be written thus: 


o, zz (uhi tI, 2%, aby + (Wot, doceo 
n5 (wY a Ne un Se Us er VA o +n) —0, 


where the first term and one, at least, of the last two terms must occur. Since 
$ involves the variable v in some term or terms to the power g, but no higher 
power of that.variable, and since o, does not involve » atall,it follows that 
0,9 = 0 has likewise in some term or terms the variable v to the power g, but 
contains no higher power.of that variable. Those terms in od = 0 involving 
the ah power of v have as factors, when that equation has been put in the fac- 
tored form for substitution, the expression or expressions of the form (Av)*. (ur) 
where p + c =q; these give rise to terms in o,$ = 0 involving ez, and, con- 
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sequently, the equation 0,6 = 0 is of degree g in the variables z, sin some term 
or terms, but of no Ligher degree in those variables in any term. Therefore, 
Vico. i8 of degree af least as great as 3(p+r)—g—x in the variables 
x, y in every one of iis terms. 

The equation Zug g (ys + az) =0 may be written y? = an if m= ys+az. 
Since the substitutior of y? for za or of xx for af in any or all the terms of the 
equation of any surface A which cuts the curve $ from X, is equivalent to 
replacing S by anothar surface Si whose equation Mi S + J/,, ,.X, where äi 
contains the entire intersection of S and & and is of the same order as J, it is 
clear that such interchange of y? and ez in any of the equations now under con- 
sideration is allowable; and this means of effecting a change in the equations in 
question will frequently be employed without further explanation. 

Under the condi-ions of the required substitution, any even power of u? as, 
e. g., (GI, can be expressed thus: 


éi = (P) (5 + Av)" = (s + hae)? = (s + yz) 
= (niet... gis yl) + yu, 
which, if S 23, can be expressed otherwise as 
GP te (EL get e m 
c mn (Ey + = a (nys + xz). 
Similarly, any odd pcwer of u? as, e. g., (1), can be expressed thus: 
(EPE Ié "ier ja, Ey eye 
which, if 7 > 2, can be put thus: 
(= (oy te Le, Py isa oo En. äis, anert myrti. 


By the application of this method of reduction the necessary number of times, 
any power of u, as, e. g., (u?)*. where 073, can be brought into the form 


(E) = (y 7 Q9) A tt eaa 


where y, has the value 3 or 4 according as 6 — 2"-- pg, or 2*+ ,, while 
$171,2,8,.... 2*7! anc p= 0, 2*1 p 1, 20714 - 2, ...., 7 —1j Vi, de- 
notes a homogeneous polynomial in x, y, z, 8 of degree 6 — r in all four variables 
together and of degree at least as great as unity in a, y. 
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Applying this method of reduction to o, = 0, it is evident that, whenever 
i (p EN 7)— 02,23, the term (icy *)—^55». de gives rise to a term or series 
of terms which, arranged according to descending powers of w’, begin thus: 


(ud). gogo gu, aha + EN d e 


and may be written in the form 

(uh). (z, sf *7 4 LLL. 
and the entire equation thus finally takes the form 
0,9 zz (ug). (z, s) 07 + (WY Mle gat rn 


m- 
+ (Y. Vitne + ar Vito + Odie anit 34094570 


The terms making up any one of the groups designated by dia. may be of 
two kinds: first, those obtained by the reduction of terms of o, — 0 which 
involve (uf, where 02:5; from the formule above it is clear that all terms 
entering thus in j/,4,)_1 must be of degree at least as great as two in x, y, and 
all terms entering thus in di aa must be of degree at least as great as unity 
in z, y; and, secondly, in any group die Aan where r7» 1, there will be 
included the terms of du. without change therein; terms in 4/4 4... Com- 
ing from 34,,,,,.., are known to be of degree as great as &(p-- 7) —9 —2 in 
æ, y; and this will be as great as unity waenever 4(p+r)—g23. The first 


group of terms and one, at least, o? the last two groups of terms in op = 0, as 
written above, will in every case actually occur, and y, can have one or both 
the values 3 and 4 but no other; in case y, takes both the values 3 and 4, the 
first group may be broken up, according to the third and fourth powers of u? 
then occurring, into two groups of terms. 
From the equations of substitution, y! = zx, X = x, Au - y, ete, it is 

easily found that l 

Vue = y 

Mul = AP (u's + yz) = 47s + y= ym, 

us = Vu? (uis + yz) = ysn + y^; = (ys + xz) x — 7’, 

Vu =A (Ws + yz) = ysn + wasn + yan = (sa + yz) a. 


- 
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Consequently, the multiplication of 00 = 0 by 2? will make it possible at once to 
complete the desired subszitution and, therefore, leads to the equation of the 
surface Sin the form 


SEW. (z, e 0797 Em A TEE bY hota E ua = 0. 


The order of the surface S is m' = (p -F- v) J- 1. The first group of terms in 
the equation as writien is of degree two in c, y; the second group is of 
degree as great as three in x, y if à(p--v)— 9 23 and as greatas two if 
3(p-+r)—g<3; the last two groups are of at least the [} (p + «) —q + Um 
degree in ~, y; and neither the first nor both the last two groups of terms can 
be wanting in the equation; while, if }(p+7)—q=0, the occurrence in 
od = 0 of a term or terms cf the form (A, u)? +""2.»° leads to the occurrence in 
the equation of S of a term or terms of the form c. (e, s)! ^ *?, and, consequently, 
the last group of terms must occur whenever 4(p 4-7) —9 — 0. Hence, if 
3(p-+r)—g2z1, the surface S contains the double line of X twice and has con- 
tact of order i(p--7)—9 — 1 with the first sheet of X all along that line, 
while the two sheets of S form a cuspidal edge of contact w:th the first sheet of X 
all along that line whea }(py+7)—qg2>3. Ift(p+7)—q= 0, the surface 8 
contains the double line of X once and has contact of the first order with the 
second sheet of X all along shat line. In either case, the double line of X occurs 
as a component of the residual intersection 3(p -F*)— g--1 times in the first 
sheet of = and twice in the second sheet of SZ. making a total order of 
4(p +7)— g+ 3 for its contribution to the order of the residual intersection. 
o, introduces v generators of X into the residual intersection, and thus there are 
already found, as belorging to the, residual intersection, straight lines together 
making up an order of 4 (p + 3v) — q + 3 in that intersection; and, since 


3[$(pd 2) 1] —[$(»p 32) —9 3] — pt qm, 


these lines constitute tae entire residual intersection. 

. The results given above apply to those cases where $(p--7)— o, hasa 
value not less than 3; x, has been seen to denoie the order of the multiplicity of 
the curve & at that poiat in the second sheet of X where the generator u= 0 
meets the double line, i. e., the number of points of the curve $ which lie in the 
second sheet at that point. This is not a singular point of the surface >, and, by 
a change of coórdinates, it is always possible to give such a form to the equation 
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of the curve & that a, shall take a lower value, which lower value may, in gene- 
ral be made to be zero. For this purpose, it is only necessary to choose for the 
plane y — 0 a plane containing no point of the given curve on the double line in 
the second sheet. In this way all cases where 4 (p + 7) — a, <2 can be referred 
to those already considered. But Zor the sake of poss some conditions 
regarding the nature of the surface A, the cases where a4 C & (p 4- 7) — 2 will 
now be somewhat further investigated. 

Given, then, a, 2 4 (p + v) — 2, it is possible, by the methods employed in 
the general case, to reduce o,@ = 0 to the form 


Op = (Weta en, de E PY tea nat (WY its 
, 7 
TOi ens e Piwra t E V oai t etn 720, 


where E: 0, and hence may be removed by division. There now arise three 
cases, in each of which the equation of the surface S is readily obtained on the 
multiplication of the above equation by A and completing the substitution 
throughout. These three cases are 


1. Ho,=3(p +7) — 2, 

SS ye BO nat hotam e. uua = 0; 
E (eer ei: 

SSP Pet uai te A idis. Bron eas 


in both these cases the first term and cne at least of the last two groups of terms will 
occur, and the surface S contains the double line of Z twice if $(p + 4) — 97 1. 
3. Ifa = } (p +7), 


SEx APH Ed su] Hn. Vt 40-1 YF Wwtn-1= 0, 


where the first group of terms is never wanting, and the surface § contains the 
double.line of & once. In all three cases dau is of degree as great as unity 
in 2, y; hence, if 4(p+7)—gq21, the surface S contains the double line of X 
twice and- has contact of order 3(p 4-7) —4 — 1 with the first sheet of X all 
along that line; and, if $(p--7) —9 — 0, the surface § contains the double. 
line of X once and has contact of the first order with the second sheet of X all 
along that line. Therefore, here, just ds in the general case, the residual inter- 
section is entirely made up of the double line of X occurring Ain + z) —g 4-1 
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times in the first sheet and twice in the second sheet of X, and of generators of X 
to the total order e introduced by o,. ` 

Since tke surface S contains the curve @ but once in general, the equation 
of that surface will not contain X, nor the equation of any other second surface 
through the given curve, as a factor of all its terms; and, since $ is by supposi- 
tion a proper curve and the entire intersection of S with X has been found to 
consist of the curve $ and straight lines, it appears that the only cases in which 
Sis an improper surface occur when AS is made up of a surface containing the 
* given curve and another surface or surfaces cutting froro X only straight lines, 
the double line and generators of X. Such supplementary surfaces are made up 
of planes through the double line of X, and, consequently, are represented by 
equations of the form asv + by= 0. Thus S will be, in general, an improper 
. surface only-when its equation contains one or more polynomials of the form 
ax + by as a factor or factors of all its terms. Since these polynomials are each 
homogeneous in the variables x, y, if the terms of the equation of S be arranged 
in groups according tc the degrees of those terms in x, y, every such group must 
by itself contain each such polynomial ax + by as a factor; and, since the equa- 
tion of the surface Sis in no case of greater degree than two in x, y, not more 
-than two factors of the required form can ever occur. 

If, then, az + by be a factor of all the terms of the equation of S, the plane 
ax + by = 0 cuts from X a generator introduced into the residual intersection by 
o, unless b= 0; and if any other of the single infinity of generators of X be sub- 
stituted in o, for the generator cut out by the plane in question, the existence of 
a corresponding factor will in general, be impossible in the equation of S, and 
the surface will become in that case a proper surface. To determine in what 
cases 6 can have the value zero, let it be supposed that x is a factor of every term 
in the equation of 8; the plane o — 0 contains the double line in the second 
sheet of = twice; the residual intersection of .S with X contains that line 
in that sheet also twice ; if; now, the factor x be removed from the equation of 
S, leaving the equation of a surface 8’ of order $(p + 7v), the residual intersec- 
tion of 8’ with X cannot contain the double line in the second sheet of X at all; 
but, if 4 (p + 7) —q=1, the equation of S being of the second degree in x, y, 
the equation of S’ must be of the first degree in those variables, and hence 
the double line of E must still occur at least once in the residual intersection of 
S' with E; and, if 4(p+7)—q=0, the equation o? SI will be of zero 
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degree in x, y, and, consequently, the residual intersection cannot contain the 
double line of X; on the double line in the first sheet of Z are p—q points 
of the given curve and v points where the 7 generators in o, meet that line, while 
on that line in the second sheet of X are q points of the curve only ; since the 
curve and the v generators must make up the entire intersection of SI with X, 
itis evident that either v = 0 or else the v generators are so chosen and the 
nature of the curve is such that the combined locus of the curve and the ¢ 
generators have a pair or pairs of branches wherever it meets the double line E 
` since this latter condition is not, in general, fulfilled (and may always be 
avoided by appropriate choice of o, if #0), it follows that must here have 
the value zero. Butin that case p = 2g, m'— à (p + ©) = 4p, and the case is 
that of complete intersection which has been excluded from the cases now under 
consideration. From another point of view, since the equation of the curve con- 
. tains a term ën, 5^, there must occur in od =.0 aterm of the form w? ** 7^, y^ 
and a can be a factor of all the terms of the equation of S only if here 
p + %— a, Sa; but this condition can be satisfied only when p + ¢ = 2a, = 2g 
(since a, = q), and hence, as explained on page 189, the curve @ must have all its 
branches in the second sheet in the neighborhood of the double line meet that 
line at the point where the generator u — 0 meets it; in other words, the point 
in the second sheet where the generator u = 0 meets the double line is a g-tuple 
point of the curve $ in that sheet; and not only must every branch of the curve 
® in the first sheet of X in tae neighborhood of the double line pass through this 
same point, making it (p — q)-tuple in the first sheet, and hence a p-tuple point, 
on the curve $ as a whole, but also must o, have been made up entirely of the 
generator u — 0 occurring v times, which, in general, will not be the case. 
Hence, the cases of complete intersection being excepted, the equation of the sur- 
face S will contain the factor « any when a, has been chosen i in a very special 
form, i. e., when o, = w or C. w. 

-It has been seen that, when 4 (p+r)— 0,23, the equation of S has the 
form 

SE m. (2y dere? La, eai Pau ai eeu = 0. 


If4(p +7) = q 2 3, the only terms occurring here in the second degree in a, y. 

are contained in the first group and involve those variables in the form (as + yz); 

hence, no factor of the form ac -+ by can occur in this case and NH is a proper 

surface. If $(p-F7)— g= 2, terms of the second degree in w, y occur only in 
26 


i 
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the first two groups of terms and all have the factor 1; therefore, at most, a . 
single factor ax + by can here be found; if such a factor does occur, the plane 
dr + by =0 cuts from X a generator contained in o,, and the substitution of any 
other generator in that expression in place of the one there occurring will, in 
general, lead to a proper surface S. If (p +7) — q — 1, terms of the second 


. degree in x. y can occur in every group above, and if ore or, at most, two fac- 


tors of the given form occar, other -generators may be selected for replacing in 
à, the one cr two cut out by the plane or planes in question and a proper surface 
S will, in general, be thus obtained. If, finally, 3 (p-+¢i— q = 0, the terms of 
the first degree in x, y all occur in the last group and have x as the only possible 
factor of the required form; but it has been already seen that a proper surface S 
can in. this case always be found. 

There gtill remain tke cases where 4(p +7) —a,X2, but these can be 
referred, by a change of codrdinates, to. those already considered. It is clear, 
however, from the forms of the equations of S,as given on page 193, that. 
the results obtained above find immediate’ application here; and, since a, <q, 


‚only those cases where 3 (p + 7) — g € 2 demand consideration. The equations 


of S, as well as the fact that the point cut from the double line in the second 
sheet of = by the plane y = 0 is a point of multiplicity cf order o 2 q — 2 on 
the curve & in that sheet, suggest that in the cases in question the methods fol- 
lowed, without change of coördinates, may lead to the cecurrence of the plane 
y 2:0 as a.component of the surface 8. An upper limit for 6, which shall 
render this impossible, is readily obtained thus: The term of the equation of $, 
iu which A is wanting and v appears to the power a,, when multiplied by that ` 
term of o, which is of the lowest degree in u, will take the following form for 
substitution : 


Oma y. ON ih = OI (yrs (Ay 27^ ur) 


if 6, < 2a, — p; and this condition for $i is, then, a sufficient one to insure that ` 
the equation of the surface S be not reducible by the fastor y. This eondition, 
in the three most unfavorable cases, takes the forms 


L 4$, when i(p+c)=@ 
2. 6,Z«—2, when 3 (p 4- 2) xq +i. 
8. se whens (pps) its 
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Since the generator u = 0 is in no way singular on E, whatever is true for it 
may, by a change of coördinates, be made to apply, in general, to any other - 
generator in the first sheet of E. And it has been seen that S is a proper sur- 
face at once, save only in those cases where o, contains a certain generator or 
generators, having a particular relation to the curve in question, more than a 
certain easily ascertainable number of times. From the single infinity of gene- 
rators on X it will always be possible to make up o, in such a way that these 
exceptional cases may, from the outset, be avoided. 

It is now clear that in every case, in general, where ¢ is so taken that 
p + 7 2: 29, and even, while in addition 0, — 0 and 6, S & (p + 7), then can the 
method given be made to determine the equation of a proper surface S of any 
desired order m = &(p-Fv)--124p-F1. Since a surface, H of order 
} (p +7) +1 cannot contain a line of greeter multiplicity than 4 (p + v) with- 
out breaking up into surfaces of lower orders, it is evident that S must have 
contact with X of order at least as great as one all along the generator u= 0 
whenever 0;— (p + v) -- 1. Since the generators together make up a total 
order v in the residual intersection, there will be contact between S and X all 
along one or more of the generators of X in question whenever less than « dif- 
ferent generators enter in o,, unless the occurrence of one or more of the gene- 
rators in question as multiple lines of S accounts for the entire number of lines 
of intersection by which v exceeds the number of different generators involved : 
in œ. In general, then, subject to the conditions already given, o, may be chosen 
to contain any v generators whatever lying in the first sheet of E, or any lesser 
number of generators in that sheet to become, in part at least, multiple lines of 
S, or lines of contact between the two surfaces S and X ; but, in every case, the 
total order in the intersection must be v, no generator can be of multiplicity of 
order greater than 3(p+r) on S, and any generator occurring more than 
3 (p + r) times in the intersection is a line of contact of 8 with X. 

Ifit be desired so to choose a, that a reduction by one or two degrees in 
the order of the surface H be obtained, it is evident that 7 must be so chosen as 
to make 3 (p + 7) — gq = 0 or 2 for a reduction by unity, or & (p + «) —4 —1 
for a reduction by unity or two. And, further, it must be possible to choose o, 
in such a way that at every point where a branch of the curve $ meets the 
double line, shall occur a pair or pairs of branches of the locus 0,® = 0, if the 
reduction is to be by two degrees, or if 4 (p + 7)— g = 0 and the reduction is 
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to be by unity. Sufficient conditions for the reduction o? the order of the sur- 
face S in the special cases, where alone such reduction is possible, will not be 
considered further here. . l 

The cases where A occurs as a factor of all the terms of.@,, and where, con- 
sequently, 6,7» 0, can all be solved in a manner enzirely similar to that 
already given for the cases where 0, — 0. The term of highest degree in u 
arising in o, — 0 from any term C.27-7*-?.u*. 5? of $ — 0 is of the form 
O'I APTE, yttre y, which, when factored in the manner prescribed for 
' substitution, becomes 


C (u). (Au) T+, (ufi 79-5. if 9,  3(« — p) ba. 
Since o must take the value a > p — q in some term of $ = 0, a sufficient con- 
dition that some term of 0, = 0 in this case contain Li, where e > 2, is-that 
6, <S4(p +7) —9—1;and, if 0, = 4(7 — p) + a, — 1, where a, is the largest 
value assumed by a in the equation of $, then will u? occur in o,9 = 0 while vi 
will not occur in that equation. Hence, the condition 0,2 (p + v) causes 
o =0 to be at once the equation of the surface S, which may be a proper sur- 
` face if a, = p, but will contain as a component the plane æ = 0 ifa, S p—1. It 


will now be supposed that 6, is allowed to have any value consistent with the 
newly obtained condi-ion, viz., that 


6,S$(p--*)—94—1. 


This condition involvas that p + « — 0; 7 29, and hence the equation o dë = 0 
can, when p + 7 — 0. is even, like the equation ©,9 = 0 cn page 188, be written 
in the partially substituted form thus: 


ER aby + (inem po 
. 4 (2077754), d... TR P dep og ero =: 


If p + * — 6, be odd. the equation o, a = 0 will take the same form, with the 
exception that an odd instead of an even power of u is a factor of every group of - 
terms save the last, and that the last group of terms has the form X s.c, o y 


Tu. A seca cis but in either case multiplicazion by 2873. after me method 
used when 8, = 0, leads to the equation of S in the form i» 


S=[r.(e, RUN +7. %r+a-a-:]9° + Dein, 
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if (p +7) — 9 — a 2 3; but in the form 
ës [yz . d 9 9779 E m NI ae 2i] y^ +Vote =0, 
if $(p + +) — 6,—a,= 2; and in the form 
SE [p 007857! Ae, Dani + Vena = 9, 
if 4(p +7) = 0, — a, = 1; and, finally, in the form 
| Sz [m dii m eas id Y E Manta O, 


if$(p+7)—0,—a,=0. 
Just as in the case where 6, = 0, so here it can be shown that neither the first 
nor the last group of terms can fail to occur in the equation of the surface S; 
and, when 4(p + 7) —4 2:1, the surface contains the double line of X 6, +2 
times, and has contact of order $ (p -+ +) —qg—6,—1 with the first sheet of 
X all along that line; similarly, if 4 (p + +) — g — 0, the surface S contains the 
double line of X 0, +1 times and has contact of the first order with the second 
sheet of X all along that line. Consequenily, the residual intersection is here 
entirely made up in every case, in generzl, of the double line of X occurring 
(p++) —q 4-1 times in the first sheet and 6, + 2 times in the second sheet 
of X, and of generators of X to the total order r — 6, introduced by o,. ,. 
Hence, the generator of X lying coincident with the double line in the second 
sheet enters like any other generator into the residual intersection, so long, at 
least, as 0, has any value within the limits assigned; and thus this case can be 
included in the general one and the results of the considerations of the nature of 
the surface S, and of the resultant residual intersection in particular, may be 
extended so as to include all cases, without making any distinction between the 
generator in the second sheet of X and any other generator of that surface, pro- 
vided only that 6, and 6, do not exceed the limits J(p+r)—g—1 and 
4 (p + T) +1 respectively. Therefore, there may be stated the following 
THEOREM: A proper surface S, having for iis partial intersection with X 
any gwen proper curve of order m on X, can be found of any desired order 
m = b(p-c)--1,where v 2 0, and p+ > 2g and even, whose residual inter- 
section with > shall consist entirely of the double line of X occurring  (p4-v) —q4-1 
times in the first sheet of X and twice in the second sheet of X , together with arbitrary 
generators of X occurring im such manner as to give a total order of x in the intersec- 
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tion, while no particular generator occurs more than 4 (p + «) — q —1 times among 
such arbitrary generatcrs. f 

~ In general, o, must have , < 4 (p +7)— g — 1, and, for values of 6, which’ 
are greater than zero, the generator in the second sheet cf X must be regarded 
as occurring 6, times in the residual intersection, in addition to the two times 
given in the theorem. That this line always occurs twice in the residual inter- 


section is the natural result of the multiplication of 09 = 0 in every case by Ai 
Also must o. have 0; : 4 (p + +) — 1, and, if o, introduce only generators in the 
first sheet of Z which do not meet the given curve on the double line of E, the 
particular method of substitution given will lead at once to a proper surface S. 
Clearly, by varying the form of o,, an infinite number of such surfaces S of any 
order m = 4 (p +7) +1 can be found for any given curve d, 


WILLIAMS COLLEGE, February 1, 1900. 
(To be continued.) 
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If f denote the total order of intersection of the sheet or sheets of S with 
the two sheets of X all along the double line of the latter surface, f, denote the 
-component of that total order arising in the first sheet and f, likewise the com- 
ponent of that total order found in the second sheet, f; (s = 1 or 2) denote that 
component of f, due to simple or multiple intersection alone (with regard to the 
sheet indicated by s, or both sheets, if s is not written), regardless of contact of 
sheets, and /7 likewise the componen; due to such contact between sheets of S 
and E, while g, and g, in like manner denote the total orders, in the residual 
intersection, of the generators brought in by o, in the first and the second sheets 
, of X respectively, then will 


FHAtThHATATA TAH HS +f ad ff 


while, in general, 

f=3(pt+r)— +38, A=k(p+r)— q+ 1, h= 0; + 2, gi — v —6, 
and g, = 6, (which last, g,, is included in /, and will henceforth be omitted save 
as it appears there), The general case may, then, be written thus: 

m =}4(p+r)+1, At=tptA—¢qti1, f—60,02, g 727—060, 
where o = A*.o,, p + 722g and even, and 0, 4(p-F«)—4-—1. And here 
will 

A=h=1, 1 =0, 2 = 1, 
if p+ v = 29 ; while 
A=A=h+2, A —ki(ptc)—q9—0 —1, =, 
if p + v > 2q. 
The cases where S is the surface of lowest order which can be passed through 
the given curve on X, can now be solved readily. 


If p= F(a’, Au, uv, u? — av), the case is that of complete intersection 
already considered, pages 185 and 186, and may be expressed thus: 


JL ezF(A,Au,uv,u5—2»), p= 24, m'—ip, f—9g,—0, oH. 
If e xz F(A’, Au, uv, i — Av) and p> 2% and even, the results above show 
that v can be given the value zero, leading to the general case 


L EFF uv, P —2), pz9qg,peven mM=}p+1, 


A-—O7$p—93441 J= 2, 9170, Q LM, 
27 ` 
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while 
: fius). Het, Fi xm, dx 
~ but yu emu fi=tp—q—1, fj-—0,i?p299. 


If p > 2g and odd, an important special case arises when 
b =A. Fi (27, Au, uv, i — Av) + u. (A, Au, uv, u? Aal: 


for multiplication by A allows the substitution to be entirely performed at once, 

giving S=a. F(a, y, 2, s) -- y. F(x, y, 2, 5) — 0, where m’=}(p +1) and 

S contains the line c, y once, so that this line occurs twice in the residual inter- 

section of the two surfaces. In order that $ may not be reducible by the factor 

A, it is necessary that some term in F, contain v to the degree 4 (p — 1); hence, 
this case can arise only when o = 4 (p — 1), and may be described as 


JP. Q$mAPCBaKS p-—3q-i, m-—i(pcil), 
A=A=1, 47—90,.o0z25 and ff = f = 0. 
Geometrically, this case includes only those curves which have q pairs of branches 
along the double line of 2; i. e., at each of the g points where the curve $ meets 
the double line in the second es, a branch of the curve meets that line at the 
same point in the first sheet; but, since p — q =q + 1, there is one more 
branch in the first sheet in the neighborhood of the double line than there 
are branches in the second sheet in the same neighborhood, and, consequently, 
the introduction of th» double line in the second sheet completes the intersec- 
tion by forming a pair of branches with the single or superfluous branch in the 
first sheet. This case forms the nearest analogy, when p is odd, to the case of 
complete intersection, where » is even. 

When $ = 0, with p > 2g and odd, does not have the special form just con- 
sidered, it is evident that the surface S of lowest order is obtained by giving Lo 
v the value unity, leading to the case 

IL 9#AR + uh, p> podd, m —ip3. A-iQ- 3-9 
At» gs —1—60, vera, , 
_ and A=Ah=1, ff—0, fü—a if p +1= %, 
but — f—f[—6-3, fü—i(p—1—9—9. Ao, if p 127. 


If p < 2q, « must have a value greater than zero in the general case, since 
the condition p + 7 È 2q must be satisfied. The surface S will be of the lowest. 
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possible order when ¢ is given its lowest possible value v = 2g — p, leading to 
the case 


IL pS, m'-—g4-1, f=, Rz g-—2Qq— p, o= Aa, 


and 0, = 0, since the condition ¢,<4(p + T)— gq — 1 here becomes impossible ` 
of satisfaction by any positive integer. But special cases, in which a surface S 
of order lower than g + 1 can be passed through the curve $, may occur here. 
If 9 zz A. F (X, Au, uv, i — Av) + v. FS (27, Au, uv, Mi — Av), multiplication by 
u allows the equation of A to be obtained at once in the form Sz y. Fi (æ, y, z, 8) 
+ 2K, (x,y, 2, $) - 0, where m = $ (p + 1) and the generator u = 0 is known 
to belong to the tesidual intersection. In order that the equation as given may 
not be reducible by A, it is necessary that some term of F, involve the variable 
v to the degree $(p —1); consequently, the given curve must here have 
q=%(p-+1). Therefore, m —3 (p --1)— q; and, since $(p--1)—1 = $(p--1) 
=p +2 (p +1)=p+q= m, the single generator u = 0 constitutes the entire 
residual intersection. This case may be classified thus: 


Il. g=aR+oh, p=g—1, m —q, i=h=0, 1=1, om, 


if gı refer to the particular generator u — 0. Geometrically, this case includes 
only those curves which have q — 1 pairs of branches along the double line of X 
and an extra branch in the second sheet which meets the double line at the 
point u = 0; hence, any curve $, which has pairs of branches without super- 
fluous branches wherever it meets the double line, save that at one point of the 
double line occurs a superiluous or single branch lying in the second sheet in that 
neighborhood, can be cut from X by a surface S of order g, which surface is 
found by the method given, after first making such a change of coórdinates, if 
necessary, as shall bring the equation of the generator at the point in question . 
into the form u — 0. Clearly, this point cannot lie at the pinch-point. 

Still another special case can occur here. If @ be written in the form ` 


SERGE +A. Vpt A. pig tee ARV ees FAL AEA =O, 
it has been already seen that V, zz. V,, where V, = 0 gives the points where 
the curve @ meets the double line in the second sheet of Z. Hence, the equa- 


tion y,— 0, where T, denotes what y, becomes when o and v have been 
replaced by A and — u respectively therein, gives the g generators meeting the 
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double line in the first sheet in the points where the (p, g) meets that line in the 
second sheet. Here will EF = F (Au, uv, u* — Av), so that er. y, gives, 
by the usual method of substitution, o. V, zz g* *. F (y, s, s); ifp>q+1, the 
_ required substitution zan be performed throughout every other group of terms of 
the equation ap = 0 and the equation of the surface Sis at once obtained. In this 
case m! = p, and the residual intersection is entirely made up of the double line 
of occurring p — g times in the first sheet and p — g + 01 times in the second 
sheet of Z, together with the q — 6 generators in the first sheet of X introduced 


by y- 0; here 0; denotes the number of times A occurs as a factor in all the 


terms of V,= 0, and is, geometrically, the order of multiplicity on the curve @ 
of the pinch-point regarded as lying in the second sheet. But the substitu- 
tion can readily be performed by the usual-method in the general case if 
o= 2. V,a, when p--q— 6| is even, or if o= 3. (uA + bu) Ts when 
p +q — 9i is odd, provided in both cases that 6j Sp —g; here 


m = t (p +q — h) +1 and ? (p+q—G%+1)+1 


respectively; that these values be lower than those given in the general case 
for m’, it is necessary that either 6{ > q or 0| > p — gq, neither of which condi- 
tions is possible of fulfillment. However, if p — q, a surface S of lower order 
than that given in the general case III. is found, provided that either W,_,= 0 
or that Ap, V,z F (22, Au, uv, u? — Av); for multiplying by o = V, in such: 
case makes the substitution possible in every group of terms and gives the 
resulting surface S, characterized by m =p, fi— 0, =», m=; 
that 0| = 0, and that, accordingly, the double line cannot occur in the residual 
intersection is clear, since the condition that p =q demands that v! (= v?) occur 
in some term of à = 6, and such a term can be found only in the first group 
V, of that equation; this means that no curve (p,q), where p =g, can 
pass through the pinch-point of X, for the presence of a term containing v” 
in the equation of the curve forbids that the curve pass through the pinch- 
point in the second sheet, and the ‘fact that p—g=0 shows that the 
curve has no points at all on the double line in the first sheet. Geometrically, the 


multiplication of @ = 0 by V, introduces into the locus a} = 0 the generator at 
every point in the first sheet where the curve $,— 0 meets that line in the 
second sheet; consequently, the complete intersection of and X has a pair of 
of branches on the double line wherever that line is met by the curve $ = 0 in 
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the second sheet; and, if p — q, that intersection meets the double line only 
‘in the q points, each one of which is a point of multiplicity 2p (p being a positive 
integer) on the complete intersection in question. The vanishing of V,_, means 
that the conic, whose equation is obtained by equating any one of the p factors 
au + bv of V, to zero, meets the curve $ in two consecutive points on the double 
line of E; or, in other words, the curve $ has in this case the direction of the 
conie au + by = 0 at every point 4 —0, p/v = — b/a, where the curve meets 
the double line. Since b can never take the value zero here, this condition 
demands that the curve shall not have the direction of the double line at any 
point where it meets that line. The alternative condition for V, ,, viz., that 


a. vya p= F(A, Au, uv, u? — Av), since V,_, does not involve A, and since 


Y, does not contain 4 as a factor, requires V,_, to contain p — 1 of the p factors. 
which make up V,. Therefore, at p — 1 of the p points where the curve $ 
meets the double line in the second sheet must it be tangent to a conic whose 
equation is of the form au + bv =0, where b #0; and it is not difficult to see 
that the tangent at the remaining point cannot be the double line itself. There- 
fore, in this case also, the curve $ cannot have the direction of the double line at 
any of the points where it meets that line. This very special case may be char- 
acterized thus: i 


IM. p= V, +A. Vp +A. Woo, A. P, V, FS(a% Au, uv, è — dv), 
es p-—43, md =p, f, —f70, g= p,o = V, 
where g; refers to the particular generators in the first sheet given by the equa- 
tion V, = 0.* ` 
. Collecting the results thus far obtained for the order of the surface S and 
the nature and composition of the residual intersection— 
l 1) When S is a proper, surface of any order whatever not less than $ p +1, 
cutting the curve (p; q) from X, 
m = 4 (p +7) +1,A= (pd s)—q +1, RSh ta = 7 h. 
2). When S is the surface, or one of the surfaces, of the lowest possible order 
cutting the curve (p, q) from X 





* The case where $= F; (A, An, uv, u? — Av) H- 4?. W,.., — 0, since A cannot be a factor of all the 
terms, can be written ¢= F,(uv, p? —2») 4- 2?. Wat, and presents no new result. For, in order 
that the required substitution be at once possible, the last group of terms must have g £3 p —1, or else 
the case must reduce itself to that of complete intersection; but the first group demands that q—1p; 


: consequently, this case offers nothing new. 
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L d p even, m' — Ep --1, DN MES Jo 2, 
gı — 0, from o = 27; 
IL p>2%, p odd m = t (p +3), A=*OT)—G A=2+ 4, 
gı = 1 — fu, from oz Ai, ou: 
II. td mz gi, A 71,72, g= 2¢ — p, from a= 4. gn 


unless-a surface A of still lower order can be found from the occurrence of one of 
the-following special cases: 
I. p= 29, Q9 zz F(X, Ap, uv, i —2»), m' =tp, f=g=0, o=1. 
JY. p= 99-1, o zc A. POD, au, uv, u* — Av) u. P, (id.), 
ad =ilp +1), Asbl, g=0, fi 0, from o zz A. 
IV. p= 2%q—1, pSA.R, (X, uv, gà — Av) + v.FQüd), mw =q, 
Jesse g=0, 9,59 1 from oS qy. 
Im. pop bach | 
A. V, Dm Fa, Au, uv, u— Av), M= p, A=h=t, n= p, from BE 

9 here refers to generators which may be chosen, in general, at will, and 
can be wholly or in part taken over into Jz as g,; while g, refers to generators 
whieh are determined by the given curve and can none of them be transferred 
to f, or otherwise changed in any way without raising the order.of S. This dis- 
tinction between g, and g, will be heeded in the farther use of the terms. 

Under 1) are included cases I., IL., and II, but not the special cases 1.', II’, 
III., and II”. 

It is easy to find, in any of the above cases, the relation, as regards contact, 
of the surfaces S and = along the double line in à either sheet of the latter. Thus: 
it is clear that three cases arise, viz.: h 

a). EA = then A = f= f= f, and f= ff =—0. - 
b). Iff 2j then fj — f; — f. e = fi~ fa and ff -— 0. 
c) Iff i « A, then fi = fi = ff? =J fs and ed, 

The only curves cn X which do not meet the generators at all and, conse- 
quently, are of the species (p, 0) are the generators themselves. Since these are 
not proper curves for sny value of p greater than unity, all curves (p, g), having 
g=0 and p 1, will be omitted in the i E treatment of .the curves 
on X. 

The following Table 1 gives, in accordance with the preceding considerations, 
the possible cases of surfaces S of the lowest possible orders for curves of orders 
1-12 on X. It will be noticed that each general case, where p= 2g, may be 
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regarded as belonging to both Case L and Case III. ; each (29, g) is thus entered 
in the table. 


TABLE 1. 
m KC Case m i f'fsmsms8 m Y Case m Dei 419.919 
. Curve Si ine i Curve . Jg EE 
1 (1,0) I. 1 100000 r. 3 000000 
(1,1 IL 2 101100 (5,4) II. 5 101300 
II. 1 000010 10 (9,1 IL 6 230100 
If. 1 000010 320001 
3 IA 101000 (82 L 5 21000 
IT.1 000000 (53). JL 5 20010 
4 (8,1) IL 3 200100 W. 4 10000 
Il. 2 100000 (6,4) II. 5 10120 
(2,2) IL 3 101200 (5,5 IL 6°10150 
II. 2 000020 HI. 8 00005 
5 (41 IL 8200000 11(10,1) I. 6 23000 
(3,2) III. 101100 (9,2 IL 6 22010 
IY. 000010 31000 
6 (51) IL 4 210100 (8,3 I. 5 20000 
300001 (7,4) II. 5 10110 
(4, PA 101000 HI. 4.00001 
IT. 2000000 (6,5) IL 6 10140 
(3,3 II. 4 101300 12 (11,1) I. 724010 
Ill". 3000030 33000 
7 (61) I 4 210000 (10,2) L 6 22000 
(5,2) I. 4 200100 (9,3) Il. 621010 
I’. 3 100000 30000 
(43) DI 4 101200 Se 10100 
8 (7,1) I. 5 220100 IT. 4 00000 
310001 (7,5) II. 6 10130 
(6,2 IL 4200000. (6,6) II. 7 10160 
(5,8) IL 4 101100 II. 6 00006 
lll’. 8 000010 13 (121) I. 7 24000 
(4,4) Ill 5 101400 (11,2) IL 7 23010 
Ill’. 4 000040 3.2000 
9 (8,1) L 5 220000 (10,3) L 6 21000 
(7,2) IL 5 210100 (9,4) -I. 6 20010 
300001 I. 5 10000 
(6, 3)4 dét 101000 (8,5 IIL 6 10120 
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Since it is only in the cases I'., IIF., and III". that a surface S is found which 
does not have the double line of X for a part of its intersection with that surface, 
it is clear that only in those three cases are restricted systems of equations for 
the curves in question given by the methods here followed. In the case V., the 
intersection is complete; consequently, S= 0 and X — 0 form the simplest pos- 
sible restricted system of equations for the representatior of the curve. In the 
case of a curve coming under IIT., a restricted system is formed by S,=0, 
S, = 0 and X = 0, where A is the surface defined by IIT. and S, is any one of 
those defined by the general case with the value $ (p + 1) inserted for g and the 
condition imposed thet g, shall not contain the generator given by u = 0; thus 
the surface A will be characterized by having l 


m =p, eh; g= E 
while AS, will have 


m =}(p +ü +1 and f, — &(v +1), K=6,42, g, — « — 6, and 6,— 0. 
In the simplest case, where c = 2g — p and 6, = 0, the surface S, is defined like 
the S of Case III. If the curve fall under Case III”., a restricted system is given 
by $,— 0, 5, — 0 and X = 0, where S, is defined by Case III". and AS is any | 
one of those defined by the general case by putting p = g therein and insuring, 
by choice of o,, that g, contain none of the generators given by V, = 0 and rep- 
resented by 7; in III". ; thus 8, will have 


m =p, h=f=0, p=p; 
and 8, will be characterized by | 
m =i(pt+c)t+1, fi-—i(v—p» +1, pet n *—6, 
which, for the lowest value, p, that « can take, gives an 4, having 
l oi pl, f-1,4-—2,9-:5. 


It is now possible to determine how many species of proper curves (p, q) 
may result from the intersection of surfaces S of any given order m’ with X, 
when it is required that S be a surface of the lowest possible order thus contain- 
ing the curve, and hence having its residual intersection made up entirely of the 
double line and generators of X. If the intersection be of such nature as to 


4 
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give any one of the eight cases, 


1) im A-9799; 

2). == 9, — 0; n=l, when m > 2; 

3). =J =g = 0, g= m; 

4). E DEED 
5) Ai=1,ff=2, m=p, g:=0, where 2XpXm —1; 
6). A=p, A2, H=H=0, where1<p<m'—1; 
7). A=p, A=2, 4171,10, where1 Ep E m' — 1; 
8.) Amp A-—93,9 570, where3<p<m'—1; 


and if the residual of the intersection is a proper curve, then is S, in general, a 
surface of the lowest possible order that can be passed through the residual curve, 
X being excepted when m’>4. The lower limit of the order of the curves 
(p,q) here occurring is evidently m = 2(m’ — 1), and the species of the curve is 
given by the following formulas, which are arranged and numbered to agree 
with the cases of page 206: 
L A=p A=2ı = g=0, p= 2(m'—1), q= m —p, 
1Sps m — 1, p> Aug, and even; from 6) above. 
IL. A=p 499, HSH 1; = 0, p= im — 3, q= m —, 
2<p<m —1, p Z 2g and odd, 0, = 0; from 7) above. 
A=p, h= 8, gi 7 fi — 0, DU NO d = m — p, 
3 Sp Sm —1, p= 2q and odd, 0, == 1; from 8) above. 
III. A=1, h=2, Ki =P» K=O, p = 2(m'—1)—p, 
g=m—1, 1<p<m'—1, p $29; from 5) above. 
D f=A=n=N=0, p= m, g=m, p= 2%; from 1) above. 
II. 2:1, A—1, ==), p= In — 1, ue 
= 2g + 1; from 4) above. 
IIT. A49, $170, g; 71, p= m — 1, PNE p=W—1; 
from 2) above. 
Im. A=A=0, g,—0, g, 7 m', p=m, q— m', p=g; from 3) above. 


M B D 
Cases ITI’. and III". become identical when m' = 1, but for no other values of ol 
will any repetitions occur from these formulas. 
The determination of the number of distinct species of curves, as well as : 
28 i 
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the number of their different orders, which can be cut from X by surfaces of any 
order m’ under the given conditions, can now be made. Arranged according to _ 
the above cases, the number of distinct species of curve for any value of m’ 
comes out thus: 


IL p=2m —2,9-m' —1, m —2, ....,1, making m’ —1 species. 


II. pr Band —3, q-—m'— 2, m! —8,...., 1, making m’ — 2 species. 


II. p-2m'—3, 9m' —4,....,m' —1, q— m' —1, 
l - making m' — 1 species. 
I. p=2m', q= m‘, a single species. i 
II, p=2m' —1, 7= m — 1, a single species. 
II. p= %m'—1, 7= m'; a single species. 
III", pcm, q= m, a single species. 


Consequently, all together, curves (p, q) of 
m —1 4 m —2+m—1+4=3m 


distinct species are found. Of different orders, all from 2m'— 2 to 3m’ occur, 
making a total of m' + 3, so long as m’>2; when m — 1, this result must be 
diminished by unity, since no curve of the lowest order, 2m'— 2, then exists. 
Hence, the following 

THEOREM: Surfaces S of any given order m! > 2, can cut from X curves (p,q) 
of 3m distinct species and of m +3 different orders, where S is a surface of the 
lowest possible order coniaining the curve (except Z, if m! > 4) and, therefore, has its 
residual intersection wtth > made up entirely of generators of the latter surface. 

If the curve (p, q) have g=1, a plane through the double line of X will 
contain only one point of the curve not. lying on that line. Such a curve is uni- 
cursal ; the surfaces £, of order m’ > 2, can then, under the given conditions, cut 
from X two unicursal curves for each value of m’; these two curves will be of 
the species (2m! — 2, 1) and (2m — 3, 1) and of the orders 2m' — 1 and 2m' — 2. 
respectively. When m! — 1, the unieursal curves found in the same way are of 
the species (1, 0) and (1, 1) and of the orders 1 and 2 respectively 

Results for the lower values of m/, in accordance with the formulas stated, 
are given in Table 2. In this table, as in some of the preceding formulas, curves 
(p, q), where p — 29, which might be given under both Case I. and Case IIL, are 
inserted as occurring only i in Case I. 


Il. 


III. 
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TABLE 2. 


ocu 


Species 
m' Case of 

Curve 
0 II. (7,3) 
0 | (7,2) 
0 

(7, 1) 
0 
0 IH. (7, 4) 
0 (6, 4) 
0 (5, 4) 
0 (4, 4) 
0 T. (10, 5) 
o IT. (9, 4) 
0 IIT. (9, 5) 
0 III". (5, 5) 
0 8 I. (10,5) 
0 (10, 4) 
0 (10, 3) 
0 (10, 2) 
0 (10, 1) 
0 IL (9,4) 
o (9, 8) 
0 
0 (9, 2) 
0 
0 (9, 1) 
1 
0 II. (9, 5) 
-0 (8, 5) 
0 (7, 5) 
0 (6, 5) 
0 (5, 5) 
0 Y. (12, 6) 
0 IT. (11, 5) 
0 IIT. (11, 6) 
0 ID. (6, 6) 
0 7 I. (12,6) 
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V.— Singularities of the Curves (p, q) on = in Terms of p and q. 


It is now possible to find the singularities of any given curve on X by mak- 
ing use of the knowledge of the nature of the residual intersection of X with the 
surface S, as that surface has been defined in the preceding pages. 

Let the characteristics of the developable surface, having the curve in ques- 
tion for its edge of regression, and of the cone standing upon that curve be 
‘denoted, in accordance with the usage of Cayley and Salmon,* by the letters 
, m,n, v, o, Q, £, Y, g, hand H. 
| As already seen, m — p -- q. It is, in general, possible that the curve of 
intersection of S and X shall contain no cusps arising from the occurrence of 
stationary contact between these two surfaces; hence, for one such curve, at 
least, it may be assumed that @ has its lowest value, zero. For the third singu- 
larity of the given curve, the rank, 7, can be found in the following manner: 

Given two surfaces, whose equations are S=:0 and >=0, the condition 
that a tangent to their curve of intersection meet the arbitrary line represented 
by the equations 


aye + by + ez + dri and ax + by + oz + dos = 0 is that 


Kä b o d 





which may be denoted by A= 0, where the surface A represents the locus of 
points, the intersections of whose polar planes with respect to S and X meet the 
^ arbitrary line. Ifthe curve in question be the complete intersection of S and 
X, the rank desired will be the number of points common to S, X and A; i. e., 

the produet of the orders of those three surfaces, subject to a reduction for the 
multiple points of the curve. But, if the curve be taken as the partial intersec- 
tion of S and X, a further reduction of that product is necessary in order to 


obtain r.f ` 
The surface S has been defined, in the general. case, when so determined a as 





* Salmon, ** Geometry of Three Dimensions," pp. 291-293. 
1 Salmon, ‘‘ Geometry of Three Dimensions," p. 308. 
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to contain the curve (p; g) and have the residual of its intersection with X made 
up entirely of straight lines, by the formulas (cf. p. 206), 


m=t(ptet+i, A=t(ptr)—¢_tl A=2, mr, when 0,—0. 


The surface X is known to be of order three and to have a double line: There- 
fore, if M', Fi, F, and G; represent, in regard to A and X, what m’, fi, f, and gi 
respectively, denote with reference to Sand Z, it is clear that the surface A will 


have 
M'—i(pHs)42, R=t(p+r)—qtl1, F,—2 


in all cases. As for G4, it is evident that its value depends on the choice of o, ; 
thus, if o, be so chosen as to represent v different generators in the first sheet of 
E, it follows that G, = 0, while if o, include any such generator more than once, 
then will that generator occur on A, so that in such case G, 7» 0. In general, if 
all generators entering more than once in o. be p in number and contribute a 
total order of y as their MP of gı, where 2p S y €S v, then will A contain 
p generators of = and have G, = y — p; for any generator in the first sheet of &, 

which occurs ¢ times in the TAR of S ane >, will occur e — 1 times in 
the intersection of A and X. 

The curve (p, q) meets the surface A, in general, in 


m.M'=(p+ g)*(p- 7) + 2] 


points, which number must be subjected to reductions in two ways in order to 
obtain r. First, since the lines common to A and X are multiple to an order at 
least as great as two on one or both the surfaces S and X, it follows that the 
polar plane or planes with respect to S and X for all points on these lines are 
one or both indefinite; consequently, the points of intersection of the curve 
(p,q) with such multiple lines of A should be rejected from the above number ; 
this demands a reduction, since (p, q) has p — q points on the double line in the 
first sheet of X, g points on that line in the second sheet of X, and g points on 
every generator in the first sheet of ©, amounting to 


(p — 4). Ft gF, t 90, — (p -- D (p 4-2) —9 1] + 29 - 9. (y — p). 


Secondly, wherever the curve (p, al meets s line common to Sand $, these two 
surfaces have contact, since an element of the curve and an element of the 
common line determine there a plane tangent to a sheet of either surface. Every 
such plane meets the arbitrary line in question, but such points must be rejected 
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from the above number, since, in general, the tangent to the curve there will not ` 
intersect the arbitrary line. This demands a reduction by p for the points 
where the curve meets the double line, by pq for the points on the p generators 
occurring on A, and by (r — y) .q for the points on the z — y generators occur- 
ring singly in the residual intersection of S and X. Therefore, the second 
reduction amounts to l 
pt(ptr—... 
Hence, if no further condition of contact between S and X be imposed, it is. 
obtained that i 
r—m.M!'—(p—qg).Fi—9.F,—9.6;—p—(pt v—»).9 
= p. (M! — F,—1) t q. (M F,— Fs) 
— q.(2p — c +1). l 
And if it be further required that S and X have ordinary contact at H points 
and stationary contact at 8 points, the formula for the rank of the given curve 
(p:is — 
r= q.(2p — q + 1)— 2H — 38. 

Double points resulting from the intersection on the double line of X of a 
pair of branches of the curve (p, g), the branches lying one in either sheet in 
that neighborhood, are among the singularities included in A and not in H: for, 
while they are actual double points of the curve. regarded by itself, they are 
only apparent double points, regarded from the point of view of the geometry ` 
on the surface >. If such apparent-actual double points have their number 
denoted by ha, where hk = 7, + hy, it is evident that h, S p[2; h will then refer 
to points which are, from the consideration of the geometry on the surface X as 
wellas from the point of view of the curve itself, apparent double points; and 
H will refer only to those multiple points arising from imposed contact of AN with 
X, i. e., actual double points from both points of view. Similarly, a cusp, from 
ihe point of view of the curve, arises when two branches, lying one in either 
sheet in that neighborhood, intersect at the pinch-point; but, regarded from the 
standpoint of the geometry on the surface X, such a singularity is not a cusp and 
consequently will not be included in 8, which represents the number of cusps 
resulting from imposed stationary contact between S and X, i. e., singularities 
which are cusps from both points of view; such apparent-actual cusps will be 
included in A. 
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The ordinary Plückerian equations connect the singularities here considered 
by the formulas ` 


h=3[m(m—1)—r], æ= 4[r(r—1)—38m—n], 


n= 3(r—m)+ 8, y = x—(n-— m), 
& — 2(n—m)-4- 8, g = 2 [n(n— 1)— r — 3a]. 


These equations, with the help of the values of m and r already found, give the 
following complete set of formulas for the singularities of the curve (p, q) in 
terms of p, q; H, and 8: i 
m=pt+q, 
h=tp(p—I+¢a—)), 
n = 3(2pq—g’— p) — 2(8H + 48), 
a = 4p (8g — 2) — 29 (3g + 1) — 3 (4H +58), 
r =q(2p— q + 1)— 2H — 36, 
x = pg (pg rg 2) + tal — 2g + 5g — 4) 
E — à (4pq — 2d! + 3g — 1(2H + 38) + à (2H 4- 3BY + 3H + 48, 
y = Wq (pg — P + q — 5) + $a (g — 2d + lig — 2) 
+ 4p — $ (4pq — 24? + 2q —1)(2H + 38) + $ (2H + 38) + 3 (3H + 48), 
= $ (2pq — q^ — p}? — 119 (2p — 9) + 5 (27 + 5g) 
— [6 (2pq d — p) — TBH -- 48) + 2 (83H + 4B) + H. 


If the deficiency of the curve (p, g) be dencted by D, it will be shown later (cf. 
page 220) that l 
; D-p(g—1)—59(qg +1) c 1— H— 8. 


The number of varieties of curve of each species (p, g), according to the possible 
conditions of ordinary and stationary contact between the surfaces S and 5, 
is evidently 3 (D + 1)(D + 2). 

It was seen on page 210 that the curves (p, q) having q = 1, are unicursal ; 
the equation for D above shows that such curves have the deficiency zero, and 
gives as the condition for zero deficiency when H = 6 = 0 that g have the value 
unity. 

The singularities of several curves of the lower orders, as computed by the 
help of the formulas found above, are presented in Table 3. 
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TABLE 3. 
m Species. h D H B T n a x y g 
1 (1, 0) 0 0 0 0 0 0 0 0 0 0 
9 (1, 1) 0 0 0 0 2 0 0 0 0 0 
3 (2, 1) 1 0 0 0 4 3 0 0 0 1 
4 (3, 1) 3 0 0 0 6 6 4 6 4 6 
(2, 2) 3 0 0 0 6 6 4 6 . 4 6 
5 (4, 1) 6 0 0 0 8 9 8 16 12 20 
(8, 2) 5 1 0 0 10 15 20 30 20 70 
0 1 0 8 . 9. 8 16 12 20 
0 0 1 q q 5 10 8 10 
6 (5,1) 10 0 0 0 10 12 19 80 24 43 
(4, 2) 8 2 0 0 14 24 36 70 52 195 
1 1 0 19 18 94. 48 96 111 
1 0 1 11 16 21 88 28 83 
0 9 0 10: 12 12 80 24 43 
0 1 1 9 10 9 22 18 27 
0 0 2 8 8 6 18 15 13 
(8, 8) 9 1 0 0 19 18 24. 48 36 111° 
0 1 0 10 12 12 30 24. 48 
0 0 1 9 10 9 22 18 97 . 
7 (6,1) 15 0 0 0 19 15 16 48 40 75 
(5, 2) 12 8 0 0 18 33 52 196 100 441 
Ss9- 3 0 16 27 40 96 76 2838 
2 0 1 15 25 37 82 64 237 
H 2 0 14 21 28 70 56 162 
1 1 1 13 19 95 58 46 127 
1 0 9 19 1T 29 47 37 97 
0 3 0 12 15 16 48 40 75 
0 2 1 11 13 13 38 89 53 
0 1 2 10 11 10 29 36 35 
0 0 8 9 9 T 21 19 31 
(4,8) 12 3 0 0 18 33 - 52 126 100 441 
2 1 0, ete., repeating the above cases in order; 
8 (7,1) 21 0 00 14 18 20 70 60 116 
(0,2) 17 4 0 0 99 49 68 198 164 748 
8 1 0 20 36 56 160 139 536 
8 0 1 19 84 53 142 — 116 472 
2 2 0 is 30 44 126 104 360 
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m Species. h D H B T n a © y g 
2 1 1 171 98 4 110 90 308 
2 0 2 16 236 3838 095 "mu 260 
1 8 0 16 94 382 9 80 990 

1 2 1 .15 2 9 82 68 180 
1 1 2 14 20 296 69 57 144 
1 0 3 18 18 8 57 47 112 
0 4 0 u 18 20 70 60 116 
0 8 1 18 16 7 58 50 88 
0 2 2 12 14 14 47 A 64 
0 1 8 tt 12 11 -37 88 44 
0 0 4 10 10 8 28 2% 98 

(5,8) 16 5 0 0 294 48 .80 240 236 1198 
4 1 0 2 42 68 198 164 748 
4 0 1 201 40 65 178 146 672 
3 2 0. 20 86 56 160 182 586 
83 1 1 19 84 53 142 116 472 
8 0 2 18 82 50 195 101 412 
2 8 0 18 30 44 196 104 860 
2 2 1 17 98 41 110 90 308 
2 1 2 16 26 388 95 77 260 
0 3 15 294 385 81 65 216 

1 4 0 16 94 82 96 80 220 
1 8 1 15 22 9 82 68 . 180 
1 2 2 14 20 22 69 57 144 
1 1 8 18 18 23 57 47 112 
1 0: 4 19 16 20 46 88 8. 
0 5 0 14 18 20. 70 60 116 

0 4 1 18 16 17 58 50 88 
0 8 2 12 ua u 47 41 64 
0. 9 8 121.19 1 387 88 44 
0° i 4 10 10 8 28 26 28 
0 0 5 9 8 5 90 290 16 

(4,4) 18 8 0 0 Mm 36 56 160 182 586 
2 1 0 18 30 44 .196 102 310 
2 0 a1 17 28 A 10 90 308- 
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VI.— Geometry on X from the Point of View of Plane Curves. 


Any curve ( p, ç) in the geometry on X has as its analogue in plane geom- 
etry an entirely definite curve; the equation of the former being $ (A, u, v) = 0, 
the equation of the corresponding plane curve is din, y, 2) — 0. The order of 
(p, q) as a curve in space is p--q, but the order of the corresponding curve in the 
plane, and also of the ziven curve from the point of view of the geometry on X, is p. 
To the p — q points of (p,q), which lie on the double line in the first sheet of 
X corresponds on th» plane curve a multiple point, the order of whose multi- 
plicity is p— q; the line on X is given by A/v = u/v = 0, and the point in the 
plane by x= 0, y— 0. To this fact that to the p — q points on a line on X 
corresponds a (p — g)-tuple point in the plane are due the chief differences 
between the geometry on X and plane geometry. 


1. Intersections aj Two Curves (p,q) and (v, ai. 

Two plane curves of orders p and y' intersect in pp’ points. But since the 
two curves (p, g) and (p’, q^) will, in general, have no common points on the 
double line in the first sheet of X to correspond to the points of intersection of 
the two analogous plane curves at the multiple point z— 0, y —0, the number 
of intersections of the zurves (p, g) and (p', a will be less than. pp! by the num- 
ber of poin:s of intersection of the two corresponding plane curves at their mul- 
tiple point in question, i. e, pp’ must be diminished by (p — oi — g). Hence, 
if (p, q) and (ol, g) have no points of intersection on the double line in the first 
sheet of X, they will intersect in pp' — (p — q)(4/— q') points. If, however, the 
two curves (p, q) and (p', a) have a common point or points on the double line 
in the first sheet of £, further consideration is necessary. If the equations of the 
two curves are i E 
g(a, u, v) = O4+7.0,1+ -e kaf, i 

"kal uk eg and 
Q (A, u, GE Upto : Ubi +....+ v Uy eb — 
TM SU, gti Ho Upg = 9; 


the condition that 0 points of the line in question be common to the two curves, 
or that the order of intersection of the two curves on that line be 6, is that U,_, 
and D have 0 linear factors common. If the equations of the two corres- 
ponding plane curves be now obtained by replacing A, uw, and v by a, y, and z 
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respectively in the equations of (p,q) and (p', ol, giving $ (v, y, a = 0 and 
$' (x, y, 2) =0, the condition for 0 intersections on the double line in the first 
sheet of X in the former case becomes in the latter case the condition that 6 
branches of the one curve be tangent to 0 branches of the other curve 
` at the point «=0, y — 0. Hence, the two plane curves will have 
pp — (p oli — q) —9 intersections apart from the multiple point 
in question. Similarly, the given curves (p, q) and (p 4) wil have 
pp — (p ail — q) — 0 intersections apart from the double line in the first 
sheet of X. This number, together with the 0 intersections lying on the double 
line in the first sheet of X, gives a total of pp’ — (p — q)(p' — 7) intersections 
in this case also. Therefore, from the point of view of the geometry on > is 
established for all cases the 

THEOREM.— The two curves (p,q) and (nt, ai on X have pd --q(y —q) 
intersections.” | 0 of these intersections will lie on the double line in the fixst sheet 
of X when, and only when, the two corresponding plane curves have 0 branches 
of the one tangent to 0 branches of the other at the multiple point 220,9 — 0. 
If either p = q or p = q', then will not only 0 have the value zero, but, further- 
more, the number of intersections of (p, q) and (yg) will be the same as the 
number of intersections of the two corresponding plane curves. 

The above formula includes only those intersections which occur as such in 
the geometry on the surface > and does not take account of cases where a branch 
or branches of each curve meets the double line of X at the same point, the 
branch or branches of the one curve lying in the one sheet and the branch or 
branches of the other curve lying in the other sheet of X in that neighborhood; 
but the intersections thus occasioned, although to be regarded as only apparent 
from the standpoint of the geometry on X, are actual from the point of view of 
the curves (p,q) and (p', al as curves in space. If the number of such inter- 
sections be denoted by 6,, it is evident that 0 X6, S(p —q)q' + (p — de 
and that pg! + p'q — qq! + 0, is the number of intersections possible to any two 
curves (p, q) and (p’, dl regarded as curves in space ` evidently this number can 
be greater than, equal to, or less than the number of intersections of the corres- 
ponding curves in the plane; it will necessarily be the same as in the case of the 
analogous plane curves when both p = q and gd = g'. 





* This agrees with the formula (da, bg ) = af + ba —8«a8 given by Professor Story, “On the Num- 
ber of Intersections of Curves Traced on a Scroll of any Order," Johns Hopkins University Circulars, 
August, 1883. 


220 Furry: Geometry on the Cubic Scroll of the Second Kind. 


2. Double Points on (p, q). 


A plane curve of order p can have at most 4(p—1)(p— 2) double 
points. A point of ke (p — gq)" order of multiplicity counts as equivalent to 
i(p—g)(p-—9-—-1) double points; hence, the plane curve, which is the 
analogue of the curve (p, g) on X, can have a maximum of 


H(p— Yp—£ —4 (p—Q(P—g—1) = PG—1) FFI) 41, 


double points apart from the (p — gYtuple point x= 0, y — 0. Consequently, 
from the point of view of the geometry on X, the curve (p, q) can have at most 
p(g—1)—%g(g + 1) J-1 double points; hence, D— p(g — 1) — £q(g + 1) 
+1— H—8, as stated on page 215. If a multiple point or multiple points, whose 
total order of multipl:eity is y, lie on the double line in the first sheet of E, then ` 
must the branches of the corresponding plane curve have contact of the total 
order y at the multiple point a= 0, y.— 0; evidently, y must have the value 
zero when p=g; aud, furthermore, any curve (p,q), where p=q, has the 
same maximum number of double points as the corresponding plane curve. 

The results obtained thus far in this section have to do only with actual 
double points; i. e, points whose order of multiplicity comes entirely from the 
intersection of branches lying in the same sheet in the neighborhood of the 
point in question in each case. But it has been already noticed that apparent-- 
actual multiple points—at most, only apparent from the standpoint of the geom- 
etry on È, but actual from the point of view of (p, q) as a curve in space—may 
occur from the interseetion on the double line of branches of the curve, some of 
which branches lie in the one sheet of X and another or others lie in the other 
sheet of X in the neighborhood of the point of intersection in question. If no 
actual multiple points occur on the double line of Z, there'can be at most g such 
apparent-actual double points on the curve (p,q), if p 2 2g, and at most p —q 
such double points on that curve, if p X 2g. In general, if 8, branches intersect 
at a point of the double line, and all lie in the first sheet of X in that neighbor- 
hood, and also 8, branches, all lying in the second sheet of X in the neighbor- 
hood of the double lire, intersect at the same point of that line, the point in ques- 
tion counts as a 3 (8; + @,)(6,-+ 8, — 1)-tuple point of the curve to which those 
branches belong, if that curve (p, g) be regarded as a curve in space. The same 
point has for its order of multiplicity on (p, q), regarded from the standpoint of 
‘the geometry on X and the corresponding plane curve, only the sum è 8, (84 —1) 
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+ 3 b (8, — 1); hence, the increase in the order of multiplieity of the point, 
due to the introduction of the apparent-actual multiple points, is 


$ (8, + LX Bı + 8s — 1) — è bı (81 — 1) — $ B: (Ba — 1) = Bik, 


which may be as great as q(p — q). Therefore, the ‘maximum sum of the 
orders of multiplicity of all the multiple points of (p, q), regarded as a curve in 
` space, is E 

p(g—1)—*9g(at 3) F1 t q(p—4)—p(29 —1)—59 (99 D +1. 
So the curve (p, al can have the sum of the orders of multiplicity of all its mul- 
tiple points less than, equal to, or greater than the corresponding sum in 
the .case of the analogous plane curve. . The above number p(2q— 1) 
` — &q (8g + 1) + 1 reduces to 2 (p — 1)(p —2), when p = q, as is evident 
geometrically, since no point of the curve (p, q), when p =q, lies on the double 
line in the first sheet of X. Any curve (p, q), which has g=1 and, conse- 
quently, is unicursal, and, from the point of view of the geometry on X,of-: 
deficiency zero, can still have an order of multiplicity of all its multiple points 
together of at most p — 1, according as the p — 1 points on the double line in 
the first sheet of X lie, in part or even wholly, at the point where that line is 
met by the curve in question in the second sheet of $; thus the quantity 
p (2g — 1) — $ q (3q + 1) + 1 reduces to p — 1 when g has the value unity. 


3. Determination of the Curve (p, q). 

The equation of the curve (p, q), when written in the form 
$= U, +v. Upit oec +e fk, beth, gg tot. 0, = 0, 
is seen to contain, in the general case, 


p+Hi+p+tp—i+t -= +tp—gt2+p—g+1 . 
=m +p —żgl— 1) +1 


terms ` consequently, the curve (p, g) is determined by p (q + 1) —$ q (q — 1) 
points, 

The same can be seen also in this way: The general p-thic in the plane is 
determined by $ p(p + 3) points. The equation above, representing (p,q), 
has all the terms of the general p-thie save those in the powers of v beyond 7%, 


which are l 
ge Up EI D HTI U). 
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The number of these terms is 
. p—qtp—q—1t+...-+24+1=4(p —o(p—gt)). 
This number of conditions must be subtracted from 4 p(p- 3), giving 
bp(pc3)—5(p—a(»—g-t1)-—pía t 0 —*9(g—1) 
as the number of condi-ions or points necessary to deterrine a curve on X. 
Unieursal curves, having always g = 1, are each cetermined by 2p points, 
as the formula shows; and any (p,q), where p = q, is seen, from the point of 
view of its analogue in the plane, as well as from ta2 formula given, to be 
determined by $ p (p + 3) points. 
Table 4 gives the number of points necessary to determine a curve (p, al 
of the species indicated, for all curves having p € 12. 


TABLE 4: 


Curve Points Curve Points Curve Points Curve Points _ Curve Points 
(1, 0) 1 - (6,2 14 (1,3) 25 (8,8) 44 (10,8) 87 
(1, 1) 2 (6,3) 17 (7,4) 29 (9,1) 18 (10, 4) 44 
(2, 1) 4 (5,4) 19 (7,5) 8 (9,2) 26 ' (10,5) 50 
(2,2) 5 (5,5) 20 (7,6) 84 (9,8. 38 (10, 6) 55 
(8,1) -6 (6,1) 19 (T, T) 85 (9,4 89 (10, 7) 59 
(8, 2) 8 (6,2) 1T (8,1) 16 (9,9) 44 (10, 8) 62 
(8, 3) 9 (6,3) 291 (8,2) £28 (9,6) 48 (10, 9) 64 
(4, 1) 8 (0,4) 24 (8,3) 29 9,7 BL (10, 10) 65 
(4,2) 11 (6,5) 26 (8,4) 384 (9,8: 53 

(4,8) 18 (6,6) 27 (8,5) 88 | (9,9; 54 

(4,4) 14 (0, 1) 14 (8,0 41 (0,1; 20 -~ 

(5,1) 10 (1,29) .920 (8, 7) 43 (10,2) 29 


It is evident that here, as in the case of ihe determination of plane curves 
by points, the resultart curve will be improper when any one of certain relations 
exists between the given points. Thus, if more thin p — q of the points chosen 
for the determination 07 a (p, q) lie on the double line in the first sheet of 5, the - 
curve must contain ibat line; and, similarly, if tore than o of the p(g + 1) 
— kg (q — 1) points le on any generator of &, the curve determined must con- 
tain that generator; hence, if, in either of these |cases, the curve be of order 
greater than unity, it will be an improper curve :ontaining as a component a 
straight line. So, in general, when p g+)—!h (q — 1) points for the deter- 
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mination of a (p,q) are given, since a (p—p',g—q’) is determined by: 
(p—P\a—¢ 4-1)—5*(q—9)(q —4 — 1) points, it follows that when as 
many as 


u ou Pa — g "rU — 1) 
— y'(g — 4 4-1) +g (p—4) tig l tu 


of the given points lie on a ( y, ai, then the (p, g) is made up of the two curves 
(p', di and (p — p', q —4); but it is necessary here that p' € p and ai >q, and, 
consequently, p — 9 2 q — q. Under these conditions it may be stated that, if, 
of the p (g + 1) — $q(q — 1) points given for the determination of a (p, ol, as 
many as p'(g — g + 1) +g (p —) tig (g +1) lie on a (p', g), the (p, 9) 
will consist of this (p’, g^), together with the (p — p', q — g’) determined by the 
(p — p'a — g o 1) — è? (a — (a — 7 — 1) remaining points. 

Thus, if two of the 2p points given for the determination of a unicursal curve 
(P, q)=1 lie on a generator, the curve consists of that generator, together with 
the unicursal curve (p — 1, 1) determined by the 2(» — 1) remaining points; 
and, in general, if 2p — a of the 2p points given for the determination of a uni- 
cursal curve (p, gl lie on a unicursal curve (p — a, 1), the a remaining points 
determine a generators, which, together with the (p — «a, 1), constitute the 
(P, h=: in question. As a particular case, let there be given 50 points for the 
determination of a (10, 5); if 46 of those 50 points lie on a (6, 5), the 4 remain- 
ing points determine a (4, 0), 4 generators, which, with the (6, 5), constitute the 
(10, 8) ; or, if 42 of those 50 points lié on a (6, 4), the (10, 5) consists of that 
(6, 4), together with the (4, 1) determined by the 8 remaining points; or, again, 
if 39 of those 50 points lie on a (6, 3), the (10, 5) consists of that (6, 3), 
together with the (4, 2) determined by the 11 remaining points; or, similarly, if 
37 of those 50 points lie on a (6, 2), the (10, 5) consists of that (6, 2), together 
with the (4, 3) determined by the 13 remaining points; if 36 of those 50 points 
lie on a (6, 1), the (10, 5) consists of that (6, 1), together with the (4, 4) deter- 
mined by the 14 remaining points; if 48 of those 50 points lie on a (9, 4), the 
(10, 5) eonsists of that (9, 4), together with the (1, 1) determined by the 2 
remaining points, etc., etc. 

A case not in accord with what has been stated in this section occurs when 
the number of points prescribed by the formula for the determination of the curve 
is the same as the number of points in which two curves of the species of the 
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given curve intersect; i. e, when p(g + 1) —2q(g— 1) = äng — q?; this 
demands that p = # qa +1) and is satisfied by p =3 and q = 2 or 3, but by 


no other values of p aad o. Thus, a (3, 2) is determined by 8 points and two 
(3, 2y's intersect in 8 points; if $; — 0 and &,=:0 are the equations of two 
(3, 2ys which both pass through 7 given points, $; + Fo, = 0 is the equation of a 
(3, 2) passirg through all the 8 intersections of the two given (3, 2)'s; conse- 
quently, all (3, 2ys having 7 points common have in addition an 8th common 
point; and i? the 8 pcints given for the determin:rtion of a (3, 2) are the points 
of intersecticn of two (3, 2)'s, the desired curve is not completely determined ; 
for a single infinity of (3, 2)'s can be passed through the & given points, and one 
(3, 2) can be passed through the 8 given points ead any 9th point. Similarly, 
and just as in the case of plane curves of the th rd order, a single infinity of 
(3, 3)’s can ke passed through the 9 points of intersection of any two (3, 3)’s; and 
a 10th point is necessary to define a (3, 3) whenever the 9 given points are the 
points of intersection of two (3, 3)'s. Thus, if 32 of the 50 points given for the 
determination of a (10, 5) lie on a (7, 3), the (10, 5} consists of that (7, 3) and the 
(3, 2) determined by the 8 remaining points, if those 8 points are not the points of 
intersection of two (3, 2)'s; and, similarly, if 41 of the 50 points given for the 
determination of a (10, 5) lie on a (7, 2), the (10, 5) consists of that (7, 2) and 
the (3, 3) determined by the 9 remaining points, if those 9 points are -not the 
points of intersection cf two (3, 3)’s. 

From the correspording theorems in SES gecmetry are derived the follow- 
ing for the geometry on 2: Lo 

a). If the two curves (nt, q') and (ol, a) have no multiple points of inter- 
section, | 

1). Any (P, oh Which passes through all the points of intersection of 
(ni, dl and ( p", gl Lu nr, whose equations are 5 —0 and @"=0, can have 
its equation put in the form ¢= Ag’ + Bọ" = 0, where A = 0 and B = 0 repre- 
sent curves of the species (p — p', q— q — x) and (p — p", q — q" — x) respec- 
tively. Here must clearly x 2 q — g" — (p — p"). 

2). Any (P, oer ams ant: Which passes through all the points of 
intersection of (p', a <p: and ( p", Oe <p, Whose eqiations are di —0 and $9" —0, 
can have its equation expressed in the form $ = A®'+ Bp” — 0, where A=0 and 
B=0 represent curves of the species (p—p i — pl —(p"— OI +1) and 
(p — p", p — p” — (p' — q') + 1) respectively. 
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b). If the two curves (3, al and (p". g") have an »-tuple point P of the 
former coincident with an s-tuple point P of the latter, 

3). Any (P, q)q=p—x, Which passes through all the points of ‘intersection of 
(p's My and (p", Q"\qvepr, Whose equations are di = 0 and 9” = 0, will have 
an (r + s — l)tuple point at P, and can have its equation expressed in the 
form = Ag' + Bọ! = 0, where A=0 represents a curve of the species 
(p — p', q — q! — x) having an (s — 1)-tuple point at P, and B= 0 represents a 
curve of the species (p — p", q — q! — x) having an (r — 1)-tuple point at P. 
Here evidently x > q — q" — (p — p"). 

4). Any (p, Q)g=p—tp'—)—tp"— 9) 4» Which passes through all the points of 
intersection of (ni, g)y<p and (p, dl an, whose equations are $'—0 and 
Q" = 0, will have an (r + s — 1)-tuple point at P, and can have its equation 
expressed in the form 4 zz Ag’ + Bọ" —0, where 4=0 represents a curve of 
the species (p — p', p —p — (p! — q") + 1) having an (s — 1)-tuple point at P, 
and 4 — 0 represents a curve of the species ( p — p", p — p" — (p! — 9) + 1) 
having an (r — 1)-tuple point at P. i 

Many interesting applications of these four theorems are possible. It fol- 
lows from 1) that, if pg + pg — qq" of the pq’ + p'q — gg! intersections of a 
(P, dl and a (v, 9) lie on a ( p", gl cy, the remaining points of intersec- 
tion lie on a (p — p',q— q'— x); or, if pp! of the 2pg — o intersections 
of two (p,qys lie ona ( p", alle a, the remaining points of intersection lie 
on a (p— p", q — q"). "This means that, if 8 of the 16 points of intersec- 
tion of two (4, Ais lie on a (2, 2), the remaining 8 points also lie on a (2, 2); 
if 6 of the 9 points of intersection of two (3, 3y's lie on a (2, 2), the 3 remaining 
points lie on a (1, 1); and, again, if 17 of the 30 points of intersection of a (6, 5), 
with a (5, 5) lie on a (3, 2), the 13 remaining points lie also on a (3, 2). 

From 2) it follows that, if pg" + ga — gg" of the pq’ + p'q — qq! points 
of intersection of a (p, ol, and a (p, )y<y lie on a (p", qe Lp to Le eani 
the remaining points of intersection lie on a (p — p", p — p" — (pP —4) + 1), 
where evidently p' — g! (p — q) +1; and if pg" + pg — qq" of the 2pg — of 
points of intersection of two (p, 9),-,'s lie on a (9, d'Lena .,, the remaining 
points of intersection lie on a (p — p", qg — p" +1). Thus, if 5 of the 8 points 
of intersection of two (3, 2)'s lie on à (2, 1), the 3 remaining points lie on a (1, 1); 
and if 21 of the 30 points of intersection of a (6, 4) and a (6, 3) lie on a (4, 3), the: 
9 remaining points lie on a (2, 1). 

30 
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Similar applications of Theorems 3) and 4) are readily obtained. 

Theorera 1) shows also that any (p, al which passes through p (q + 1) 
— 4q (q— 1) — 1 points of intersection of another (p, ol — and a (p, q')y=p—r 
contains also the 3 (p — 1)(y — 2) remaining points of intersection if these do not 
alllieona(»—3,Qg— 3). Thus any (4, 4), which passes through 13 points of 
intersection of another (4, 4) and a (4, 2), contains also the 3 remaining points of 
intersection, unless those 3 points all lie on a (1, 1}; etc., etc. 


4. The Conic (1,1) on 

The most general near equation in the three variables, 2, « and v, is of the 
form aA + bu + cv = C and represents a curve of th species (1, 1), which may be 
called a conic (1, 1) on $. This curve meets every generator of X in one point, 
has consequently one point on the double line in the second sheet, but has no 
` points on the double line in the first sheet of $. If b — 0, this conic passes 
through the point z — 0, y=0, 2=0 in the second sheet of 3 , and, fa=5=0, 
it is the conic which, with the generator y — 0, 2—:0, forms the intersection of 
the plane z=0 with >. Ifa=0andb=#0, this conic passes through the point 
y=0,2=0,s=0. If c=0, the curve is no longer a conic but a generator 
(1, 0); but in this case it may be said that the corio consists of the generator in 
question and the double line in the first sheet of X, since the conic (1, 1) tends to 
become that composite curve as a limiting case when c is made to approach zero; 
thus the (1, 2) and the (0, 1) together still constitute a conic (1, 1) when c= 0, 
although the curve is no longer a proper conic. 

A conic (1, 1) is evidently determined by two points, neither of which lies on 
the double line in the Ärst sheet of X; nor can both lie on any generator, if the 
curve is to be proper. The equation of the conie (1, 1)-through the points (1) 
and (2) may be written in the determinant form thus: 


"The condition that this coni» pass through the pinch-point in the second sheet of 
X is obtained by putting A, = u = 0, which makzs (1) become that point; this 
substitution gives: l 

A u v 
0 0 »[-—0, 
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Or uA, — Au=0, for the equation of the conic; but this equation gives only the 
generator 4/u=A,/u, through the given point (2); or, the improper conic in this 
case may be regarded as made up of this generator and the double line in the first 
Sheet of X. This agrees with what was stated earlier, that no (p , g)q=p can pass 
through the pinch-point, and requires that point to be regarded as lying in the first 
sheet rather than in both sheets of X. If both points, (1) and (2), lie on the same 
generator, Au, = Aa dite, the equation becomes A — hu = 0; and, if that gene- 
rator be the double line in the second sheet, A, = à, = 0, the equation becomes 
à= 0; hence, whenever the two points lie on the same generator, the equation 
reduces to the equation of that generator, and the conie can be regarded as made 
up of that generator and the double line in the first sheet of E. Similarly, if one 
of the two points, as, e. g., the point (1), be chosen on the double line in the first 
sheet of =, the equation becomes that of the generator through the other point, 
viz., 4% — àu = 0 ; and, if both points be chosen on the double line in the first 
eh i 
Hi us 
mined by the two points, but containing neither of them so long as those points 
are distinct; hence the double line in the first sheet must always enter here to 
constitute, together with the generator found, the improper conic (1, 1) through, 
and determined by, the two points. . 

Evidently the coórdinates of any point on the conie (1, 1) can be expressed 
linearly in terms of the coórdinates o? any two of its points thus : 

A= 8A, + try, 


u = Spa F tue, 
v = sn + in, 


sheet of 3, the equation becomes A — . u = 0, giving a generator deter- 


It has been seen already that two (1, 1)'s intersect in a single point. If the | 
equations of the two conic (1, 1)’s on E be aA + bu + ej» = 0 and oa + bu + 
cv = 0 , the point of intersection of the two curves has the coórdinates 


* 


E 


a b 
a, bL 


b o 
b, ‘Cp. 


: Er a 
Aru:v= 




















This point lies on the double line in the second sheet if b/b = c,/c,, and cannot x 
lie on that line in the first sheet of X so long as either conic (1, 1) is a proper 


curve. 
In a similar way can all theorems concerning descriptive properties of lines 
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in the plane be applied to the case of the curves of species (1, 1) on X. And in 
like manner can theorems concerning descriptive properties of curves of any order 
in the plane be applied to th2 cases of the corresponding curves on X . 


5. Polar and Tangent Curves on >. 
tQ 

Y the operator à ——; Ow 
whose equation is A’p' = 0 ke called the (p —k)* polar of the point (A, d, »!), 
or P', with respect to the curve whose equation is $ — 0. If b £g, this (p —k)™ 
polar is a curve of the species (4, Æ), while, if £ > q, it is of the species (t, q); 
consequently, as a curve in space, the (p — bb polar is a 2%-thie or a (& + g)-thie, 
according as b X q or £27 g,and may be designatec as the polar 2%-thie or polar. 
(& -+ q)-thic, respectively, of the point D with respect to the curve (p,q). If the 
point P' be taken on the curve (p , oi, the polar 2%--hie and the polar (Æ + ¢)-thic 
become the tangent 2%-thie and the tangent (k + q)-thic respectively ; these curves 
have Æ+ 1 points lying on tke curve (p,q) at the point P’ and therefore give, in 
general, the direction of that curve at the point in cuestion. 

Thus, if P’ be a point of the first order of mu:tiplicity on (p, g) and do not 
lie on the double line in tha second sheet of ©, the direction of (p, q) is given 
most simply by the tangent conic, whose equation is Ao’ —0. And, if P be a 
point whose order of multiplicity is $ on (p, g) and do nct lie on the double line 
in the second sheet of 5 , the directions of the Æ branches are, in general, given by 
.the tangent 2k-thic or ( p + %)-thie, whose equation is A'9'= 0 ; but multiplicity 
must here be regarded as referring only to the intersections of branches all of 
which lie in the same sheet cf X in the neighborhood in question. 

If the equation of (p, e is given in the form 


PEN 4A. Mit... Ha. dE geit 0, 


+u En rd, be denoted by A, then may the curve 


the tangent conic at any point D of the double line in the second sheet of &, that 

point being of the first order of multiplicity on (p.q), is a definite curve whose 
equation is 

, 92V; _ 

A. Voie. pu ET E. E 


and the tangent conic cannot reduce to a tangent line. But if P is the pinch- 
point, then must p >q +1, end if V, be written in the form: 


Vp aq + amu? v db ule H aat 107 p aqu? Ti, 





If P' is not the pinch-point, EN ; Wë 0, 
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it is necessary that a, = 0 and a, .,-E 0 to insure that the curve pass once 
through the pinch-point in the second sheet. The pinch-point here is given by 
A — 0, u/— 0; V,_, contains the quantity u' p — q — 1 times as a factor, while 
or and 2n 
Qu! dv! 
gent curve at the pinch-point in the second sheet has for its equation 4 — 0 and 
consists of the generator in that sheet, the double line itself; consequently any 
(p, q) passing once through the pinch-point in the second sheet must take the direc- 
tion of the double line at that point. That such contact with the double line can 
occur, without having the curve meet the double line in the second sheet in two con- 
` secutive points, is evident, since the vanishing of a, above shows that the terms con- 
taining»? all contain A , and hence that the curve ( p , q) has a point coincident with 
the pinch-point in the first sheet also; therefore a (p,q) , passing once through the 
pinch-point in the second sheet, has contact with the double line at that point, the 
second point of intersection lying, notin the second, but in the first. sheet there. 
Conversely, a (p, q) passing once through the pinch-point in the first sheet passes 
through the pinch-point in the second sheet also, and has the direction of the 
double line there, the two points of intersection with that line lying consecutively, 
one in one sheet and the other in the other sheet. l 

If the point P’, determined on the double line in the second sheet of X by 
2 = 0, au! — by! = 0, (b #0), is a double point of the curve (p, q), the equation 
of ( p, q) can be written in the form 


$ = (au — br)’. Vig +A (au — by). W,- gta’. X, +t. . + APT ^ X, A 2m. 
That P' be a double point demands that q = 2; hence, the tangent curve here is a 
tangent quartic (2, 2) whose equation is 


Xi s + Au. a WA s + ja? VI, An, AT Bun ab V) ka, PL .,— 0. 


contain the factors of"? and pu? 1*! respectively; hence the tan- 


If X,_,= (au — by). Y,..,, the equation of the tangent quartic becomes 
[A. Wp- + (au — br). KE Jon — bv) = 0, 


and one branch of the curve at P' has the direction of the conic (1, 1) whose 
equation is au — b» — 0, while the other branch is tangent to the conie (1, 1) 
- given by 4.Wi_,+u.aVi_,—v.bVi_,=0, the tangent quartic breaking up 
into two tangent conics of the species (1,1). If W, ,zz(au — b»). Z, ,, the 
equation of the tangent quartic becomes 22. X) 2 + (au — by. V, = 0, and the 
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two branches of ( p, g) have at P' the directions of the two conic (1, 1)'s given by 

X, 

a. = + 34 — by — 0 and 4. =0. 

Gë dei: 
And, if, again, it happen that not only W, .— E — by).Z, ,, but also 
X, = (au — bv).Y,.,, the equation.of the tangent quartic reduces to 
(au — bv). V; ,— 0, and the tangent curve consists of the conic (1, 1) given by 
au — by = 0 occurring twice. So long as b Æ 0, itis clear that the curve can- 
not have contact with the generator u = 0, and hence cannot take the direction of 
the double line at any point of that line apart from the pinch-point. Buti? d=0, 
and P' consequently be the pinch-point in the second sheet, the equation of the 
tangent quartic takes the form 

Ke A + Au ` aW;_» + aut. q^ Vl = 0 


in which the value zero is still to be introduced for u'. It is clear that w occurs 
as a factor p — q — 2, p—q—1 and p— q times respectively in X5. ,, Wy, 
and V;_.; hence, the tangent curve consists of the double line itself in the second 
sheet as given twice by the equation ”47—=0.° Here must V,, as expressed on 
page 228, have a, =a,_,= 0, while a,_, 0; consequently, the terms of ¢ = 0 
containing ad all contain A as a factor, and the curve (p,q), which passes twice 
through the pinch-point in the second sheet of 3, contains the pinch-point in the 
first sheet at least once. Similar results are readily obtainable when 7 is a point 
of any higher order of multiplicity on (p, q); and, in general, it is true that any 
branch of ( p, g) which meets the double line in the second sheet at the pinch- 
point takes the direction of that line there, but at no other point of that line in 
the second sheet is the same true for any branch of ( p, q). 
If the equation of ( p, q) be taken in the form 


$= Up +v. Upa t- -+L U qap H de Up- 
the direction of the curve at any point P', of the first order of BEE on the 
curve and not lying on the Couble line in the first sheet of X, is given by the tan- 
gent conic (1, 1) at the point, the equation of that conic being 


a Oé Fu E | E 0. 
“On 


This tangent conic becomes che E at the point when 2 ay 7 — 0 and 2. +0 


or EO. 
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If. P! lies on the double line in the first shest: It has been seen on page 182 
that the points where ( p, g) meets that line are given by U,_,=0, and it is 
supposed that P' lies at the point where one of the p — q generators given by that 
equation meets the double line, and that such an one of those points is chosen as 
shall be of the first order on (p, q) and shall not lie at the pinch-point. It is clear 
that the tangent curve to be found here is not a tangent conic (1, 1) nor a tangent 
quartic (2, 2), since those curves do not contain any one of the points in question ; 
but the tangent must rather be a curve having pz q— 1. To obtain the equation 
of this tangent curve at the point P', the following method is available: Since 
v[A =v/u — o» all along the line in question, if 1/4, 1/ and 1/v be substituted 
for A, u and v respectively in the equation $ — 0, the problem becomes that of 
finding the tangent curve to the curve represented by the new equation thus 
obtained, at a point on the line given by v/A = y/u = 0, which point, P'is of the, 
first order on the curve in question, and is itself given by v — 0, A/u — p, 
where p is finite. This problem is analogous to that of finding the asymptotes of 
a plane curve. The new equation, obtained by the performance in $ = 0 cf the 
change of variables proposed above and cleared of fractions by multiplying by 
2? u” v*, may be designated by $ = 0 and has the form 


$m, Hat... + v. D, aa Upa = 0. 


The tangent curve at P' is evidently a tangent conic (1, 1) in general, whose 
equation is 
oU, ou; 
MUST TAE a ee Ulta- = 0: 
LD has the form 


Up- = (Hsia + bt), (aga + bau) -~ (65-4 + bpa t), 
and, accordingly, 
D. E Aut. (aye + bA) - (ast + BR) «++ (ai + bu) SAT, 


` where ime denotes what U,_, becomes if a and u are substituted for u and A 
respectively therein. Similarly, it is seen that 


EEN 
Up 42385 Mg EE 


where T, vun has the same relation to Up—q+1 as D. to U, ,. Hence, the 


. , P', given by À. 
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equation of the tangent conic above can be expressed in the form 


a Div m ch tu ar A y. MT =, 
or sn. oft. Dn —0 








SE EE ZE 


If, now, A, w, and ai be substituted for 1/A/, 1/u', end 1/»! respectively here, and, 
likewise, A, u, and v for 1/2, 1/w, and Lin respectively, the equation of the tan- 
gent conic (1, 1) to the curve given by $ = 0 at the point DN becomes the equation 
of the tangent cubic (2, 1) to the curve (p. q) at the point D, that equation being 
of the form m 


D. ER Ay. Bn + vË aan e r—-qtl—(, 


zi 


Ag. A 


If Tee as = 0 at DI, the tangent cubic becomes a tangent line, the generator at 
QU. QU; , 
Qui oe 
lacking in the equation $ — 0, the curve (p, oi has the direction of the genera- 

tor at the point P’. 

In a similar way. if P' lies at the pinch-point i in the first sheet, it is found 
that the tangent cubic is reduced to the generator at the point given by 4 — 0, 
i. e., the double line itself in the first sheet. As already seen, the curve (p, q) in 
this case passes through the pinch-point in the second sheet also, and can be 
regarded as having its two consecutive points on the double line lying one in 
either sheet at this point. 

Similar results are obtained if the point P'is multiple on (p,q). And, in 
general, it may be said that the curve ( p, al has the direction of the double line 
at no point cf that line save the pinch-point, but at the pinch-point can have no 
other direction. 


= 0; hence, if the group of terms U,_4 +1 be 








6. Plickerian Equations in the Geometry on X. 

The equation of the tangent conic (1, 1) of any curve (p, a) at the point ii 
has been see to be 
d d Og 
m RI RR. 


As a locus in 4, u', v', this equation represents a curve of the species ( p— 1, q — 1) 
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or (p — 1, q), according as p —q or p >g + 1; let the equation of this curve, 
i. e., the above equation regarded as an equation in A, w’, ai, be denoted by y= 0. 
If the number of intersections of the two curves given by the equations $ — 0 and 
sj = Ò be denoted by N, then may N be defined as the class of the curve (p, q), 
since it gives the number of tangent conics which can be drawn from any point P 
on > to the curve (p, q), each point of intersection of the two curves being the 
point of contact of a tangent conic from the point P to the curve (p,q). If the 
point P lies on (p, q) , it is clear that the number in question must be diminished 
by two for that point. ` And if A and K represent the number of double points 
and of cusps, respectively, occurring on (p, q), resulting from the intersections of 
branches lying in the same sheet in the neighborhood in question in each case, 
then, as in the corresponding case of plane curves, N must be subjected to a reduc- 
tion by two for each double point and by three for each cusp, giving the formula 

N= 4 (2p —q—1)— 2A — 8K : ; 
for the class of any cürve(p, g) on X. It is evident that A and K refer to the 
singularities designated on pages 214-217 by Hand ß. 

A point of the curve (p,q) at which the tangent conic (1, 1) meets that 
curve in three consecutive points may be called an inflexion on E. Ifthe number 
of such points be denoted by J, a formula for Jin terms of p and g can be found 
thus: 

If H be defined by the determinant of the second derivatives of the poly- 
nomial a : 














Oo Fp Oe 

OA OACu OOV 
Jm sp 2% 
T] ouda Ou ud |’ 

e$ Oe Oo 


QvOÀ dvcu dr 


and the curve whose equation is H= 0 be called the Hessian of (p, q), then will 
every intersection of this Hessian with the curve (p,q) be, in general, for that 
curve, an inflexion on X, as that term has been defined. The Hessian of (p, q) is 
of the species (3p — 6, 3g — 2), ifp Zg + 2, (3p —6,3g — 8), if p=q + 1 
and (3p — 6,39— 6), if p= q, as the determinant above shows. Consequently 
the number of intersections of the curve (p, oi with its Hessian is found to be 
2p (3g — 1) — q (39 + 4), when p Z g + 2, and 3p (2g — 1) — 3g (q + 1), when 
3l d 
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p<q+ 1. But these numbers are subject, as in the analogous case in plane 
. curves, to a reduction by 64 + 8X, where A and E have the meanings assigned 
them above. _ And, furthermore, while the formala for the intersections used 
above makes the necessary reductions, in general, for the double line of X,it is 
known that a plane curve and its Hessian have contact between both branches of 
the two curves at a double point; accordingly, whenever p >g + 2, the curve 
(p,q) and its Hessian have p — q actual intersections on ihe double line in the 
first sheet of $; but these intersections are no more to be regarded as inflexions 
on > for the curve ( p, q) than are the points of intersection of a plane curve with 
the infinite line, in’ general, to be regarded as inflexions in determining the 
number « for the curve in the plane; therefore, a further reduction by p — q is 
necessary when p> g +2. Thusis obtained the formula 


I= 8p (3g — 1) — 39 (q + 1) — 6A — 3K, 


which holds for all values of p and o. 

The same results are obtained at once from the Plückerian formulas for the 
class and the number of inflections of a plane curve if the curve is supposed to 
have a (p — g)-tuple point, and.n, (,0, x, and m are replaced by N, T, A, K, 
and p respectively in the formulas for n and d thus 

n — m (m — 1) — 28 — 3x gives 

N= p (p—1)—(p~g)(p—g— 1)— 24 — 3 

=g (2p —q — 1) — 2A — 8K; and; similarly, 
ı = 3m (m — 2) — 68 — 8x becomes 
I-3p(p—2)—83(p—3gq)(»—9—1)—9^5—8K 
—3p(2g—1)— 3q (q + 1)— 6^ — 8K. — 
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Congruent Reductions of Bilinear Forms. 


By T. J. Ta. Bromwicu. 


The following paper contains an account and a slight extension of a method 
due to Kronecker,* which, in the first place, was employed for the reduction of 
two quadratic forms; this method seems to have been used by no other writer, 
although in some ways it is the simplest that has been proposed. Here I have 
applied the method to four cases of reductions: (i) two symmetric forms (the 
same as Kronecker's case of two quadratics) ; (ii) a symmetric and an alternate 
form ; (iii) two alternate forms, and (iv) two Hermite’s forms. In cases (i)-(iii) 
the substitutions are congruent, while in (iv) they are conjugate imaginaries. 

In §§1, 2, I have explained a method} for the reduction of a single form 
(alternate or symmetric); in $3, I have explained Kronecker’s procedure for 
reducing two quadratie forms, using the results obtained in $81, 2; the method 
is here put into such a shape that it can be applied to cases (ii), (iii) as well as 
(i). This way of explaining the reduction of two quadraties is suggested by 
Kronecker in an addition (* Nachtrag," Ges. Werke, Bd. 1, p. 397) to the first 
paper quoted. I have added a supplementary method to fill up a gap which 
presents itself in applying Kronecker's method to case (ii). In $4 is given a list 
of the reduced forms obtained for cases (i)-(ii) In 85, I have considered case 
(iv) somewhat briefly, as it can be obtained from the other three cases. 

It may be convenient to indicate here the principal papers dealing with the 
problems to be considered. 


* Berliner Monatsberichte, 1874, p. 59 — Ges. Werke, Bd. 1, p. 349. 

t This method for symmetric forms is the same as Kronecker’s in the paper just quoted ; the method 
for alternate forms is essentially the same as Kronecker’s in a second paper (Berichte, p. 897 == Ges. 
Werke, p. 421). 
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Case (i). | Weierstrass, Berliner Monatsberichte, 1858, p. 207, and 1868, 
p. 310 = Ges. Werke, Bd. 1, p. 233 and Bd. 2, p. 19. 
Kronecker, Berliner Monatsberichte, 1868, E 339 = Ges. Werke, ` 
Bd. 1. p. 168. d 
Berliner Sitzungsberichte, 1890, pp. 1225, 1875; 1891, 
pp. 9, 33, and the first papers quoted above. 
Darboux, Liouville’s Journal, t. 19 (sér. 2), 1874, p. 347. 
Jordan, ibid., p. 397. 
Case (ii). Kronecker, in the second paper* un above s e., Ges. Werke, 
l Bd. 1, p. 421). 
Frobenius, Berliner Sitzungsberichte, 1896, p. 7. 
Case (iii). Heohenius, Crelle’s Journal, Bd. 86, 1879, p. 140 (§§7, 18), and in the 
paper last quoted. 
E. v. Weber, Münchener Sitzungsberichte, 1898, p. 369. 
Case (iv). Alf. Loewy, Crelle's Journal, Bd. 122, 1900, p. 53. 


Frobenius's paper (Berl. Ber., 1896, p. 7) contains a general theorem that if 
any two substitutions are known to change two forms A; B into two others 
C, D, then a congruent substitution can be deduced, wh:ch will make the same 
transformation, provided that A, C are both symmetric or both alternate, and 
that B, D have the same property. Thus (by virtue o^ Weierstrass's general 
theory), if A, B are given, they can be transformed into C, D by a congruent 
substitution, provided that the invariant-factors of |AA — B|, [1C — D| are the 
same; this condition is obviously necessary, but Frobenius proves that itis also 
sufficient. In a paper recently published,] I have shown how to modify Weier- 
strass’s process so as to obtain the congruent substitutioas directly, thus giving 
an independent verification of Frobenius’s results. 

Apart from the immediate algebraical interest of these problems, they have 
certain applications, some of which I have indicated elsewhere, and I hope that 
the solution given here may not be found superfluous. 


* Kronecker’s object in this paper was to reduce a single bilinear form by congruent substitutions ; 
noia symmetric and an alternate form simultaneously. The two problems are, however, essentially 
the same. The origin of the problem was connected with Weiersirass’s generalized theta-functions (cf. 
Kronecker, Berliner Monatsberichte, 1866, p. 597, = Crelle, Bd. 68. p. 278 = Werke. Bd. 1, p. 148). 

1 Proc. Lond. Math. Soc., vol. XX XII, 1900, p. 321. This paper also ccntains a solution of Case (iv) 
and some applications to auzomorphic substitutions of bilinear forms. 


[See last reference; two papers on dynamical applications will appear shortly in the same 
Proceedings. 
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1. Let A= Xa,,2, y, be a bilinear function of the 2n variables o, %,..-, Dan 


Yis Yo) so, Ya and now examine the form 

04 
Un > Da 5 CR 
= ad 
Hc Qa o, e Akk 231 = 

ðA QA 

-—,505,u——, A 
oy, Oy; 


Differentiating with respect to x,, we see that (since x, appears only in the last 
row of B), 











oA 

On: Dis: On, 

TE voran Ss 

Ox, T| Ay» » Are, x, : 

OA 

Ay rer Ars “Ox 

E r 
which vanishes identically if r= 1, 2,...., E, Thus B does not contain 
Hy, 35, .... , ni and by a similar method B does not contain i, ys, .... s Yr 


In particular, if : — n, we have B= 0, and we obtain a familiar form for A. 
2 
Again, by examining 





‚it is easy to prove that B vanishes identically 


Ox, OY, 
if all the (k + 1)-rowed determinants of the type 
D s Az, As : 
dea TL ^ ase) 
Ars d eier Ores Ug 
Qu, eere s Urey Os 


are zero; and, in this case, if the %-rowed determinant 








is not zero, A is expressible in terms of the 2% quantities 


94 94 oA 94 
Qe, o 'COóm Oy! My 
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In particular, if the Ceterminant |A| of the form A is zero, it is possible to 
express A in terms of 2 (n — 1) variables, or fewer variables, in case ald the first 
- minors are zero too. 

We shall have occasion to apply the above theorem in various forms. Take 
in the first place k= 1, and then : 


1 OA OA 


A= 
an OY, Om, d 





, 


where B does not contain x, or y1. 

Supposing that the variables are not subject to the condition of undergoing 
congruent substitutions, we can always apply this method, provided that ze does 
appear in A, for then x, multiplies at least one y, and we may call this y, yi, 
and so gu #0, whick is the condition for the application of our result. Pass 
‘then to the case of conzruent substitutions; here A will be either symmetrical 
or alternate, and we proceed to examine these cases. 

First, take a symmetrical form, then, if au £ 0, we can write 


104 04,1 
dy Oy, Qm d 


3 


where B is again symm3trical and does not contain a or yı. 
But if a.;=0, we must proceed to the result given by k= 2, and then we 


find (since a, = a5), 
_ 1/94 94 , OA OA _ % OA OA 1 p 


yy NO, Oa, Qy, Om aig Oy, Ot, ak 








Thus, if we write 





X, = =.” u "In 
1— Se Che Oys Ob OY, 
|. €A 1 04 Ang JA 
Y, T Cm 5 Ay Oxz : d Om 
we have l á= BY, XY — = B, 
: 12 


where B is a symmetrical form, not containing s, %1: Ze, ys. The condition that 
this method should be applicable is that a 0, and when 2, y, have been fixed 
. upon, it is always possible to find x,, y;, so that a, #0, provided that z,, yı do 
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actually appear in A. It will be observed that E. Y, may contain all the 
variables, while X,, Y, do not contain 2, yi. 





In the alternate case an = 0, ag = 0, and a = — dy; thus taking k = 2, 
we find 
24 ad — ad £A 1 
A= ——B 
: dg \ Ox, Ay ^ 0m CY 2 ai 
Now, if we write 
ET CLE 
Ta Oys i Ay, O2, 
_ OA OA 
X, um OY. E Y, = 1. Ox, D 


the substitutions are congruent and the result is 
| Az — X,+ HY +4 B, 
3 12 


where B is an alternate form not containing o, yi, e, Yz; here X, contains x, 
and may contain all the other ze ipd ge, while X, contains x, and may contain 
all but x. i 2 

Suppose, now, that the variables are divided in any way into two sets G', H: 
owing to the congruent conditions, it will be necessary to suppose that y, belongs 
to the same set as z,. Let us now impose the condition that the variables in H 
ean only be linearly combined amongst themsalves, and that no variables from 
G may be added to the variables in H: on tke other hand, variables from H 
may be added freely to those in G. Then, applving the methods just explained,* 
we get a series of reduced terms (in which each variable occurs-once only) of m 
or alternate; in the process, ihe ‘sets of variables G, H will be further subdi- 
vided into G4, G,, M, HR. The characteristic of G} is that its variables multi- 
ply each other only, while those of G, multiply those of H: the variables in Æ, 
multiply each other. We may write the reduced form symbolically 


A= (Gi) + (B) — (B). 





* The pair of variables represented above by 2;, y; should be taken always from the variables in G, 
then X,, Y, will replace o, y; in G; and if we have the reduced form (X, Y,--X,Y;)or (X. Y,—X,Y,), 
. we have to examine X,, Y,, then if any variables from_G appear in X,, Y,, the quantities X,, Y, will 
be taken as new variables, replacing two of those in G. But it may happen that X, Ys contain only 
variables from H (as they do not contain 2,, yı), and then they form part of 7, ; in this case X,, Y, are 
variables belonging to the substitution Gz. z 


240 Bromwich: Congruent Reductions of Bilinear Forms. 


2.. Again, returning to our original theorem, let us take 4 = n —1, and 


OA 
Op 3 An o Qu, 
= oA 
B Ang DH » Dan 3; ES 
aA 24 
My " dä, ` 


then B will contain only x, and y,. To evaluate 3, differentiate with respect to x 
and we see that 





3B 
EI = yD, or B= Day, 
-where D is the determinant |a,,}, (r, s=1, 2,...., n). Thus we have 
T ME 
22 1 » Wan 3 E 
Se 2A 
AD, Day EE Cee s Ja, 1 
a4 BA o 
Sy a 


where D is the minor of a, in D. 
But, if D, is not zero, it is possible to find X,, .... , X, so as to satisfy 





QA 
te F s = Oy 
A 
Gon X T XS T Xs ar z , 
and then each of the (n — 1) differences (X; — a), .... , (Xn — Xn) is a multiple. 
ofm. Similarly, we can find (n —1) y's to satisfy the equations 


az Y; + En + de, Y, = c. 
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Then we can clearly write 
— L mY 
A= Da wY t I, 


where C is derived from A by writing zero for: o, y and X,, Y, for a, Y, 
(r= 2, 38,....,”). We see that the equations for E. Y, may be put in the 


oC | dA ƏC _ dA : ] BRETT 
OY. aa This method can, of course, be applied if D=0, 











but cannot be applied if Dj, — 0. As explained before, if there is no restriction 
as to congruent substitutions, we shall, in general, be able to arrange the ais 
corresponding to a given x, so that D, #0; an exceptional case may arise if all 
the first minors of D are zero; but then it is possible to reduce A so as to depend 
only on (n — 2) pairs of variables (or fewer pairs). 

But, in symmetrical or alternate cases, it eannot always be arranged, that 
Dy Æ 0, and we proceed to examine these casss. Suppose that A is symmet- 
rical, then if Dj, Æ 0, our result still holds and 7 is symmetrical; but if Dn = 0, 
while DÆ 0, consider the form (containing only «, 91, 2s, Yz) 





Ag o, s» 0; = 
B = Ang ’ E Ann , 24 : 
dA. Jå 
UA We H A 
Oys ` Oy. 


We find on calculation that 


B OB . 
E = yDa— Mell, Quy =— YDa + yDa, 


where Da, Da, D, are the minors of aj, Gy, de fpes in D. xix Dy, = 0 
and Dy = Dj from symmetry and so 


B = xy Da — Da (&ıy + 2391), 


for B contains none of the variables x3, ...., 94, fa. Yne When B is 


expanded in terms of A and the products = ER the coefficient of A is a 


dx. Oy, 
second principal minor of D; and the complementary minor of D is 


Ou: Ou 
Az, Ges 





32, 
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Hence the minor multiplying A in the expression for B is equal to 








1 | Du, Del pp : (sine = 
ole nl" Dia] D; (since Dy = 0). 
Thus 9A 
Aggy sees 5 Dänz E 
D d DD. D «à * 5 eneen asss 8 6 
A= y Gt my) — TE We ss qs grs GE ? 
04. 9A, 
Dyz ? dy 1 


or, if we write =, —4 Zu ou, Y,— y,— à E Yı, the first terms in A can 
12 12 . 


can be put in the shape 
D 

— (m Ys + 9X). 
Dy 


Now, if D 0, the second minor of D, 


eset s t tt n m | 9 


Qa, - +++ 1 Onn 








will not vanish, for this has been proved to be — Dj,/D; and so the (n— 2) 





quantities £z, ...., Xa can be found to satisfy the (n — 2) equations ' 
0A 
Ag Ze zk, + 0X =, 
38-8 + 3 dät: 
' oA 
Gg, X3 + ie + dan X, = dä, ’ 
and each of the differences (X;— 23), .-.- , (Xa — z,) will be a linear function 
of a, %. By symmetry, we have similar equatiors to determine ¥3,.... , Y,, 


and then, on substitution in the expression for A, we find 
5 
A= D. Go Y; y X) + C, 
12 


where C is found from A by writing zero for a, 41, £o, y; and X,, Y, in place of 
$,, Y, (r= 3, 4, ...., n). Here again X,, Y, can be determined by the equa- 
oC 0A 99 _ OA Ns 


uy Ta Oy, oa," 
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It will, of course, be possible always to find one. minor D; which does not 
vanish unless D is itself zero. But if D be zero, we shall be able to reduce A to 
depend only on 2 (n — 1) variables instead o? 2n. l 

Now, consider the alternate case; here if n be odd, the determinant D is 
zero; and if n be even, Du, Da, .... , which are skew-symmetrical determinants 
of odd order, vanish. ` 

If n be odd, we can apply our first method without any special modification 
to show that A can be brought to a form containing only 2(n — 1) variables. 
Thus we consider only the case when n is even. Suppose that DÆ 0 (or we 
could reduce the number of variables to 2(5 — 2)), and then D —0, D=O, 
D = — Da, So, for the form 


9A 
a33 >» Im , öx 
= 0A 
B= Any mo Be ; 
0A 0A 
VORNE | 
du, Oy, 
we find the value B = (£1 Ys 2551) Dig. Just as before, we can find X5, .... , X, 
to satisfy the (n — 2) equations 
_ 0A 
da Xs + +++ + Ans nd 
A OA 
As, F ie + Urr Ka = OYn D 
and, owing to the alternate property (a,,== —a,,), it follows that Y;,...., Y, 
. will satisfy l 
QÁ 


ag Ys + -.-- qudm 


& & 9 9 » à à o. 9 9 v. n t t o. à 9 o. t e 


Then we have, on substitution, 


A= 2 (yi — 2531) + C, 
12 
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where C is found by writing zero for o Yı 25, ys in A, and X,, Y, for a,, y, 
Pee d opo H e. - 

. We can express this result in a slightly different form by using Pfaffians; 
we know that D can be pui in the shape 


Zeen ES 


where P is a rational function of the elements of the determinant; and the 
second principal minor, which is equal to -+ Di,/D, is also the square of a Pfaffian, 
say of D. Hence, D,= + PP,, and we can determine the sign of P, so as to 
give the upper sign, taus we shall have 


A= (AY my) + g. 
1 


Let the variables be divided in any way into two sets H, K (as before, &,, Y, 
belong to the same set); here suppose that the variables in H may only be com- 
bined with each other, while those in X may be combined with each other and 
with those in H as well. We apply the process given above: The sets then each 
subdivide into two; H into Oh, H; and K into K,, E; the variables in Hi, (in the 
reduced forms) multiply otaer variables of the set H: those in H and E are 
multiplied together.* Thus using the same symbolical notation as before, we 
have 


A= (H) + (mK) + (A). 


3.— General account. of. Kronecker’s Method of Reduction. 


Consider two forms A, B which may be either symmetric or alternate, so 
that each of them can be brought to a reduced form by means of congruent sub- 
stitutions of the types already indicated. We shall suppose that A contains 
some variables that do not appear in B, while B also contains some that are not 
present in A. This divides the variables into three sets, G', H, K; @ contains 
all the variables that appear in A and do not appear in B; K, those that are in 
B and not in A; H, those that are common to the two forms, 

Applying the first method of reduction (81) to A, the variables G' are 
divided into G,, @,, and the variables H into H, = L and H, = M. Of course, 





*In the foregoing reduction, we select »,,y; from the variables in H; if the reduced part is 
(æ, Y, + X,yi) we examine X,, Y,; in case X,, Y, contain only variables from H, we group 
$1, 91, Xa, Yo in H, but if X,, Y, contain variables from X, x1, y, will belcng to H,, and X;,Y,; to Ki. 
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in the reduction, the variables are modified, but in such a way that the new 
variables in H are linear functions only of the old variables in H. Then A 
takes the form (G,) + (GL) + (M), where, in the forms (G,), (GL), each variable 
oceurs once only. 

Substitute these new variables in the form B and ouia then the variables 
of B as belonging to the three sets L, M, K. We now apply the second method 
of reduction (§2) to B and we shall obtain a result of the form 


(Ly) + (L5) + (L4) + (045) + (3); 


the variables Z dividing into Z4, Le, L4, M iato M,, M, and K into K,, K,. In 
this process the Z’s are modified only by other Les, and the Ms only by Mys 
and Lis: further, in the terms (L), (LÆ), Lal, each variable occurs once only. 
Substitute the new variables in the expression for A; the additional terms intro- 
duced by the change of variables will either contain only M’s or else will have 
some variable L as a factor; in the latter case the additional terms can be 
absorbed by rb". the variables G,. Thus we may now write 
| = (G1) + (G2) + (4f) 

ze = (Ly) + (BR) + (1,4) + (44) + (I; 
in these we can pair off certain terms. Thus we remove 

(Gi), (GaL) and (Z), LGS and (L,45), 

and the remainders will take the forms 


(7,65) + (M) : 
(Zi) + (6) + UE 

Now, taking the terms (M) and (M) + (Æ), we observe that they are of the 
same general type as A and B were at first, but contain fewer variables; and the 
groups of variables corresponding to the original G, H, K are here M, M,, K. 
We can accordingly continue the process as given above, and in the continuation 
we alter none of the variables in those parts of A, B, which have been already 
reduced, except those which belong to the set M; those in M, may have to 
be replaced by linear functions of the M’s, when we reduce the two (M) and 
(5) + (E). 

. So far as the variables M, are altered by substitutions containing only them- 
selves, we can make corresponding substitutions on the variables L; and G,, so 


that 
(GL) = (G,L,) and (L345) = (LM). 
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Thus we have only to examine the effect of adding on variables from M, to the 
variables M, ` this will give, instead of 


(5,21) + (M) + (Ke), 
the terms (ZH) + (LM) + (34) + (8). 


D 


Now, by using the second method of reduction, we can combine (Z,M,)+(M,) 
so that, by adding on linear functions of the variables Z, to the variables M,, 
we get (M})-+(Z,), and then these can be combined with (L,M,) so that we 
may write 


(L41) + (L4) + (M) = (5,815) + (65), 


where now each M is modified by some of the variables Z4. Substituting in the 
remaining terms of A, we find that the additional terms so introduced have each 
one variable Z, as a actor and so can be combined with the terms (@,Z,) by 
introducing new varizbles G,. 

It follows that this method can be continued so long as there are variables 
in one form which do not appear in the other, and that when we have to stop. 
there can only be variables common to both forms in-the parts which remain. 

If the forms to be reduced are both symmetric or both alternate, the process 
of reduction, as just explained, can be applied to complete the whole reduction, 
For, if A, B are both symmetric (or alternate), zhen all forms of the family 
(uA + vB) are symmetric (or alternate), and we can determine values of u, v for 
which the determinant |w4 + vB] vanishes; say u :v,, u,:v, are two values of 
the ratio u:» for which the determinant is zero. Then mA of, uA Laf 
will be two.forms, each a function of fewer variables than appear in the general 
form ud +B. "Thus uA inf, u4A 4- v,B can be transformed so that each 
contains some variables that do not occur in the cther, and the process already 
sketched can be completely carried out. 

But if one of the forms (A, say) be er while. the other (B) is alter- 
nate, then the general form wA + vB will be neither symmetric nor alternate, 
and thus the method cf reduction described can be carried out only so long as 
|4| =0 or |B|=0. We shall now explain a process of reduction to cover the 
general case.* 








* Kronecker describes his reduction of a single bilinear form by congruent substitutions as sug- 
gested by his method for two quadratics; but it differs ee from that given here, although 
the fundamental ideas are the same. 
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By what has been proved, we can reduce a symmetric and an alternate form 
` to the shapes 
` A= 4, + A), B= 5 +B, 


where A,, B, are reduced forms and A, B,, are forms of such a character that 
|4| £0, |B,| #0; further A,, B, will not contain the variables in A,, B. . 
Consequently, the number of pairs of variables in A,, B, must be even. 

Suppose then that we start from two forms A, B in 2m pairs of variables 
neither of whose determinants is zero; and let A =c bea root of the determinantal 
equation |A A + B|— 0. Then, since (cA + B) is a form with zero determinant, 
it depends on (2m — 1) y's at most; and so we can choose our variables in such a 
way that one z (a; say) has no corresponding y present in (cA + B), thesubstitu- 
tions being supposed congruent. Apply now to (cA + B) the method of trans- 
formation explained in $1, for a single bilinear form; then 

cA + B= Sonia + terms without æi, a or yj, 


where (since there is no term ay, in cA+ £), aj isa linear function of ais 
(containing m) and y; is a linear function of y's (not containing yj). Interchange 
the as and y’s of the last equation, then, as this changes the sign of B, 


cA — B= 2c æ yi + terms without x aor yi. 
Hence A= a3 ys + «5 yi + terms without æi, yt or the product af yj, 
B= c (xi y} — xy) + terms without a, yf. 
Applying to A the method given in §1 for a single symmetrical form we can 
collect all the terms in x}, y; together and write 


A= aj y; + ayy]! + terms wizhout at’, ail, ai, yf, 


B= c (ai yi — apy!) + terms without æf, yl. 
Take next the pair of forms in 4(m — 1) variables obtained from 4, B by putting 
©, = 0, y; = 0; we treat them in the same way. Proceeding thus we may write 
finally, dropping the accents, 
A = (e Yz a Q5 Yı) + (25 Yar X Ya) F are + (Lomi Yom + Lam Yamı) s 
B — B, = c (2 Ya — y) + & (2534 — 94 Js) H- F Cm (Tom-ı Yom — Lam Maa Al: 
where By = (xo n2 — Yo ba) +--+ + (Samo tena — Yon Eang) 
and E is a linear function of a, 44, rss +--+; Zomo 
-  %, being the same function of a, Mein, Yom: 
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We now proceed to remove as many terms as possible from B,. 
Take the term a (25 Ys — T3 Ye); 
. and write 
y= Li — Mine Y= J1— ys c 
Wy yt ux, Ya — Yi Me 
Then 
j E1 Ye F 2231 F Es Ya F X Ys = KI Yo + Ba Yi + mit HL Ys 
an - j 
€ (x Ya — 9s y) + a (5 Js — X3 yo) + € (us Ys — 94 Ye) 
= ey (a1 Yo — Ba 91) H Cy (X3 Y4 — X4 ys) F (e + pe — ues) (os Ys — Es Yo) 
Or, if u = a / (e; — c;), the term in question will be removed from B by the sub- 
stitution proposed; bat if c, = c, this will be no longer possible. We may accor- 
dingly regard A and Bas reduced, except for terms of the type 


(4) (at, is Le Ys) H «e H (Ep3 Yop + Lap Yoo) 
(B) e (zs — ef) +--+ + F C (ey — Pap Yor) + Bs. 


where B, contains terms of the same type as B, before, but is limited to the 


variables x, ...., 95, Aan... Yæ. Then consider a term in B, of the type 
o (Eo You — Xog Yo) 
and write xı = ay + (a/ 2c) arog, 


251.1 = 95,1 — (2 20) xs, 
with the corresponding substitution in the y's. Then the form of A is unaltered 
and the terms affected in B become 
Cys [21 + (9/20) £a] — cæ [yı + (@/ 20) isa] + 0s [teg — (@/ 20) vs] 
— Cog [Y — Lol 20) Yo] + a (2 Yog — Eog Ya) 
= € Lal ys — 2 Y1) + € Die Yog — Vor Ae A 
By the same method we remove all terms with two even suffixes from B,; 
80 proceeding in this way, the only terms left in B, will be of the type 
Eor Yagı — Yor foi: qr). 
Consider those in a, y; ; let us suppose that the first term of B, which contains 


Tz, KO 18 
% Y3 — T3 Yz | ^ 


this assumption may invclve certain changes in the suffixes; but it will not 
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interchange the even and odd suffixes. It may also require a division and multi- 
plication of certain variables by a constant. Consider next the pair of terms in B,. 


% Ya — Wy Yo + A (Xz You: — Ya ae A, (q > 2). 
Write. ^ Wy = Ug ALi Lig = Tog — 0354, 


then the form of A remains the same and these terms in B, become, 


Ee Ys — V3 Y2 ` 
This substitution may add to the parts of B, which contain z,, y, but will not 
otherwise alter B. Of course it may happen tl.at B, contains no terms in 2, Yz 
and then we shall not have to reduce the terms (a, äs + % yi), e (31 ya — 2 Yı) 
in B any further. 
Continuing our process, we have finally A, B divided into groups of terms 


(4) Go Yo + 283a) F -o Gi F Vos I 1) 
(B) € (2x Yo — Ba Y1) + +--+ kel 3 Yes — Lee Yas — 1) 
+ (ae 9s — ge Ye) +--+ + scam 1 Lae —1 Yos—2)- 
In particular for s = 1 we have 


(4) (21 Y2 + 2s yı) 

(B) € (2 Ya — 2 21)- 
It is readily seen that these terms correspond to invariant-factors (A — c) 
(a +)’, of | A4 — B]. 
4.— Lists of Reduced Forms. 


We now proceed to enumerate all the possible types of reduced forms at which 
we arrive by following Kronecker's process as just explained. There are three 
cases, each of which has to be examined separately; i. e., two symmetric forms 
one synimetric and one alternate form; two alzernate forms. l 

Corresponding to each type we give the invaziant-factors of |ud + vB |, show 
ing that the reduced types depend entirely on the invariant-factors, except in 
the “singular” case when |uA+vB|=0. Tae determination of the necessary 
invariants for the singular case is not considered here, as it has been fully 
explained by Kronecker and others.* ` 











* Nearly all the papers of Kronecker’s which have been quoted give some details as to the proper 
invariants ; the 1890 and 1891 papers are the most complete. The last section of Darboux’s paper may 
also be consulted; and à somewhat different determinatica of the invariants has been effected by the 
present writer. (Proc. Lond. Math. Soc., vol. X XXII, 1900. pp. 88 and 826.) 
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Two symmetric forma. 


This case (which is equivalent to that oftwo quadratic fcrms) has been handled 
‘so often* that what is given here is only included to give completeness to the 
investigation. 


The simple sets of terms are of the types 
(i). (G): A, om OF e Yz Lë Y1 


corresponding to an invariant-factor u, or two u, wof|wd + vB]. There will be 


no terms in B which contain om, Yıı Tzs Yz in this case, Ia the second case the 
form can be reduced to 
$(X; P BE 2) 


by writing ] A= +0, X, = x — 2$. 
Gi) (GL) and (Lj: A, Y F yh 
B, my. 
with an invariant-factor w?. 
Again A, mp geän + Zei + Ly Ys, 
B, Xo Ys + 9s Ys 


with two invariant-factors w?, u. But if we write 
= +, X,— x + T3, X; = t at X, ui aa 


the parts in A, B, corresponding to the two invariant-factcrs, can be separated, 
thus,” 
A, $[ GG X, dX, Y) + (X3 Yi + X F) J 
(B, ALE Y,— AX Y. 
(iii). (Ge L) and (L K): 

A. ys ry 

B, sys + sys 
giving : a [uA + vB| =0 


The general forms obtained from the continuation of the process given for 
(G, L,) and (L; M) above (p. 245) will be: 


First, ` A, Yat tayı tH ---- + Gama You + Ton m 1 
B — cA, Le Ya F %Y + ee + 2m —2 Yoa—1 T Vem —1 Yom A: 


* See, in particular, Kronecker, Berliner Monatsberichte, 1874, p. 59 = Ges. "Werke; vol. I, p. 351. 
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corresponding to two invariant-factors (u +00)", (u + ev)" of |uA +B]. The - 
‘parts corresponding to each factor can be separated by writing l 
X, =T + Vom +1—r> Antier = &, — Bom tin 
(r=12%....,m). 
Then if m be odd we find a pair of terms in the middle of A of the form 
A (An Y, — Amr+ı Yn41) and the general form is 
A, AE ELE EE Ek Ek ba E 
+ i (— Pe Veer + Xanta Yag: + Xm Pas + EE 
i + uod Y on T Xm Yom—1)) 
B—cA, 4 CX, Ye + X Yet e + Xai Yu + Xm Yni), 
+ Ga Yne + Aud Ya + LEE + Aush "2m—1 + Xom—1 Yomo) 
But if m be even, we find this pair of terms 4 (X, Yn — X, ,, Ym41)in the middle 
of (B — cA) and the forms are, 
A, : $GX Y, + XY t+...) XS Yn + Xn Ys), 
+ i (Xm aa Yaza + Amt? Yai t ees + Xen —1 Yom + Xn Vega) 
B — cA, U Vy XY, eee. + Xn Yn), 
T 4C—Xsua Faack Imrı Lef + atm +3 Pais + ege 
+ Xon —2 Yom —1 + Xen a Yo) 
Second A, X Ys + T3 Yz T ae ete F Lom—2 Yom—1 Sb Lom—1 Yon —2 
B, Ly Yo F 293 91 + ea + Gon -ı Yom + Lam Yom—1 
corresponding to the invariant-factors ep, vo" of |ud+vB|. The parts can be 
separated as in the first case. 


Third, A Yq tyt + F Ead Yom + Lom Ym-ıt Lom +1 Yom +13 
B — cA, Ze Ys F Ws Yo T -+ F em Mën A3 T Zon A1 Yom 

corresponding to the single invariant-factor (u + cv)?" *' of |u4 + eB]. 

Fourth, A, GY + tyt -F as Ll Yom + Lom Yam_ı, š 
B—cA, ys d as ---- + Gm Yamı 

corresponding to the single invariant-factor (u + ev)". 


The fifth and sixth cases correspond to the invariant-factors v?" **, o?" and are 
obtained from the third and fourth by putting c == 0 and interchanging A, B. 











#*Kronecker states in the paper just quoted (Ges. W. I. p. 367) that this division into two parts is 
only possible if m -—2n or iseven; but apparently this is an oversight, as on p. 354 (c) he makes no 
restriction on m. 
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Seventh, . A, m Ya F zY + ---- + Yan sa Yom F Tom Pom 
B, toys t Wg E +--+ F Xom Your F Conti Yom 


corresponding to |wA +v8|=0. Here we have obtained no rule for finding m 
directly from the determinant without carrying out the reduction (see footnote 
to the next slass of reductions). 


A Symmetric and an Alternate Form. 


The simple sets of terms first found will give types as below : 
(i). Ae 4): (terms belonging to the symmetric form only), 
A, ji OF is 4 gy; 


In the first case, we have an invariant-factor u of |wA + vB] ; in the sec- 
ond, two u, a, The second case is equivalent to two of the first, by writing it 


in the form 
z [x + DA + ds) — (2i = )(yı — Y2) | . 


Terms belonging to the aliene form on. -y : 
B, zäit — ty. 


Here we have tw» invariant-factors v, v, and the form eannot be split up 
into two, one for each invariant-factor. 
(ii). (GL) and (L): 
A, 2yo zesin sa F Sys 
B, Log — ail, 
Here we have two invariant-factors. uf, u? which cannot be separated 
Again we may have, interchanging the parts played by A and B, 
A, 29/5 Läit, i 
B, TY — Ca sm afa — us; 
with two invariant-factors e, v^ ; these can be separated by writing 
y+ =X, wp m AX, t — 2, —— Xs, + = AX, 
with the corresponding substitutions for the ys. Then the types become 
A, $ [— XY, + AX; Y,], Rb 
B, I SH 20+ Pë SEL, 
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in which the parts are separeble. Finally, we may have 
A, Ry 


B, pp 22H), 
with an invariant-factor v?. 
(iii). (GL, and (L,Ky : 
> OY + Gei, 
B, 23 — Xyz, 
and here |wA + 9B |— 0 for all values of u, v. 

This exhausts all the possibilities for zhe specially simple types; we pro- 
ceed to examine the more general forms, of which the foregoing are particular 
cases. By continuing the process indicated above for dealing with (GL) and 
Lal), we obtain the following possible cases : 

First : A, ze + uA + +: F Semi Yom + Lem Hom n 

B, x23 — wes H +--+ + Ga 9 Yom—1 — Ton —1 Yan — 2: 
a case which corresponds to two invariant-factors u”, u” of [uA + vB; if m be 
odd, the parts corresponding to the two may be separated, but not if m be even* 
(the reason being that there are (m — 1) pairs of terms in B, and when m is 
odd, these can be divided in-o two sets each containing 4 (m — 1) pairs). 


Second: A, wys + tya t iss + goe 8 Yom—1 + am ci Han: 
B, mëch +++ cb hen 1 Yom — Lom Dën A 
corresponding to the factors v", v" of |ud +vB|; if m be even, the two parts 
can be separated, but not if m be odd (for here there are m pairs in B). The 
separating. substitutions are analogous to those required for the last case. 
Third: (A), (ya + xai) + +++ - + Gta Yom F Lam Yam—1) F em Vm ens 
d (B), (my = TY) b+ H (Wom Mën A1 — Yam 1 Yom) : 
corresponding to the single invariant-factor wu?" *! of |uA+ vB. 
. Fourth: (A), (Y3 Says) + +++ + emia Yom—1 + Vem —1 Yom—2) F Lon Yans 
(B). (19s — X41) Too (sa 3 Yom — Lom Yom Al, 





* If we write 

i £m rt Tam pi L &=1, 2, 
Empe Ue — (1) Wom gre 
- and make the congruent substitutions for the 7’s in term of th» y’s, we find that A, B divide into the parts 
A, [4 od WE Em Na 1+ [F (Enpi 7m 42 + faye Im 41) Ea .—d4 $8 om Mom is 
B, [$ (E22; — £475) + . AEE Sm— Nm Em Mm All T4 aH M nay. «T GS Wow NR n-3)]- 


e, m). 
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for the single invariant-factor v™ of |uA +vB]. 


Fifth : (A), EE + xay) Tee + (Bi Yon + Lom Vin —1); 
(B) (eus — eiis) + ern F (Eom Ymp — Cee Yes) 


here |uA+vB|=0*. 

We have now exhausted all the types that can be found by the first method 
of investigation indieated above; the complete reduction, corresponding to non- 
zero roots of |AA — B| — 0, has to be effected in a different way, as already 
explained. Thus we find the type of reduced terms: 


Sixth: (A) (yo + ayn) +--+. + (Wess Yes + arg Vos —1): 
(B)  ¢(@iY2— aan) + -e + Cola is — Rp äise Al 
+ Guys — LY) H ul — Ms — Tes 1a 32); 
corresponding to the pair of invariant factors (A — cy, (à + c)! of |AA— B. 


Two Alternate Forms, 


The simple types are here: 
(i). (G): © A, mmy ei, 
with two invariant-factors u, u of |uA +B]. > 
(i). (G, L) and (L): 
A, ds — Xa Yı + La 34 — La Ys 
B, To Y3 — % Yz, 


9 


giving two invariant-actors u’, u*, 
(iii). (G L) and ‘L K): 

A, 29 — Va Yis 

B, 29 — Ts Ys; 


corresponding to the simplest types that give [uA + vB; =0. 








*It is one drawback to tha method explained here, that the number m cannot be determined (so far 
as we have shown) from the determinant | vA-- vB | and its minors. Ascording to the foregoing, it 
would seem to be necessary to calculate the reduced form before we can find m, but this is not the 
case, as will be seen from Kronecker’s paper and those quoted above. I shall not give the rules for its 
determination, which will ke found in Muth's ** Elementartheiler " (p. 108, where m is called at: Mini- 
malgradzahl.” Note that, in all the problems examined in this paper, ths two series of m’s given by 
Muth are necessarily the same. 
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We have only to add the results obtained by continuing the process already 
indicated for dealing with (G, L;) and (L; 44): we obtain a smaller number of 
typés than in the case of a symmetric and an alternate form. 

They are, in order : | 

First, © A, 9619s — X Yat ---- + Xena Yom — Cam Yom—1» 

B— CA, Wy Yg — alfa - ©» ++ + %n2Ym-ı Vim —1 Vin—2) 
corresponding to the two invariant-factors (u + cv)", (u + cv)”, of |u4 + vB]. 
(Here c may be zero.) 

Second, A, Wy Yg— Xs fa + sso F Fons Yom—1 Eë i Yeme 

B, By Yn hp Yr -+F Teni Yom — Com Yom 1, 
‚corresponding to the two invariant-factors o", o", of |uA + vB]. 

Third, A, mp Yg— toyi + -+ Went Yom — Lom Yom—11 - 

B, Xo Y3 — T3 Yz + EN + Lom Yom +1 Cam+1 Yams ] 
corresponding to Ind + vB| z20. (For the meaning of m see the last footnote.) 

It will be observed that here the invariant-factors always occur in pairs; and 
. not, as in the case of a symmetric and an alternate form, sometimes singly. 

As an illustration of the methods explained we may take the two forms, 

= a (25 Ya — 2 s) + b (X3 41 — 21 Ys) + (6 Ya — m y) 
l tpar ed + sf un) ef pu — al. 
B= my t tyr F tys C 
Let us write — =. = — ru a ba, + ax, 


9A 
E = Oy, = px, + qr, 
then, as in §1, we have 
6 
A= Eang — É, ng TG su), 
where 0 — ap + bg + cr, 


We may note that 0 is the Pfaffian of | A]. Substituting in B for me in 
terms of £,, 7; we have l 


; ; 
B= tY + ty t yt [£s — (par + 02)] [s — (pyı + 99]; 
if we apply 82 to B we find that with, 
em x £s, £i = a — 
dite, 
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we have 





Bri, mh PEE + 92) (pn + qi») T Jn 


Substitute in A3 “or z,, Y1, Xos Yy, in terms of Ei, 9, Ea. x, and Ken 
A=, Y,— no rn m), 
where = f+ I (ph, — gk), 
Turning again to B, we have, if 
E=E&+ SE = 


gg 





BE IUE —3 13s + STT 


p = T 
and this substitution does not alter the form of A. 
Finally write, 


Hal +E [ns Ls ob I Gh er x Sie, 
and then we have 


Amo (X Y,— X Y) +E G5 Y, — X, Y). 
B— X, Yd XY, X Y, 


It will be observed that this form of reduction is by ro means unique. For 
we may obviously take instead of X, the linear function (X, + &.X;), where a is 
arbitrary ;.and in place of X; and X,, X, cos  — X, sin B, end X, sin 8+X, cos 8, 
where @ is also arbitrary but real. We can make the function (X, + «.X;) sym- 
metrical in o, x2, & by writing a = (aq — bp) /ro?. 

This agrees wita what we know from the geometrical interpretation ; for 
the problem is the reduction of a linear complex to its central axis. 


5.— Hermite’s Forms. 


These are bilinear forms such as Sa, £, Ys, in which d,s, a, are conjugate 
imaginaries (in particular a, is real), and z,, y, are also conjugate imaginaries. 
The methods explaired above can be applied to the reduction of a pair of Her- 
‘mite’s forms, A, B, in which the substitutions on the œs and y’s are conjugate 
imaginaries. 
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For consider the methods of §1; if a, £ 0 we have, as there shewn 


1 OA OA l B, 


A= 
an Ox, Oyı a 





where B is a Hermite’s form in 2(n — 1) variatles. But if we write 


— 2A 
X = oy = da + aat H -o + ums 
F i 





JA 
Y= De = Any: aus os F rain 
Wi re 
we see by the definitions of the coefficients that these two substitutions are con- 
jugate imaginaries, and then 
A= x,y, +B. 
a 


au 
Again if a4, = 0, we find, as in $1, that 
Me dA OA 1 94 OA à, OA OA 1 


Ay, Om, dän d» Ox, Qyi dug Oc, ay sta 








where B is a Hermite’s form in (n — 2) variables. But, since gu, a, are conju- 
gate imaginaries their product is real and positive; thus if we write 


1 3A di. OA. ps 04 


Qi OY gie Oy, dn 


1 04 4 a 94 y. OA 


an OR "o Gus Om ` 7? dn, ` 








5 





the substitutions are conjugate imaginaries, for ay is real. Then 


iq 


Azlar 





A= XY, + XY — 


. Passing to the methods of $2, we must firs: see that the minor Dy is real; 
to prove this we note that the change of + 7 tc m D, will only change rows 
into columns and so will not alter Dy. Ey a similar argument the minors Ds 
D, are conjugate imaginaries. 

In the first place, if Da Æ 0 we have 


_ 2 
n p, C, 
34 
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where C is derived from A by writing zero for a, y; and X,, Y, for x., y, 
(r = 2,8, ....,n). Further X,, Y, are defined by 
20 _ 2A 30 _ 24 
OX, dt,’ OY. dy, 





pe B ues d 


from which it readily follows that the substitutions are conjugate imaginaries. 
Again, if Dy = 0, (D #0), we find 


_ D D DD» 
A= p, nh t puc 0A — DT, Ds vyt C, 





where C is found by writing in A zero for a, o, 25, Y and X,, Y, for 2,, Yrs 





(y= 8, 4,..-.,n).- 
If now D, DD. 
| X,— 2 o 
Di "Si Dy is 
D 
Y, = De ADR 
we have A= Y¥,+2,Y, + ¢, 


and .X;, Y, are conjugate imaginaries; as before, X,, Y, are conjugate imagi- 
naries. 

Thus, if |.A4| 2 or | B| — 0, we can reduce a pair of Hermite’s forms 
(A, B) by a process analogous to that given before for symmetric forms (or 
quadratics) ; also, if 2, c be a real root of |14 — B | = 0, the same method can 
be applied, for (c4 — B) is then a Hermite's form. But, in general, some of the 
roots of [AA — B| wil. not be real; and if c be complex, (cA — B) is no longer 
a Hermite's form. Taus, our general process of reduction fails for these complex 
roots; and, to carry out the reduction, we must proceed as in the case of a sym 
metric and an alternate form above. There are certain obvious changes, but 
the reductions can be arranged to correspond step by step; the final typical 
reduced sets of terms teing 


(A), (ae + mu) ++ (uoi m F Eu m1): 
(B), (eas + Coty) + e dc Lt —3 You + Colas Ya-ı) 
+ (xY + 231 Ya) +. + (Z5; s Yos—1 T Wes i Yos—2)> 


corresponding to the pair of invariant-factors (A — cy, (A —¢p)*, ¢ being the con- 
jugate imaginary to c. The other types are precisely the same as those for sym- 
metric forms and will not be repeated now. 


St. Jonge COLLEGE, CAMBRIDGE (soi Jan. 1, 1901. 
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On the Imprimitive Substitution Groups of Degree 
Fifteen and the Primitive Substitution 
Groups of Degree Eightcen. 


By Emme Nortoy MARTIN. 


The following work is, with some slight modifications, the same as that of 
which an abstract was presented at the summer meeting of the American Mathe- 
matical Society in 1899. With regard to the imprimitive groups of degree fifteen, 
which form the subject matter of the first part of this paper, it should be stated 
that I have added two new groups to the list as originally presented, namely, the 
groups with five systems of imprimitivity simply isomorphic to the alternating 
and symmetric groups of degree 5, and that Dr. Kuhn reported at the February 
meeting of the Society, 1900, that he had carried the investigation further, adding 
28 to the 70 groups that I succeeded in finding. 

In the second part of this paper the determination of the primitive groups 
` of degree 18 depends to a great extent upon the lists of transitive groups 
of lower degrees already determined. Any new discovery of groups of degree 
less than 18 would necessitate an examination of such groups to determine 
whether they can be combined with others in such a way as to generate a 
. primitive group of degree 18. This list, therefore, cannot claim to be abso- 
lutely complete, since omissions are always possible. 


Imprimitive Substitution Groups of Degree Fifteen. 


Every imprimitive group contains a self-conjugate intransitive subgroup 
consisting of all the operations that interchange the elements of the systems of 
imprimitivity among themselves without interchanging the systems. Therefore, 
the problem of the determination of all imprimitive groups of degree 15 falls 
into two parts: 1st, the determination of all intransitive groups of degree 15 
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capable of becoming the self-conjugate subgroups cf such imprimitive groups; 
2d, the determination of substitutions that will interchange the systems of 
imprimitivity and at he same time fulfill other conditions depending upon the 
particular group under discussion. The intransitive self-conjugate subgroup is 
called for shortness the head, the remaining substitutions of the imprimitive group 
are designated as the tail, a terminology that has been adopted by Dr. G. A. 
Miller in his papers on imprimitive groups. 

The elements of aa imprimitive group of degree 15 may fall into three sys- 
tems of five elements each, or into five systems of three each. For the first of 
these cases, certain theorems given by Dr. G. A. Miller (Quar. Jour. Math., vol. 
XXVIII, 1896) are useful. With a slight modification in notation in order to 
adapt them to the notation of this paper, they are as follows, where G° repre- 
sents a group in the elements with index 1, while G? and G? represent precisely 
the same group in the elements with indices 2 and 3. 

Tarorem T.— All the substitutions that can be used to construct tails are 


(dal .... al) all (afa? .... a) all (afa .... a3) all 
{(ajafag.ajajag. .... Geo, (ala?. ala}. .... .alaz)} 
— (ajal .... al) all (oa? .... a2) all (aĝa .... aĝ) all, 
Tuxongw IL—JZf G'-—(ol]al.... al) all there are three imprimitive groups 


with the common head (OT G* G°) pos, and two with the common head G pos G? pos 
G? pos + G neg G neg G° neg. 

THEOREM IIL—// G = (alal .... al) pos, there are three imprimitive groups 
with the common head GG? G*, and three with the common head (GT G? G9), , ,. 

Tarorem IV.—4f the head is G'G’G, there is only one group which corresponds 
to (abc) cyc. 

The possible heads for these groups are got either by the direct multiplica- 
tion of transitive groups of degree 5 in the three systems of elements, or by the 
establishment of isomorphic relations between such groups. i 

The transitive groups of degree 5 are five in number, and fall naturally into 
two categories, the firs; containing the symmetric group and its self-conjugate 
subgroup, the alternating group, the second containing the metacyclic group, 
together with its two self-conjugate transitive subgroups. These five groups are 
represented respectively by 


(010,030,0;) all, (ayla) POS, (a,:150,5)o,, (Cr Maggs) 101 (210505045); . 
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From the first two groups come the following heads: 


I.  (alolelalol) all (a?agazaia?) all (afajagazas) all = Heng, 
IL {(alalalatat) all beer) all (alajadatal) all} pos = Haus 
III. ` (alalalajat) pos (aiagazajaz) pos (ajajazajaz) pos 
+ (alalala}a!) neg (afaiaiata?) neg (ataladataf) neg = Dee 
IV. — (alalalata}) pos (atadasajat) pos (atatajatat) pos = Hau; 
V.  (alalelalal. ajazazaia? . ajaia$oja$) all = Den, 
VI.  (alajalelal. ajajajaie;. ajajajajai) pos = Ha 


F'rom the three remaining groups come the heads : 


VIL (aaa). (az) (an = Heo 
VIIL  ((alajokilol)s (alatazakat). (edaadodai)e] pos = Fan 
IX. |(ajajajaia4)ss (aa) (61030530465 )2o ] 1o, 10, 10 — Ham, 
X. (az), (a (0122250105) = Hio 
XI. } (ajapagesag) on (ajazazaşas)z (010080405): ] s, s, s = Hrov 
XI. |(ajajasaiai) y (0102258105): (aaa s, s, s = Haso- 
XIII. — (ajalajajal) cyc (oof) cyc (a1a2a$aja$) cye = Hys 
XIV.  (alejalalal. ajalojolal. ajajajajai)s = Ha. 
XV. (alaala). ajajazajaz. aaa) = Da 
XVI.  (alalajalat. ajaj0jajai. ajeja$oja3) cyc. = Hy. 


The groups corresponding to these heads may be isomorphic either to (a’a°a*) 
eye or to (ala’a?) all. To generate a group isomorphic to (a'a?a?) cyc a substitu- 
tion with the following properties must be added to the head: it must have its 
cube in the head, it must interchange all three systems, and it must transform 
the head into itself. Calling the group so found G, the groups isomorphic to 
(a'a’a?) all may be found by combining with G any substitution that has its 
square in the head, that interchanges two of the systems leaving the third 
unaffected, and that transforms H into itself, and G into itself. = 

As all the heads given above are symmetric in the three sets of elements, eac 
head furnishes two groups by means of the symmetricaily formed substitutions 


s = alajai. maza . aloja$. alojai. ajajai, t = ala?. ala}. alal. alai. alai. 
The letters s and ¢ are used throughout this section of the.paper to denote these 


particular substitutions, other substitutions fulfilling the same conditions being 
denoted by the same letters with suffixes. 
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According to Th2orem I, any s, or. t, must be the product of some substitution, 
Ou of the most general head, Hirs, by s or &. Therefore v, must be a substitution - 
ofa subgroup of Hy, that contains the special H under consideration as a self- ` 
conjugate subgroup. 

We may now proceed to the determination of the groups to be derived from 
the various heads taken in order. 

I. Hins gives us, according to Theorem I, only the two groups, 


| Hirose, S, } of order 5184000,, 
and | Argo, S é} of order 10388000. 


II. Haw gives us, in accordance with Theorem II, three distinct groups. 
Of these, two are the groups, 


{ Ass P el of order 259 2000, ; 
| Ham, $, é} of order 5184900,, 


A c that transforms the head into itself without belonging in the head is 
c = ala}. This cannot be combined with s, as (os)? is an odd substitution ; it may, 
however, be combined with ¢. The remaining grou» is therefore 


{ Bann, 8, alal. t} of order 5184000,. 


Of these two groups of order 5184000, the first contains both odd SEN even 
substitutions, the second only even. 


II. Huw gives, by Theorem II, the two groups 


{ Hago; S} of order 1296000,,. 
{ Hamm, 8, £j of order 2592000,. 


IV. ` Hem gives us, by Theorem III, three distinct groups. o = ala} trans- 
forms the head into i:self, but when combined witt s it gives an odd substitu- 
tion whose cube cannot be found in the head. The substitution o£ furnishes us 
however, with a new £,. The three groups are, therefore, 

{ Haco: S} of order 648000, N 
{ Haco; S, t+ of order 1296000,, 
{ Heng, 8, ala}. t} of order 12960003. 


The two groups of order 1296000 are distinct, since the one contains both odd 
and even substitutions, the other only even. 
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V. Ha is not contained self-conjugately in any larger subgroup of Hyg, 
therefore only the two following groups can be formed from it: 
. { Him, s} of order 301, 
4 Hy, 8, t} of order 720. 


VL Hy gives, in accordance with Thecrem III, three groups: 
1 Ha, s} of order 180, 
{ Hy, s, t} of order 360,, 
{ Hy, 8, aja}. ajaz. aja$ . t} of order 360,. 
The last of these groups consists entirely of evea substitutions. 
The remaining heads are all composed of substitutions of the type 


Ver un Vea Use Ves Ue (1) 
where v, = aaa, Ug = ajaaa, while va, wa, Vasy Wg denote the same sub- 
stitutions written in elements with the indices 2 and 3 respectively. The substi- 
tutions v4, Ux generate the metacyclic group in the five elements with index 1, 
these substitutions being subject to the conditions 


; 
gel, w= 1, Wet sia: 


The most general s, is given by 


Sa = ÉIER UL VE URS. (2) 
From this we find ` 
Ë= vit Ot euh uti H eut gst teuk, (3) 
where A= 2 (Ha, +b) +4, 
(m Y (25, 4 6) Fa, (4) 
y — 2 (2%, + a) + b. 
Transformation of the general substitution (1) by s, gives us 
stv uz vB. ub Ole Ws Sa — vi us vts s VES Us, (5) 
where A= d4 + 2%a/ — 2*a,, 
u= b +20 — 285, (6) 
yo Cy + 2y’ E Ve. 


The general substitution of the group G = IH, s} is | 


T= 80, ug vb, ubivis uds. (7) 


H 
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The most general 7, is given by 


ty == 029 udo uA URE. (8) 


` Upon squaring this substitution, we get 


B= vat ado T ut, obs us, (9) 
where A= 22a, + bz, 

u = 2%, + as, (10) 

y = 2^0, + G. 


On transforming the general substitution 7 by tke general ta; we have, after a 
straight-forward calculation, the following expression for the case a = 1: 


4, z 
pif pce c T UI er re ttn (11) 
where (Am — 9h-58-5g, + 98 5a, + 256! + By, 
um— matete o, + Btw, + 2^9! + ay, (12) 
y = — hity’ h, + tab + 25y' + 6. 


We may now return to the consideration of special groups. 
VIL How gives only the two groups formed with s and £, as any o that 
might be used is already contained in this head. The groups are, therefore, 


| Ban, 8} of order 24000, 
Í Bam, S, t] of order 48200. 


VII. Zoo has the general substitution (1) subject to the condition a +8 
+y==0 (mod 2). From (3). it is evident that s, is subject to the condition a 4- b ’ 
+c=0 (mod 2). Therefore, s, is already in the group generated by Zi and 
by s, and there is only one group isomorphic to (a'a‘a*) eye. We find by (9) 
that every ¢, has its square in the head, and by (11), that every d transforms 
the head into itself, therefore, we may take as a Lew i, the simplest subszitution 
for which a, + 5, + c; zz 1 (mod 2), viz.: 


Vat = ala .a&a2a0lazalazalag. 
The three groups with this head are, therefore, 


das, el of order 12000, 
1 Ho, 8, t} of order 24000,, 
Lago, S, Vat} of order 24000;. 
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Of these groups the first and third consist of even substitutions, the second of 
even and odd. ae l 

IX. Hyw has the general substitution subject to the condition a = 8 =y (mod 
2). From(3)and (5), itis plain that every s, can be used to generate a group of the 
_ kind required. The only possible form for'the cofactor of s, if it is not to give 
the group generated by s and the head, is oi. bai, where a, b, c do not fulfill the 
condition azzb zze (mod 2). The simplest form for such-a cofactor, and a form. 
to which all others reduce, is found by making two of the exponents vanish and 
the third become equal to 1, e. g., s, = vs = data’. 2305055 ole Leet cha} 
Now, st = S; Dauf and gei. vivgves; we may, therefore, take sj as the s. 
in the place of a and still have the same group. But st = (vho) ts (vv), 
therefore the group we have now found is merely the transforméd of the group 
generated by s with respect to the substitution v2.03. Consequently, there is 
but one group corresponding to the cyclic group of degree three. 

If, in addition to the group given by t, we have a group given by t,, then 
according to the relations derived from (11), a =b, =Œ c, (mod 2), i. e the pos" 
sible values of ¢, are already present in the group generated with the help of £. 
The two imprimitive groups with this head are, therefore, the groups 


1H; 8} of order 6000. 
{ Ayo, 8, t} of order 12000,. 


In this, and all following work, the terms u in the cofactors of s and f are 
taken as unity, unless the contrary is expressly stated. 

X. Hygyhas its general substitution subject to the condition a= 8 zz y = 0 
(mod 2). By Theorem IV,this head gives. only one group isomorphie to 
(abe) cyc. If, in addition to the substitution ¢. there is a substitution ts, the 
relations satisfied by the exponents of the v's in (11) reduces to a, = b =E C 
(mod 2). We have, therefore, two distinct groups according as a, is even or odd. 
The three groups with this head are 


1 Dom, s] of order 3000,, 
1 Hy, 5, t} of order 6005,, 
1 Dag, Ss vo t Vast} of order 6000,. 


XI. JH sübjects the general substitution to the conditions a = 8 = y, where 

œ = 0,1, 2,3. Since every substitution s, satisties the necessary conditions, the 
following independent types of s, must be examined: vas, v2.8, vbs, vs vs. The 
35 ` 
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fourth power of these substitutions is in every case the transformed of s with 
respect to some combiration of the v’s; therefore, they give nothing new. The 
possible forms for i, are derived from the equation easily dedusible from (11); ` 
— d, + b, =a, —— ¢ = — b, + c, (mod 4), which, taken in conjunction with the 
limited range of values of as, bz, gu, gives a, = se. That is, every possible f, 
is already included in the group generated by 4. This head gives accordingly: 
only the two groups, - 

{ Hyg, s} of order 1500, 

{ Ho, 8, t} of order 30CC;. 


XII. Abs subjects the general substitution (1) to the conditions a = 8 =y=0 
(mod 2). To determire an s,, we have from (3) the condition a+ b + c= 0- 
(mod 2). An examination of the four apparently distinct types of s,, vis, 0108, 
ëng, (ie, shows that just as in the last set of groups, these each give a group 
that can be derived from the group generated by s by means of an easy trans- 
formation. 

The possible forms t must fulfill the conditiors, deducible from (11), —a; + 
by = — b, +  =— eg + a2=0 (mod 2) and also a b, =a;—e¢, (mod 4). 
These reduce to the simple condition a, = b,=c,. which furnishes the substi- 
tution tg = v; Ban Gu This head gives therefore the three groups, 

{ Hos, 8} of order 750,, 

{ Hosp, 8, t} of order 1506,, 

{ Han, 8, VarVaiVas t} of order 1500s. 
` The second group alone contains odd substitutions. 

XIII. Hy, gives in accordance with Theorem IV only one group in ‚which 
the systems are interchanged cyclically. The general substitution of this head is 
subject to the condiiona=8=y=0. Applying this condition to (9) and (11) 
we find a, = b, = 2%, while a, lies under the further restriction of being even. 
Therefore we have in addition to ¢ the substitutior, 

l 1, = vi VaV t= ata}. ala}. ala}. alaf. ala}. aia’. ala}. 
The three groups given by this head are, 

(Hin, s} of order 375, 

| Him, 8, t} of order 750,, 

{Hm s va 0% vist} of order 750,. 


XIV. H4 imposes upon the exponents of tha general term the conditions 
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| q«-( —w,o-—f-wy. Making use of this in (5) and (6) we find Yg =E 
2'g/ = 2 a' (mod 5), which gives at oncea — b — e. Using this latter equality in 
the equations that are deduced from (3) and (4) we find a, = 5, = c with the 
single exception of the case a = 0, where the equations become indeterminate, 
being satisfied by every value of ox, bi, G. An examination of all of the appa- 
rently independent sets of value for a,, 6,, c; shows that in every case the group 
is transformable into that generated by s alone. In order to determine all sub- 
stitutions t, we use the equation, derived from (11), —a, + b: = a — e = C — by 
(mod. 4), from which follows at once a, = bz Ge, From (12), by making use of 
the special case a = (9 = y = 0, can be derived the relations — a; + 6; zz — c, 
+ a;=— b + c (mod. 5); i, e, à, = b; = c, The only groups with this head are 
therefore the two groups, 

{ Ha, s} of order CO, 

{ Hs, s, t} of order 120. 


XV. Hm, has the general term (1) subject to the conditions a = 8 =y zz0 
(mod 2), «= B! = y’. By precisely the same line of argument as that laid down 
in the preceding case we arrive at the conclusion a =b = c, a; = 5, = G, a4 = 
bs = 0, ag = bg = Ga, In this work, too, the indeterminate values of a, b, o 
require a careful examination that leads to no new group. From this head come, 
therefore, the three groups, l 


| Hio, el of order 30,, 
{ Ho, 5, t| of order 60s, 
{ Hio, 8, Var Ven das t} of order 603. 


Of these three groups the second alone involves odd substitutions. 

XVI. 4, imposes upon thegeneral term the conditionsa = 8 = y = 0, ol = 
Dn By arguments similar to those used in the last two cases, with the 
further addition of the condition imposed by (3), a + b + c= 0 (mod 4), we find 
q-b-o-O0,a zb e. In the determination oft, we see at once from (9) 
that e, must be even, while from (11) we find a, = b= c, and from (12) 
As = by = 6$. f 

The groups given by this head are as follows: 

{H,, s} of order 15, 
IR. s, t] of order 30,, 
| Hy, 8, Vis Uae Vas t} of order 30,. 
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Passing now to the case of five systems of three elements each, there are 
seven heads considered in this paper, six involving all the systems symmetrically, 
the remaining head being unity. 


I. (alalal) all (ajaza3) all (afada}) all (atasa$) all (afada$) all = Arne, 
IL {Hms} pos = Has, 

IL {Hye} 3222377 His; 

IV. (ajajaj)pos “ajazaz) pos(a1a3a3) pos («taja3) pos (a$a$a$) pos = Hys, 
V. (ajalal.ajali.ajajo.a$jaja$.ajaja$) all = EG, 

VI. (ajaja§ . oui? . agua’. alasa} . aiaka’) cyc = Ph, 


VIL Unity. 


Denoting the system with index r by 4,, it is evident that these systems 
must be interchanged according to the five groups (4,4, 454,4;) cyc, (A;4,434,45) 10, 
(A,4,454445)o9, (4145 454,4;) pos, (A,4,4,4,4,) all. 

The order of procedure in each case is as follows: 

l. If the group is to correspond to (4,4, 4,4,4,) cyc, a substitution s must 
be found that will interchange the systems cyclically, transform the head into 
itself, and have its fifth power in the head. The ix primitive group so generated 
may be called G. Í 


2. If the group is to correspond to (A,A,4A;4,A,)-, it must contain Gh as a 
self-conjugate subgrou». In addition, therefore, to the s cf case 1, a substitution 
£ must be found that will interchange four of the systems in two pairs, as 
A,A;.A;A,, while leaving the remaining system unaltered, and that will, at the 
same time, transform the head into itself and G':nto itself. This substitution ¢ 
must also have its square in the head. This imprimitive group shall be 
called @,. l 


3. If the group is to correspond to (A, A, A;4;A;)2), it must contain both G, 
and G, as self-conjugate subgroups. In addition, therefore, to the s of case 1, a 
substitution. u must be found interchanging four of the systems cyclically, accord- 
ing to A, A, A, 4, for instance, transforming G, and G, into themselves and bar, | 
ing its fourth power in. the head. ) 


4. If the group is to correspond to (A,A,A4;A,A;) pos, two substitutions, 
v and v, must be found corresponding to A, A Ae and 4,4,A,. These sub- 
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stitutions must, therefore, each interchange thre2 systems, leaving two unaltered, 
they must have their cubes in the head, and must transform the head into itself. 
This group may be called @. : 

5. If the group is to correspond to (4; 4, 4,4, A;) all, two substitutions, w 
and w, must be found corresponding to A4,A4, and AA, G is to be con- 
‘tained in this new group asa self-conjugate sudgroup, therefore w and w must 
transform the head into itself and G' into itself. The fourth power of w and the 
square of w/ must both be contained in the head. 


I. Han is the largest possible intransitive group with the given systems of 
intransitivity, and, consequently, only one group with this head corresponds to: 
each of the transitive groups of degree 5. For each of these groups a substitu- 
tion or pair of substitutions can be found fulfilling all required conditions and 
involving the elements of the -systems symmetrically. A second set could be 
‘found only by multiplying this first step by some substitution belonging to the 
largest group that contains the head self-conjugately without interchanging any 
of the systems. But this group is the head itself. The required groups are, 
therefore, the following : | 


$ Hms, 8} of order 38880, 

4 Aang, S, t} of order 77760, 
| Hing, S, Ut of order 155520, 
1 Hig, v, v1 of order 4€6560,, 


{ Hyg, wW, W} of order 933120, 


where . s = alafaiaja’ . alajagaia} . ajazazajas, 
t = ala}. ajaj . ata’. a$a$ . aga’. aia, 
u — AIUTO . (5050505 . 30:050 ; 
v = gie? . alada} . alafa} , 
v! = data’ . alajas . ajaía3, 
w = alajajaj. alaaja; .alajojai, 
w = ala? . alak . aga}. 
These letters shall be kept throughout this section of the paper to denote these 


symmetrically formed substitutions, other substitutions with corresponding prop- 
erties being denoted by the same letters with suffixes. 
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IL Z4 gives only one group isomorphic to. (4; 4, 4,.4, A;) cyc, viz., the 
group generated bys. Any new s, must have as cofactor an odd substitution 
belonging to Hm, but the fifth power of such a substitution is not contained in: 
the head. There are; however, two groups isomorphic to (4,4, 4; 4, Ahn, since 
both ¢ and 4,=alal.t fulfill the necessary conditions. The former generates a 
group Gus, containing only even substitutions, the latter generates a group 
Ga, containing boib odd and even substitutions. There are likewise two 
groups isomorphic to (4,A,A,A,A5), one generated by u, the other by alal. u 
The first of these groups contains odd substitutions, the second only even. Gg, 
is contained self-conjugately in both. 

Only one group’ G' can be found for this head, as no new v, or v/ fulfills the 
necessary conditions. Such a substitution would necessarily be of the form ov 
or ov’, where c would belong to the group Hms. If c were even, the group so 

‘generated would be a repetition of the group generated by v and v. If s were 
odd, the cubes of av, av would not be contained in the head. 

Two groups can be found isomorphic to (4, 45 4; 4, 4;).all, the substitutions 
w and w generating one group, the substitutions zlal., aldl.w! generating the 
other. This latter group contains only even substitutions. 

From this head we have, therefore, derived eizht groups: 


{ Hogs, S} of order 19440, 

{ Hass, S. č} of order 388805, 

EST aja; . tj of order 388833, 

[Za 8, U} of order 76660, ` 

$ Tose, 8; dias. u! of order 76666;, 

J Tage, v, v'} of order 233280, l 
ES? + of order 466560,, . 

g^ cass: alal.w, aak. w 4 of order 4665603. 


III. Dax furnishes us with only one group isomorphic to (A,A,A,A,4,) cye, 
for an examination of the groups given by all possible types of substitutions s, 
shows that each of these groups is merely the group generated by the help of 
s and transformed with respect to some easily discovered substitution. More- 
. over, there is but one group isomorphic to (A, A, 4 A, Aale, viz., that generated 
with the help of t. Any cofactor of ¢ must be of one of the types aja}, aja}. aja}, 
ala}. aia} off, ajaz. ara, . aja; . aja, but any ¢, got ky means of these, transforms 
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s into s* (a substitution not in the head). Precisely the same reasoning shows 
` that there is only Uer one group isomorphic to (4,4, 4,4, As)z -~ 
In addition to the grotp isomorphic to (4,A,A;A,A,;) pos generated by 
means of the substitutions v and v', we must examine groups generated with the 
help of v, and v4, substitutions which contain as cofactors of v, d respectively 
the products of transposition, one transposition from each system. A number 
of these may be rejected at once, but we are left with the possible forms: 
v = ala}. art . v = alaga} . akeas . ayaza, 
v, = ala} . a. axis - v = Waid . alda? . ata. aa}, 
v = ala} . ala} . v = alata’. alaja$ . data’, 
vi = alal , ate? . aja? . v! = aleja. alata’ ab . ajo. 
But, since «4, vf are transformable into v, and vi, o;' are transformable into v, it is 
impossible to generate any group by means o? any combination of these four 
substitutions excepting a group that can be transfor med into the one generated 
by means of v and d 
A similar examination cf all groups isomorphic to (4, 45 4, 4, A,) all, shows 
that, in addition to the group generated with the help of w and w’, there is one 
other group generated by means of w, = aja}. w and ug. 
From this head are therafore formed the six following groups: 


| Hg, 8} of order 2430, 

1 ss s, t} of order 4860,, 

{ Hj, S, wt of order 9720, 

| Hyg, v, d of order 29160,, 

| Be: w, wi of order 58320,, 

| Hyg, oi. ap, w'} of order 58320,. 


IV. H, gives one group isomorphic to (Ad, 45.454, 4;) cyc, by means of s. 

The only other permissible forms of s, are of the type 
8 = ajay . Vaz. 8, S = ajaz . aiaz . ajaz . ajay . 8 

Buts, and s, are each the transformed of s with respect to some substitution 
that transforms the head into itself; therefore, there is only the one group of this 
type. On the other hand, there are two groupe isomorphic to (A, 45 4, A, Asho» 
since both ¢ and ¢, = aja). ad . aja$ . aja}. ada’ .¢ fulfill all necessary conditions and 
generate, one a group of even substitutions, the other a group containing odd 
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substitutions. There are also two groups isomorphic to (4,2,4, 4, Aj), one 
containing both odd and even substitutions, the other only even. These are 
generated respectively by means of u and of u, = ala} . afa? . aĵa? . ajaj . aa}. u 
and each contains as a self-conjugate subgroup the group isomorphic to 
(A, A, 45 44 Ach that consists entirely of even substitutions. 

Only one group can be found isomorphic to (A, A, 4, A, A) pos, and this is 
the one formed by tke help of v and v. An examination of the various substi- 
tutions v, and v] corresponding to various types of cofactor of v and v shows 
that all groups formed by means of these substi: utions are transformable into 
the one group. 

On the other hand, we have two distinct groups corresponding to 
(A, A, A; A Aal all, the one consisting of both odd and even substitutions and 
generated by the aid of w and w', the other consisting entirely of even substitu- 
tions and generated by the aid of aia}. w and aja}. w'. 

From this head we have, therefore, the eight following groups: 


{ Hy, s} of order 1215, 

| Hq, 3, t} of order 2430,, 

{ Hous, 5, i aja; . ajay . aja5 ata}. t] of order 2430,, 
{ Hy, 8, wt of order 4860,, 

{ Hyg, 5, ala}. aia. Aad. ajay. ajaz. u} of order 4860,, 
{ Hs, v, v'] of order 14580, 

{ Hy, w, w} of order 29160,, 

| Hs, a}. w, ajay.w'} of order 291603. 


V. H,furnishes one group corresponding to each transitive group of degree 
5. These groups.are generated respectively by the substitutions s, t, t, v, v', «o, w, 
and can readily be seen to be indentical with those of orders 30,, 60,, 120, 3602, 
720 included among the groups with three systems of imprimitivity. An inter- 
change of suffixes and indices in the one set of groups gives the generating sub- 
stitution of the other set of groups. 


VI. H, furnishes groups corresponding to the transitive groups of degree 5 
by means of the substitutions s, é u, v, o, w, w. As in the last case, however, 
these correspond to the groups of orders 15, 30,, 60,, 180, 360, included in the 
groups with three systems ofimprimitivity. By the use of the cofactor o = ajal. 
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ajay . ajay. ajaz . ajaz three more groups can be found generated respectively by the 
help of £, = ct, u, = cu, w = cw, wi = gw. These groups, however, are seen 
to be identical with those of orders 30,. 60;, and 360, included in the groups 
with three systems of imprimitivity. This head gives, therefore, no group essen- 
tially new. l 


VII. In the discussion of the head unity & useful theorem is the following 
given by Frobenius (Crelle t cr, p. 287): 

The average number of elements in all the substitutions of a group is n— a,n 
being the degree of the group, and a the number of its transitive constituents. 

The only transitive groups of degree 5 containing 15 as a factor of the order 
are the symmetric and alternating groups. We have therefore to find an imprim- 
itive group of degree 15 with 5 systems of intransitivity simply isomorphic to 
the alternating (symmetric) group in 5 letters. 

In determining the imprimitive group corresponding to (A,4,A;A4,A;)- pos- 
we make use of the following facts: (1) the 15 conjugate substitutions corres, 
ponding to terms of the type A,4,. 4,4, mus: be of degrees 12 or 14; (2) the 20 
conjugate substitutions corresponding to terms ofthe type A, A, A; must be of 
degrees 9, 12, or 15; (8)the 24 conjugate substitutions corresponding to terms 
of the type A,A,A,4,A; must be of degree 15. It must, therefore, be possible to 
solve the equation 

15 (12 + 2a) + 20 (9 + 38) + 24.15 = 14.60 
where «a =0, 1; 8 = 0, 1, 2. The only solution isa = 0, 8 = 2. 

Therefore the imprimitive group we are seeking contains among its substi- 
tutions 15 of degree 12 and order 2, 20 of degree 15 and order 3, 24 of degree 15 
and order 5. Making use of the relations among the generating substitutions of 
such a group of order 60 as given in Burnside, Theory of Groups, p. 107, we find 
that the two substitutions corresponding to 445454, 4; , A,A,A,Aj, substitutions 
which will generate (4;4,454,4,) pos, are respectively, 


s = aladalata} . a3a2a$a$a3 . ala$a$a$a, 


p= — ala; . aja; E ala? D adaz D alas D aai; 


s and p are therefore the generating substitutions of an imprimitive group simply 
isomorphic to the alternating group of degree 5. 
In determining a group simply isomorphic to (4,4, A,4,4,) all, we argue as 
beforein regard to the various sets of conjugate substitutions. The 15 substitu- 
36 
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tions corresponding to ternis of the type A4,4,.A;4, are of degrees 12 or 14, the 
20 corresponding to the type 4, 4,4, are of degrees 9, 12, or 15, the 24 corres- 
ponding to the type 4,4,4,4,4, are of degree 15, the 10 corresponding to the 
type 4,4, are of degrees 6, 8, 10, or 12; the 30 corresponding to the type A,4,: 
4,4, are of degrees 12 or 14; the 20 corresponding to the type 4,4,4,4, A, are of 
degree 15. "The equation to be satisfied is therefore 


15 (12 + 2a) + 20 (9 + 38) + 24.15 + 10 (6 + Sy) + 30 (12 + 28) + 20.15 
= 14,120 where a = 0, 1; 8 — 0,1, 2:y = 0, 1, 2, 8; ð= 0, 1. 


The only solution is a = 0, 8 = 2, 7 = 3,ô= 1. The substitutions A,4,4,4,4,, 
A,A,A,A;, A,A,A;A, will generate the group (A,4,4,4,4,) all, and corresponding 
to these as generators of the imprimitive group we have the three substitutions, 


— vn leg eg erh en 1,4273 1495 ËCH Ed 
857 AAA A) Ay D AzA Alola la P eas aUa y 
c = alal . offe? . a2a203a$ . agazadat, 
p = aja} . aja; . aaj. aja . a4d; . ajat. 


To sum up the results of the preceding work, the 16 heads with three sys- 
tems of intransitivity give 41 groups with three systems of imprimitivity. The 
7 heads with five systems of intransiüvity give 42 groups with five systems of 
imprimitivity, but of these 13 groups contain alsc three systems of imprimitivity. 
Therefore there are 70 imprimitive groups of degree 15 as determined in this 
paper. 

Primitive Substitution Groups of Degree Eighteen. 

The main theorems employed in this investigation of primitive groups are 
the following, in which p is always to stand for a vrime number. 

n]! 

3.83 .... p 


2, 3, .... p are the distinct primes which are less than % n. (Burnside, Theory of 
Groups, p. 199). i 


I. The order of a primitive group of degree n cannot exceed , where 


IL. A group of degree p+ x ar of degree 2p + x, x > 2, cannot be more than 
x times transitive, (Miller, Bull. A. M. S., v. IV, pp. 142, 143). 


Ill. Ifa primitive group of degree n contains a circular substitution of prime 
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order p, the group is at least (n—p + 1)-fold transitive. (Cole’s tr. of Netto's 
Theory of Substitutions, p. 93). 


IV. A self-conjugate subgroup of a primitive group must be transitive. (Burn- 
side, l. c., p. 187). 


V. A self-conjugate subgroup of a.x-ply transitive group of degree n (8 « x « n) ` 
is in general at least (x — 1)-ply transitive. The only exception is that a triply tran- 
sitive group of degree 2" may have a self-conjitgate subgroup of order 9". (Burn- 
“side, l. c., p. 189). ; 


VI. A group G which is at least doubly transitive either must be simple or mus - 
contain a simple group H as a self-conjugate subgroup. In the latter case no opera 
. tion of G. except identity is permutable with every operation of H. -The only exceptions 
to this statement are that a triply transitive group of degree 2" may have a self 
conjugate subgroup of order 9", and that a doubly: transitive group of deyree p" may 
. have a self-conjugate subgroup of order p". (Burnside, l. e, p. 192). 


VII. The substitutions of a transitive group @ which leave a given symbol 
unchanged form a maximal subgroup Gi, which is one of aset of n conjugate sub- 
groups, each leaving one of the n elements unaffected. (Burnside, 1. c., p. 140). 


VII. The number of substitutions of degree L< n contained in a transitive 
group of degree n is equal to the number of substitutions of this same degree l contained 


in the maximal subgroup G of degree n —1 muitiptied by ——. (Stated by Miller, 


7L 
n—l 
Quar. Jour. of. Math. v. XXVIII, p. 215.) 
IX. The average number of elements in all the substitutions of a group is n — a, 
n being the degree of the group and a the number of its transitive constituents. (Fro- 
benius, Crelle, t. cr, p. 287.) ` 


X. Sylow’s theorem, as stated by Burnside, l. c., p. 92, or by Sylow, “ Théo- 
rémes sur les groupes de substitutions,” Math. Ann., v. V (1872), pp. 584 et seq. 


XI. The class of a primitive group of degree n is the same as the class of tts 
_ maximal subgroup that leaves one element unaffected. 
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While the preceding theorems are used thrcughout the work on primitive 
groups, the following are used mainly in the determination of simply transitive 
primitive groups. 


XII. A simply transitive primitive group G of degree n cannot contain a transi- 
twe subgroup of degree less than n. (Miller, Quar. Jour. of Math., v. XXVITI, 
p. 215. 


XIII. When G, centains a self-conjugate subgroup H of degree n — a, H must 
be intransitive, and it must be the transform with respect to substitutions of G of any 
one of a—1 other sudgroups of G, (Hj, Hj, .... H A. (Miller, Proc. Lon. 
Math. Soc., v. XXVIII, p. 584.) 


XIV. All the prime numbers which divide the order of one of the transitive con- 
stituents of G, divide also the orders of each of the other transitive constituents. 

Corollary I. If one of the transitive constituents of G,is of a prime degree, 
each of its other transitive constituents is of the sume or a larger degree, and the 
-order of G, is the same as the order of the group formed by these other transitive 
constituents. ` 

Corollary TI. Jf the order. of Gis not divisible by the square of a prime 
number, all its transitive constituents are of the same order, and G, is formed by 
establishing a simple isomorphism between them? (Miller, l. c., p. 586.) 


XV. If a transitive constituent of G is of a prime order, the order of G is the 
same prime number, and G ds of class n — 1. 

Corollary. If G4 contains a constituent of degree 2, its order is 2, and the degree 
of Gis a prime number. (Miller, 1. c., p. 536.) 

The above theorems are given in the form and with the symbols most con- 
venient for use, and so are not always exact quotations from the papers and 
books referred to, while the references given are not always references to the 
original paper in which the theorem appeared. . 

Applying these theorems now to the special case in which n = 18, we pro- 
ceed as follows: . 

Since 18 — 2.7 — 4, by Theorem II a primitive group cannot be more than 
4-ply transitive. ` 
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By Theorem I the order is seen not to exceed . 


18! 


2.8.5. 17.11 == 915. Eu 5%, 7. 13. 17. 


If the group included circular substitutions of orders 2, 3, 5, 7, 11, 13, it would 
be at least 17, 16, 14, 12, 8, 6-fold transitive respectively according to Theorem 
III. This is impossible; therefore circular substitutions of these orders are not 
present, and consequently we see at once that 11 and 13 cannot be factors of 
the order. © 

If the order includes the factor 7, then, by Theorem X, there is a subgroup 
of order 7. This must consist of the powers of a substitution composed of two 
cycles of 7 elements each, and it must be contained self-conjugately in a group 
of order.7 . 4m that interchanges transitively among themselves the four remain- 
ing elements. (Cf. Burnside, Theory of Groups, p. 202.) Itis quite possible 
to establish a (7a, 1) isomorphism between an imprimitive group of degree 14 
with the systems of imprimitivity 7, 7 and a transitive group of degree 4; there- 
fore 7 may be a factor of the order. 

A subgroup of order 5’ cannot be present, as it would have to be intransi- 
tive with the systems of intransitivity 5, 5 or 5, 5, 5. In the one case, it would 
have to be contained self-conjugately in a group of order 5°. 8m, in the other, in 
a group.oforder 5?.3.m. In either case, a circular substitution of order 5 would 
be present, which is impossible. 

The factor 5 may be contained in the order. = it is possible to establish a 
(5, 1) isomorphism between the} cyclical group of degree 15 and the cyclical 
group in the remaining three letters. 

The order must, therefore, be a factor of 2%.37.5.7.17. 


Simply Transitive Groups. 


The maximal subgroup @, that leaves a, unaffected is intransitive (Theorem 
XII), and its order is, therefore, a factor of 2%.5°.5.7. Moreover, its class can- 
not be less than 6, for if it were 2, 3 or 5, G, would necessarily contain a transi- 
tive subgroup of too low a degree, and it cannot be of class 4, if G is to be 
primitive. (Netto, l’c., p. 138.) | 

By Theorem XIV, Cor. I, it is evident that @, cannot contain a transitive 
constituent of degree 13 or 11; by Theorem XIV it eannot contain a transitive 


278 MARTIN: Ox the Imprimitive Substitution Groups of Degree 
constituent of degree 15 or 14, and by Theorem XV, Cor., it cannot contain a 
constituent of degree 2. 

If one of the transitive constituents of G, is of degree 12, the other must be 
of degree 5. The isomorphism between the transitive groups of degrees 12 and 
5 must be an (a, 1) isomorphism, where « itself may be equal to 1. By Theorem 
XIV, the order of the group of degree 5 must cortain the factors 5, 8, 2; there- 
fore this group must be either the alternating or the symmetric group of 
‘degree 5. If the isoraorphism is more than simpla, then the group of degree 12 
must be an imprimitive group with 6 systems of imprimitivity. The head for 
such an imprimitive group as we require is the intransitive group of order 2 
and degree 12 given by Tt, ayy. dg. Agag. 0405 . Aghia. anay] . The group 
(aiats) pos contains 


24 conjugate substitutions of order 5 and degree 5, 
20 conjugate substitutions of order 3 and degree 3, 
15 conjugate substitutions of order 2 and degree 4. 


Corresponding to these in the group of degre2 17, we have 1 substitution of 
degree 12 and order 2, 24 of degree 15 + 2a anc order 5 or 10, 24 others of 
degree 15+ 2a/ and order 5 or 10, 20 of degree 15+ 28 and order 3 or 6, 
together with 20 of degree 15 + 23’ and order 3 or 6, 15 of degree 12 + 2y 
and order 2 or 4, and 15 of degree 12 + 2y' and order 2 or 4, where 


a =0, 1; « =0, 1; 8 =0, 1; 9 —0 1; —90, 1, 2; y 0,1, 2. 


By Theorem IX, the following equation must be satisfied : 
.12 + 24 (15 + 2a) + 24 (15 + Qa") + 20 (15 + 28) + 20 (15 + 26’) 
+ 15 (12 + 2y) + 15 (12 + 2y = 120.15. 


The only type of solution is given bya = 8 = y = p'= 0, «d = 1, = 2. @, 
therefore, contains both a self-conjugate subgroup of degree 12 and order 2, and 
15 conjugate subgroups of the same type. But, ty Theorem XIII, only 5 such 
conjugate subgroups should exist if this group is to be the @, of a simply transi- 
tive primitive group. This intransitive group gives us, therefore, no such group 
as we require. 

For precisely the same reason the intransitive group formed by establishing 
a (2, 1) isomorphism between an.imprimitive group of degree 12 and order 240, . 
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and the symmetric group of degree 5 cannot be employed in the formation of a 
simply transitive primitive group of degree 18. ` 

If the isomorphism is simple, the group Gi, including the alternating group 
of degree 5, must contain 24 substitutions o? degree 10 or 15 and order 5, 20 of 
degree 6, 9, 12 or 15 and order 3, 15 of degree 3, 8, 10, 12, 14 or 16 and order 2. 
The following equation must, therefore, be satisfied: 24 (10 + a) + 20 (6 + 8) 
4-15 (6 +y) =60 x 15, waerea = 0,5; B —0,8,6, 9; y — 0, 2, 4, 6, 8, 10. 
The only solution is oa — 5, 8 = 9, y = 10. 9, is, therefore, of class 15. 

A group G of degree 1£, formed with the help of this G, and, therefore, of 
order 60.18, contains 36 ccnjugate subgroups of order 5, each of which is con- 
tained selfconjugately in & group of order 30. As each of these subgroups of 
order 5 is already self-conjugate in a group of order 10, the construction of the 
generating substitutions of such. a group is an'easy matter. G, is generated by 


S — G0 50:0 . Ost! 0509 » C304 0150 1607 x 
and by b= Gutts, Geh, Aglhyy » Q0. Oatian . UgAyy » Ayglbys - Arly 
and contains, as one of the above-mentioned groups of order 10, the group. gene- 
rated by l 

u= st = agitis . GaU 0o - C131 508014; 


v = SU = aM, att «Ay . Agag - Allg - Otto - (130145 - 44036. 


The group {u, v} is a subgroup of a group of degree 18 and order 30 formed 
by establishing a (5, 1) isomorphism between an imprimitive group of degree 15 
and order 30 with wand its powers as head and the symmetric group in the three 
elements dutt, The question then reduces to that of the determination of a 
substitution of degree 18 and order 3 that will -ransform the head {u} into itself, 
interchange cyclically the three systems of jw-, and be in its turn transformed 
into its square by v. An examination of all substitutions fulfilling these condi- 
tions results in finding none that do not give, vhen combined with other substi- 
tutions of G,, substitutions that cannot possibly belong to a simply transitive 
primitive group containing G} as a maximal subgroup. 

There is no primitive or imprimitive grou» of degree 12 simply isomorphic 
to the group (a5cdef)p,; consequently, no isomorphism can be established 
between the symmetric group of degree 5 and a transitive group of degree 12. 

There remains the question whether the symmetric group of degree 5 can 
be put in a simply isomorphic relation to one of the imprimitive groups of degree 
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12 and order 120 that have both six and two systems of imprivitivity. Such 
groups of degree 12, however, contain two self-ccnjugate subgroups of orders 2 
and 60 respectively, and, eae are not in a simply isomorphic relation to 
the symmetric group of degree 5. 

If one of the transitive constituents is of degree 10, the other can only be of 
degree 7. By Theorem XIV, the group of degree 10 must contain 7 as a factor 
of its order, and, therefore, must be either the alternating or the symmetric 
group. Itisimpossible to establish an isomorphic relation between either of 
these groups and one cf degree 7 without introducing subsütutions of too low a 
degree. 

If one of the transitive constituents is of degree 9, the remaining constituent 
may be either intransitive in two systems of four elements each or intransitive in 
eight elements. The isomorphism can in neither case be simple, as an examina- 
tion of all groups of degree 8 and orders equal to those of transitive groups of 
degree 9 Shows that in each case a system of intransitivity of degree 2 enters, 
with the single exception of a group of order 144. Here, however, the group of 
degree 9 contains a substitution of order 8, while an inspection of the corres- 
ponding groups of degree 8 shows no substitution of that order. 

The isomorphism is, therefore, an (a, 8) isomorphism, where a and ß are 
not simultaneously equal to one. 

When neither a nor 8 is equal to one, G, must be formed from an imprimi- 
tive group of degree 9 and an intransitive group of degree 8. The order of each 
transitive constituent must contain 3 as a factor,. and, therefore, the group ot 
degree 8 must be some combination of the alternating and symmetric groups of 

degree 4 in two systems of elements. The only combinations possible, consistent 
with the requirements of class, are got by establishing a simple isomorphism 
' between the two symmetric groups of degree 4 or between the two alternating 
groups of the same degree. Every relation of isomorphism established between 
these groups of degree 3 and any imprimitive groups of degree 9 consistent with 
the requirements of class, results in a @, that contains a self-conjugate subgroup 
of order 4 and degree 8, and no other subgroups of the same order. This case, 
therefore, gives no simply transitive primitive group. dë 

When « becomes 1, the group of degree 8 must, as before, be composed of 
either the symmetric or the alternating groups of degree 4 in two sets of 
elements put into the relation of simple isomorphism. The order of such a group 

does not contain 9 as a factor; therefore this case gives no possible Gj. 
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When 8 becomes 1, the group of degree 9 must be imprimitive. No tran- 
sitive group of degree. 8 stands, however, in the given relation of isomorphism 
- towards an imprimitive group of degree 9. The only permissible intransitive 
groups of degree 8 are combinations of the symmetric and alternating groups of 
. degree 4 in two sets of elements, and none of these are isomorphic in the given way 
to any imprimitive group of degree 9. 3 
If one of the transitive constituents is of degree 8, we may have the DEE 8, 
6, 3 or 8, 3,3, 3. In both cases we have an (a, 1) isomorphism between an 
"inipinaitivé group of degree 14 and the symmetric group of degree 3. The group 
of degree 8 is not primitive, as no suitable isomorphic relation can be established 
between a primitive group of degree 8 and an imprimitive or an intransitive group 
of degree 6. The only imprimitive groups of degree 8 that can be used are those 
with the head (1, 21a . gata, Agas- Gate) that are isomorphic to a group of degree 
4 and order 120r 24. Such groups, however, cannot be combined with the groups 
in the remaining 9 elements in such a way as to generate a group capable of being 
the G, of one of the required primitive groups. 

The case in which G contains a transitive constituent of degree 7 has already 
been discussed, as according to Theorem XIV, Cor. I, the remaining constituents 
must be of larger degree. 

If G, contains a transitive constituent cf degree 6, the systems may be either 
6, 6, 5 or 6, 4, 4, 8. For the former system the only possible arrangement is to 
establish. a simple isomorphism between the three groups (aya,059;050)eo, (Aragoa 
0312): (Caiit) pos, or between the groups (a,4595, 505): EN 120: 
(aiaa) all. An examination of the two groups G formed from these iso- 
morphisms shows that these are not the maximal subgroups of simply transitive 
primitive groups of degree 18. 

If the systems are 6, 4, 4, 3, only the imprimitive groups of degree 6, the 
alternating and symmetric groups of degree 4, and the symmetric groups of degree 
3 are involved. The group formed by the system 6, 4, 4 has an (a, 1) isomorphism 
to the group of degree 3, and thisisomorphism cannot be simple. No combination 
of these groups can be found fulfilling all the necessary conditions. 

The case in which G, contains a transitive system of degree 5 has already 
been discussed, as the remaining systems must be of degree greater than 5. 

If G, contains a transitive system of degree 4, the only arrangement possible 
is 4, 4, 3, 3, 3. The groups involved are therefore the symmetric groups of degree 
3 and 4, and the alternating group of degree 4. One group consistent with the. 
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requirements of clase is got by establishing a (1,4) isomorphism between the 


group, 
(yA yoy - stat. axons all, and (asas , G50500,) all. 


This group contains, however, one and only one guber of degree 8 and order 2. , 

A second group is got by first establishing a (4, -) isomorphism between (maa 
ORARAA alland Lotto) all; and then establishing a (12, 3) isomorphism between 
the group of order 24 so formed and the group (4503,95, . As) all. This group 
of degree 17 contains only one subgroup of order 4 and degree 8; therefore it 
cannot become a 64. 

G, cannot contain only systems of degree less than four, as in such a case 
a system of degree 2 would have to enter. 

There is, therefore, no simply transitive primitive group of degree 18. This 
result when joined to all other determinations of similar groups shows that there 
is no simply transitive primitive group of degree p +1, p a prime number and 
<17. 


Multiply transitive groups. 


Among the transitive groups of degree 17 five contain a self-conjugate sub- 
group of order 17. These are of order 17, 2.17, 4.17, 8.17, 16.17 respectively, 
while all excepting the first are of class 16. 

If a primitive group of degree 18 and order 18.17 existed, such a group sud 
contain 18 conjugate subgroups of degree 17. It would therefore contain 17 sub- 
_ stitutions of degree 18 and 18.16 of degree 17. By Sylow's theorem since 18.17 
= 2.37.17, such a group contains either 1 or 34 subgroups of order 3*. A sub- 
group of this order must be intransitive, therefore cannot be self conjugate, and 
it is impossible to form 34 subgroups of order 9 from 17 substitutions of degree 18. 
No such group of degree 18 exists. 

A primitive group of degree 18 and order 18.17.2 = 2%.3°.17 would oot 
among its substitutiors 153 of class 16 and order Z, 288 of class 17 and order 17, 
170 of class 18. This group must contain either 1. 4, or 34 conjugate subgroups 
of order 3°. As before, a subgroup of this order cannot be self-conjugate, as 
it is intransitive. I? there were 4 conjugate subgroups, each would be self- 
conjugate in a group of order 3°. 17 involving all 18 letters and necessarily tran- 
sitive. Such a group is non-existent. If there were 34 conjugate subgroups 
they must be of degree 18, and there are not enough substitutions of class 18 to 
form all these subgroups. 
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A primitive group of degree 18 and order 18.17.4 = %.3°.17 contains among 
its substitutions 476 of degree 18, 459 of degree 16, 288 of degree 17. According 
to Sylow’s theorem it contains either 1, 3, 9, 17, 51, or 153 conjugate subgroups 
of order 22. Now the grou» leaving one element unchanged contains 17 conju- 
gate subgroups of degree 16 and order 4; therefore the group of degree 13 contains 
153 distinct conjugate subgroups of order 4; therefore it contains 153 conjugate sub- 
groups of order 2°. Hach of these is contained self-conjugately in no larger group. 
The number of systems of intransitivity in any one is got from the following 
equation, where a denotes the number of substitutions of degree 18 and a the 
number of systems: 
18x + 16 (7 — a) = 8 (18 — a), where a Æ 1, « < 8. 
There are two sets of solutions, either z = 0, a= 4, or z = 4, œ = 8. 
The group of degree 17 is generated by, 
S — 0,5030, 05050150, 92015039, 01505507 
É — G0 a0. stg. 00505 « Allg, 


where ¢ and its powers form a self-conjugate subgroup of the group of order 2° and 
degree 18 that is now under discussion. It is impossible to so connect the systems 
and introduce the remaining elements that the first solution may give the group 
of order 2°. Making use of the second solution we have only to combine with 
the group generated by ¢ a substitution of degree 18 that connects the two remain- 
ing elements by a transposition, and unites the cycles of in pairs. The 153 
groups of order 2° give in this way 153.4 — 612 distinct substitutions of degree 
18, while there are only 476 in the group. This group of degree 18 does not exist. 
If there is a primitive group of order 18. 17. 2? = 2*, 3*. 17, it contains :288 
substitutions of degree 17, 1071 of degree 16, 1088 of degree 18. "The group of 
degree 17 which is generated by 
$ = ACA yA Ay Ag 05050490 0350:30:40:150 5 037 
and EZ ACoA 1600505 « O40, 0605505500, , 


contains 17 conjugate subgroups of degree 16 and order 8; therefore in the 
group of degree 18 there are 153 such conjugate subgroups, and each of these 
is self-conjugatein a group of order 2* and degree 18. Denoting by « the 
number of systems ofintransitivity of this group of order 2%, and letting x denote the 
number of substitutions of degree.18 contaired in the group, we have the equation 
182 + 16 (15 — x) = 16 (18— a), where a 1. There are two solutions, «= 8, 
o=2;2=0,a=3. The first solution would involve a larger number of substi- 
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tutions of degree 18 zhan are actually present in zhe group under consideration. 
The second solution shows that the group must contain 153 conjugate subgroups of 
order 2* and degree 13 consisting of substitutions of class 16 only, and involving 
three systems of intransitivity. A substitution musi therefore be combined witht 
that transforms ¢ into one of its powers, and has its head in the group generated 
by ¢; moreover, this substitution must have as one of its cycles the transposition 
(a; ag), and must have systems of intransitivity apart from this cycle consistent 
with the systems of ¢. Such a substitution is 6 — 450,4 . (t (3 . A0, . Ag yg - Gellyg - 0 
Gate - atg. The required group is therefore {s, 4, c]. 

It is not necessary to prove that these three substitutions give a group of 
the required order, as such a group would be necessarily doubly transitive, and 
it is known that there is a doubly transitive group of degree 18 and of the 
required order, By the mode of ccnstruction of the substitutions, it is evident 
that there is only the one type of group of this degree and order. 

Any primitive group of degree 18 and order 18.17.16 contains 2312 sub- 
stitutions of degree 18, 288 of degree 17, 2295 cf degree 16. The group of 
degree 17 contains 17 conjugate cyclical subgroups of degree 16 and order 16, 
therefore, the group of degree 18 contains 153 subgroups of order 16, each of 
which is self-conjugate in one of 158 conjugate subgroups of order 32. Giving 
a and x the usual meanings, we find that the group of order 32 involves the equa- 
tion 18% -+ 16 (31 —2)— 32 (18 — a), wherea 1. The only solution is a = 2, 
æ= 8; therefore, the group of degree 12 and order 32 must be intransitive 
with two systems of intransitivity, and must con-ain 8 substitutions of degree 
18, 23 of degree 16. We have to add, therefore, zo the cyclical group of degree 
16, 8 substitutions of degree 16 and 8 of, degree 18, all of them containing as one 
cycle the transposition of the remaining two letters. 

The group of degree 17 and order 17.16 has as generators 


. 8 — Q40.030.,050,d 4 Bagla adigi 30340 iC ugs 
and 15 AG gy hy 10 4085 180,0, pA AAs 150 307 - 


The substitution T = aydis . 404 . (30,0 . dgl: Aelg - AgQyg «03:015. Arnd, generates with 
s and u the required group of degree 18 and order 17.18.18: A triply transi- 
tive group of such £n order is known to exist (Burnside, l. c., p. 158); so no 
further proof that Is. u, zl is a group is necessary. It is easy to see that the 
even substitutions of the group just found form the simple group of order 
18.17.8. S l 
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The three remaining transitive groups of degree 17 each contains 120 con- 
jugate subgroups of order 17. They are of orders 15.16.17, 15.16.17.2, 
15.16.17.4 respectively. 

The group of degree 18 and order 15.16.17.18 would necessarily contain 
816 conjugate subgroups of order 5. Hach is self-conjugate in a group of order 
90 connecting the remaining three elements transitively. This group is intran- 
sitive with two transitive constituents, one of degree 15 and order 90, the other 
of degree 3. The first, however, is non-existent, therefore, the group of degree 
18 is non-existent. 

The two remaining groups also, if they can generate primitive groups of 
degree 18, would generate groups that each contain 816 conjugate subgroups of 
. order 5. In the one case, we should have to make. use of an intransitive group 
containing as a transitive constituent a group of degree 15 and order 180, in the 
other, the transitive constituent would enter as a group of degree 15 and order 
860. Both of these groups are non-existent; therefore, the three groups of 
degree 17, at present under discussion, furnish us with no new groups of 
degree 18. Ps 

As the case now stands, the conclusion arrived at may be summed up as 
follows: ` l 

There are no simply transitive primitive groups of degree 18, and in addi- 
tion to the symmetric and alternating groups, there are only two multiply transi- 
tive groups of this degree, viz., the two given by 

( (019029344050 gy Ug yy yA y2%i gy 13:013;) ; 

4. (as 0399340450: 0515 « (1403; Allaga), fos order 2448, 
Lët, Gett, 0035 - gts . Ges «C051 « Ag . Aa); 
(hgh 50,007) ; 
(201,070 034001504504, .,:5505050,53504) , . of order 4896. ` 
(daQg . Q0 + Ost. datt. Cil « yyy + gn. gts), 


The second of these is triply transitive, and contains the first, which is 
doubly transitive and simple, as a self-conjugate subgroup. 
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Removal of any Two Terms from a Binary Quantic by 
Linear Transformations. 


By BESSIE GROWE IORDEN: 


In his “ Bericht,” p.-179, Moyer has enumerated the various steps in the 
history of this subject. 

More recently, H. B. Newson (Annals of Math., vol. XI, Nos. 3 ind 4, 1897) 
showed that every non-singular quantic of odd degree may be linearly trans- 
formed so that its middle term shall vanish. 

We propose to discuss those linear transformations by which any two terms 
of a binary quantic disappear. l 


§1.— COVARIANTS C,_., and C, a-r 
r—(1,2....n— 1) 
ay os cp c oce 
If to the quantic f = af we apply the transformation 


ph—ut Ma } ` A+ 0, 
Zo = Ay 91 F lle s 
then f takes the form l 
(A) F' (d) = af + (2) atta, tat... ah Bg 
If by a transformation Tany two terms of f’ vanish simultaneously, the neces- 
. sary and sufficient condition is 


(1) apap m0 ipo ue ree n — 1) 
(2) aga, =O (x —(061,2,......n— 1) 
The condition that (1) and (2) vanish simultaneously is that the resultant in 
“u, Ra A or the resultant in A, RK, vanish. 
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Hencgthe problem is to eliminate 3 or u between (1) and (2). 
Either resultant contains the factor f. Let u be a root off=a%, then 
ay, = 0. i 


(1) Jy = EN Aa : 


(2) fü m oi" Ka $ 


It is evident that (1) and (2) vanish simultaneously for z= u; 


since . ar On "= af = 0, 
Nn |K Ku — 
and an “at ar 0. 


Therefore fis a factor of #,_,,, and similary if à is a root of f, then also is 
fa factor of 46s. 

Now if à and u have values which satisfy f = o2, a! = 0 and az . Hence 
in A the first and last terms vanish. Since this case is so simple we Mere it 
by dividing f out of #,_,,,and R,„_. calling the remaining functions Op _,, and 
C, , ., respectively, where 

r—(1,2,....n—1) 
(bes) "n 
| x—(1,2,.... n—1) oe 
H, and R, nere both of degree [ (n —r) (n — x) + xr], 
and and C, n—. are both of degree [ (n — 7) (n —x) + xr — n] 


$2.—PnorxnTIES OF A-POINTS AND p-Porws. 


From the consideration of ] 
Q) fece) 
(2 Awe = azo 


and ) (8) fr oa | 
Me (4) fiy aai t 


it can be shown that the z-points, or common values of (1) and (2), are the 2-points 
AR. and the z-points, or common values of (3) and (4), are the g-points of 
Ra- xj i e. if the ws are the roots of E, |, and the A's the roots of RK, then 


(5) aan" =0, . 
.(6) oi — : . 
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Similarly if the A's are the roots of R,_,,,and the vis the roots of R,„_. then 


(7) ar tare. 
(8) aiat 5-0. 


There is a one-to-one correspondence between the ws and A's: For the root u, 
of the resultant E, ,, there is a common root A, to (1) and (2); also for the root | 
A, OË ÄR, (3) and (4), have the root u, in common. 

~ Give to u in T the values of the roots of C,_,,, and to A the values of corre- 
sponding roots of On calling the resulting transformations 7, ,,, then by 
Ten the (n —r + 1)" and (x + 1)” terms cf f vanish. 
Interchange 4’s and ws, obtaining T, „_., and by these transformations the 
(r + 1)* and (n — x + 1)* terms of f vanish. 
T, .,,, and T, , each consist of [ (n — r) (n — x) + xr — n] transformations. 
Case x = r; R, ,, and R,, ,coincide and we call this function Ö,, which 
is of degree 2r (r — n) +n (n — 1), an even number. 
l It is easy to show that the roots of C, go in pairs which have reciprocal 
relations; the root common to 7 and (n — p^ polars of u, is A, and the root com- 
‚mon to (n — r)” and p polars of A, is u. 
` This reciprocal relation we call correspcndence, and denote the correspond- 
ing roots by: i 


2r (r — n) +n (n — 1)" 
us (p= 1, Dice (r nit n( ix 





Give to à and u in 7 values of pairs of corresponding roots of C, and we get 
‘a set of 2r (r — n) + n (n — 1) transformations 7, by which the (r + 1)* and 
(n — r + 1)* terms of f' vanish. 


§3.—Form or 0,_,, and C,,. ,. 
(1) Jw? — Oz arc 
(2 Sur Sar “ay. 
To compute E, ,, in symbolic notation put 


Q8 ce Be: 
; Z = — 82 G,, 
WER 


290 Morrison: Removal of any Two Terms from a 





[Br Eye bgh T. te (n — x) factors ]. 
ae Baci | ag (ay) (ad) .... to (n — x) factors ]. | 
2) r=x=1. 
Ei = a, [Br yr... to (n — i) factors | [ (a8) )(ay).... to(~— 1) factors]. 
3) r= 2, (n—x) even” 
Ryne = oh a's (aol [827* B7? (BB? yz (yy P- to H factors]. 





n — zx < n—K— — n— n—2,,1n—2 
Sosa . a a's (ao) VE CN "e ? (a)? ES? y 


X (yy! .... to at u factors ]. 


e (n — an S x — 3) ak al (ao! 7*7. Qn—2 gn ys -? ia (dy) 








(08) (ey) - [88 (89) .... to naan factors | 














+ . ete. + 
|. Fer? Br (BY... to c factors | 
+ MAS. 
(2) ? yn s, m Kay) (ay)? .... to UI factors j 


4) Means of obtaining C,_,,, or C,,,_, when formule become complicated. 
a) Leta bearootof C, ,,and c the corresponding root of Cpa- In T 
give u and A these values respectively, 
then gp = 0% + 02%, 
Zy = 032] + da s, 
which is a transformaticn of the set 7,_,.,- 
Apply this transformation to, l 


: Orig See ey a euh je 
then Cln mn = fl, ). 


Therefore the first coeficient of C} „_, must be zero. 








* See ‘‘ Resultant of Birary Quadric and n-ic” by Professor D. S. White, Bulletin of A. M. Soc., 2nd 
series, Vol. I, No. I. Also Clebsch, ‘‘ Einare Formen," pp. 34-38. In this paper Professor White points out 
the changes necessary if we assume the order of f as odd, and we find that his formula would become 
much more complex, hence our formula would be extremely so. , 
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b) Let a and c be twa corresponding roots of C,, - 
then - - 
Ep = A M+ Gy ey 
; Za E Cy Zh + By 25. 
belongs to T.. 

Apply this transformation to 

Tes (aeos) 2: ) 
then ` DEU Meter) 
Therefore the first and last coefficients of C, must be zero. To sum up for future 
reference: 

by 7,_,, the (n — r + 1)" and (x + 1)“ terms of f' vanish, 

by T7, ,,the last term of C,_,,, and tke first term of O, n—« vanish, 

by 7,,., the (r + 1)* and (n — x + 1)* terms of f' vanish, 

by 7.,.., the first term of O,_,,, and the last term of C,,,_, vanish. 

Using these results in the applications, we can determine the form of the desired 
covariant in each particular case. 


$4.— APPLICATIONS OF THE THEORY. 
1) The Cubic. 
n =3, n — r>x, hence the only values for r and x are — x = 1. 
i fux = 0, i 
hw = a; Qn 
"R= — Q, e Yn (aß) (ay) 
. = $ f. (a8) a, B. 
or Q,* = (aß) B, = A of Clebsch. 
If C, = (aß) a, Ba = (z' E) (zn), we can give to A and u the geb of the 
roots of Cj. á 


Hence f can be transformed by 7; in two ways so that its 2nd and 3rd 
terms shall vanish. 


2) Quartis. 


there are two cases, r — x = 1; r = 1, x = 2. 








* Always omitting the numeriezl factor since we are to consider only the roots of the covariant. 
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a) r=z =l. 
fa» = a, 0, 


Ju) = ae Oye 
R, = a, BL ys E (28) (wy) (08), 
— f. a, B; 3 (a8)? (a9), 


C, = a, 0:55 (ab)? (a8) = T of Clebsch. 


By the six transformations 77 the 2nd and 4th terms of f vanish. 
b) r=1,x=2, 
Jes = a, ai, 


eds 2 8 
Fup = af on. 


Fs, = oy B Ys (ab) (ay) 
=} f lay) aayi = af H 
C, = (ay) on ya = H. 


^ ae 9 
Jay = 0205, 


ee ep sel 
Soy — 0,0%: 


From $3, 4), a), if-we apoly a transformation of the set 7,_,.to C,,_,, its 
first coefficient will vanish. Also by the transformations 7;..,, the (n — r, + 1)& 
and (x + 1)st terms of 7” vanish. , l 

But by actual trial (Hi — fj) is the only combination of fundamental cova- 
riants whose first coefficient in the transformed form vanishes, and which is of the 
same degree and order as Cig. 

Therefore Cie = (Hi — fj), where 4 and j are the invariants of the quartic. 

The quartic can be linearly transformed by the four transformations 73, so 
that its 3rd and 4th terms vanish, and by Z}, so that its 2nd and 3rd terms 
vanish. l : 


3) Quintic. 
There are four cases; r =x = 1; r= x = 2: r= 1, x = 2r = l, x= 3. 
a) r=*=1. - 
= — 4 
Joy = Oe Kur 
Io = oj, 


Ka = a, B; Yn e (aß) (ay) (ad) (oe), 
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To express this in terms of fundamental covariants; * multiply 


28, y, (o8) (ay) = Bi (uy + yz («By — az (By, 


by - 98,5, (ad)(ae) = 8 («s + & (ad)? — oi (8e)*, 
and then by l Í a, Br Y & eb. | 


Assembling identical terms 


4 Ri, = 4a, 62 y; d (48) (ad)? — 3. 4, 
= 4 f*. S — 12 f. H, 
=f S— 3H ` where 8} y? (By) = 2H, 
a, 8, (aB)' = 28. 


` Q, furnishes twelve transformations by which the 2nd and 5th terms of f! vanish. 
b) rez=2. ) 
fa» = a2 a, 
Zus = ai o H 


From $3, 4), 5), by T, the first and llast coefficients of CH vanish; also by 7; 
the 8rd and 4th terms of P vanish. 

Therefore O, = (HI — JJ ), where Tis the covariant of the quintic of degree 
2 and order 2, and J is the covariant of degree 3 and order 3. 
e) r=1,x=2. 
f Jus = a, a, , 
Jus = oio; | 
By — on Ba ys du (aß) (ay) (aò), 


=f aj Bh 9; (a8 (ad) 
=/. P 
i m EL GO a) = T 
= EST a; Or; 


Jos = eeng az ai. 


By the transformations T,,,the 3rd and 5th terms of f! vanish and the first coeff- 
cient of Cis. 
Cis = (f 8? — 16H T) in Salmon's notation. 





* Salmon, “t Mod. Higher Alg.," p. 819. 
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d) r=1,x=3. 
Ed en si 
e Kg 


Juy = a 

Bis cd * ya (ap) Gi 
=4 f H. 

Cas = H. 


fo) = oi Ar, 4 
AAT = a a. 
By 7,, the 4th and 5th terms of f vanish and the first coefficient of Cj ,. 


Therefore C, , = (I5 — 27 J’) where 7 and Jare the same covariants men- 
tioned before for the quintic. 


There are six cases: r-—x-1;vx-—3;r-—l1,x-—39;Tlx-—8,; 
r=2 z= 3; r=l,x=4. 
a). r=x=l. 
fis = Au Gë 
von, en D 
Jy) = On Gus : 
PD oa 5 JS S5 L5 AB F . 
Ji, = a, Ba Ya On ei Te (4B) (ay) (xò) (ae) (at). 
To express R, in terms of fundamental covariants multiply * 


(aß) (a3) B, A. = & [ («8 + (08)? B; — (BOY ol, 


by (ay) (a8) Yu & = * L (oy e + (ae)? vi — (ey on], 
and then by i Ou Ba Yn rd (xt) ; 
we get 


k= f [2 HT— F8], 

9, —2HT— fS. 

where T= — (aß) (ai) az 018, 
S= — (aß)? a Bs ia tur. 

2H= (ys) ya sa 


— yt 44 
Sys = % Dan 
— 4,4 
Ju = Ma 


b) r=x= 2. 





* Stephanos, “ Mém. des Sav. Etr.,? Vol. XXVII,p. 116. 
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Even in this case the formula §3, 3) is complicated and it is not easy to 
express in fundamental covariants in such a way that f will divide out. 


By T, the 3rd and 5th terms of /' vanish and also the first and last coeffi- 
cients of C;. 3 


Therefore O, = (fS? — 16 HT). 
e r=1x=2 
Sus = Ze Ons 
Fun = aj an: : 
Bs, s = ap Buyu E e (8) (ay) (ad) (ae). 
By 71, the 2nd and 5tk terms of / vanish and the 1st term of ON ,. 
Therefore Qu = (FPS — 8 H’) Salmon's notation. 
` Fay = a$ t, 
fo» = a? at s 
By T; the 3rd and 6th terms of d vanish and the first term of Cf. A 
Therefore 
C, 4 = Os. Csa — 2 Ors. Jj. Ong + 36 Ors. Oza Deckt 8 [Clg + 4 Ofa Oza]. 
(Notation of E. B. Elliott in “Algebra of Quanties.") 
d) r=1,2= 3. 
Jus = a, oi , 
Fu = az o s ; 
Rsa = an Bi yn On (a8) (ay) (aò), 
= f. an Bi yu (aß) (ad), 
=f. T. , 
Osa = on Be yh (OBY (ad)= T. 
foy = ai Or, 
Fon = a? ai. 
C, is of degree twelve and order seven, but the covariants required to ež- 
press it are of too high an order to handle easily. 
e) r= 2&x= 3. 
Jey = aia, 


S mms p 8 7 8 
E = Gh, Cu 
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E By T, , the 3rd and 4th terms of f! vanish and the first texm of C, s- 
Therefore - = 
_ Cy, = HS — fT. (Salmon! s notation). 
E r=1,xr=4. i 
i Fun = a, o, B 


dat = az ai. 


BJ. H, 
GEH. 
Ju = aba, l , ^ 


Jop = alan. 
In this case C, , is complicated and requires covariants ofa high order to express it. 
Whenever the 2nd and 3rd terms of a quantic vanish C, ,, is always the 
Hessian, and whenever the 2nd and 4th terms of J vanish C, ,, is the Jacobian 
‘or fb: 
In general when two adjacent terms of a quantic vanish Cnr and C, LL. 


will be Hessians of some order; and when only one term appears between the two ~- 


which vanish, then C, , , and C, n- Will be Jacobians 2f some order, 

A Hessian of higher order may be defined up to a numerical factor as the 
. result of eliminating z between. 

ar ar . 
azt! ot E r= (1, 8, eo n 2) 

and then dividing out f= a} 

Similarly a Jacobian of hike order may be dəfined up to a numerical factor 
as the result of eliminating z between. 


lon Ap 


aa . (r= 1, 2,....n — 3), 

and then dividing out f = aj. 
When r= 1, 2,3 .... ete, we have: Hessians and Jacobians of thy thais; 2nd, 
3rd .. <. etc., orders reapectively. £ , 
These examples comprise all the canonical forms, in which two terms vanish 
simultaneously by linear transformation, of the non-singular cubic, quartic, quintic 
and sextic. ) 
' Dro. 22, 1900. 


&. 
H 
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4 
PART II. 


Tux THEORY or SUESTITUTIONS. 
$1.— Types of Transformation. 
Any transformation.of x and y into u and v can be represented by 
w= f (us v), y =f (u, 0). o 


Here f (u, v) and f(u, v) will be called the director functions of the transfor- 
mation. They will always be represented by the following notation : 


A (u , ?) = quv + azuv + auw + Se (2) 
fa (u, v) = bam + buw + buo + buv. 


This transformation will also be called the transformation 2 I nn ST , and 
: 1: V21 V8: "4 
Gy ---- 04,5 Oi, .... by will be called the coefficients of the transformation. 
In general, x and y cannot be considered as independent variables when 
they are submitted to this transformation. For, by eliminating u and v from 
(1) and. (2), we deduce 


2 (a, ©; bo y) Pla, ©; b y) p (as, ©; ba, y) p (a æ; by, y) 0. (3) 


Thus g and y are limited to be pairs of roots of equation (3). Conversely, 
equation (3) is the condition of the possibility of equations (1) and (2). Thus, if 
 (3)is satisfied, (1) and (2) are satisfied. Hence, (1) and (2) form the general 
‘solution of (3). 

Thus the theory of this type of transformation is simply the theory of equa- 
tions. A few theorems connected with it will be given incidentally in this part. 

.. 89 B: 
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A distinct type of trash mao exists sd equation Qi is. Ge iden- 
tically for all values of x and y. The condition for this i8 that seach of the . 
coefficients of zy, xy, cy, xy in the development of the left-hand; side of: (3) i. 
‘should vanish. This conditicn can E Ge in ihe single- fühdamental f 
equation d E : 


Il (a, £5) Geb) 40 "RE Gs 4-5) =0, (ri, BEER ou 


When this condition is satisfied, the transformation transforms the. E 
variables œ and y into the independent variables v and. Thus equations (1) - 


- and (2) can be solved for u and v in terms of x and y, and a reverse transfor- ` 


"mation is thus obtained of the form 


| u= F, (2, y), v= F, (e, y), EE S 
where vx " P Sun; ad 
F, (x, y) = ary + ay + agy + Se E yet (6). P 

Ray) = Bey + Bray + Ben + Bay. a o 


Thus, this type of transformation is reversible, Let the term “ substitution nie ~ 
used exclusively for it. Je, 
In the case of substitutions, there is no advantage in changing ihe notations 
for the independent variables “rom w and y to u and v. Leta ‘substitution T be 
defined to consist in the substitution of Tz for x and of Ty for y, where ` 


To — asy + amy + azy + agey, | S SC i (D 
Ty = bey + bay + bay + hoy: xc Ni. 


and the coefficients of the substitution 7 satisfy equation (4). "Also To (o, y) is : 
defined to mean 9 (Tx, Ty): for instance, Tx means —( Te). Eam 
32.— Relations between tke Coefficients Ki a Substitution. ei di 


We have now to consider more particularly the implications of editia (4) bs 


Let us first eliminate 5,, bp, 6;, b, from the equation ; put à (bi, be; bs, ba) for the `.. = 


 left-hand side. We find that the only factors composing HA (4) A Al: which | 


fe do not equal $ are the six of the type A (0, 0, 2, i), 2(1, 0, 0, Wi ete. ` Also, `. A l 


ro, 0, a, D= ain ce h^ 
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|. B "em nbi valies for the other factors of the same Ko Hence, 
es 3 BE ES ah a Ne (p. gr=1, 2, 8, Ak 
E here; às: Salz ip, q,T are vinequal i in n the same product. 
Hence, the resultant 07 (4); after eliminating b, bzs bs, by, is 
s EL ja, 50, puerum t 2, 8, 4). (8) 


: S E similar rm holds of bi, de, bs, ba. Henze, the director functions, Te and: 


c KOR of any substitution are each of deficiency two and of supplemental deficiency 
ab SS ai: “two. Thus, functions of this type play a fundamental rôle in the theory of sub- ` 
Se „ stitutions. - = 
s E The conditions (8), which hold between the coefficients of a function of : 
' deficiency two and supplements deficiency two, can be put otherwise thus: We -- 
„have: from (8), l 
` e . i d, Q5 (Ag + ay) = 0, | 
` “heng, . ` Ay Ay =K a5 Uy. ' 
ea Ao o -qa (m +a) = 0, | 
d e hence,- S cae N is 0 à, Oy. 
| Thus p t d, ds = ds d- 
Hence, equation (8) can be replaced by the Sc of equations 
Ay Uy = A, My, (pat u (9) 
UA similür set of geg holds for 6,, bz, 3, 9,. : 
POS - Beeondly, these. relations (8) or (9), betwaen the coefficients of each of thé 
de funetions separately, do not exhaust the implieations of equation (4). 
i . For, from u (9), we deduce the two se:s, 
EN Pa Es ` Xs a, b,b, = Xa, a, b, b, = Xa, a,b, b, = Xa, a, bp ah a 
mM rg ` Say yb, = SE e, LU Bd = Xa, "ch H | 


ii, p = 352, 8, 4). PE pos 
oie E ye the a iion to equation (4) of @ ‘and. (10), we: č deduce 


, i 
H 
3 E a 
ee qe 
. fis 
tol = * 
s ` . 
ams d 
zë M PES 
So uy 
Mis Fie ; Ki 
RS a Ee EC P 
dH zx >$ sie 
M 7 3: - nd 
` "2 : rj poet : D 
© Adr AR E - = ^ 
E s. gr Ae Br 





UOS b + 3,4 8; j= 0, os MIN " 2 
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or. equivalent forms deduced by the use of (10). A complete equivalent to 
equation (4) is given by 
E (ay a4 + a, a) (b, b, + bpb) = 0, (£, q= 1, 2,3, 4); > (12) 
that is, Ep (ap, ag; bp, b,) = 0. 
It is easy to see that this equation includes (11). It also includes (8), for we can 
deduce (8) from it by eliminating b, 5, bs, Du. 
Equation (8) may be solved for a, and aj. The general solution is 
ds = ou ës + p (a; +a), } 
a, = A, a5 + p (a, + a5)- + 
Similarly, ` 5, = b 6, + q (b, + Al, | 
b, = by b +gb +5). J 


(13) 


But a, os, bis bj, and p and g, cannot be assumed arbitrarily consistently with 
the equation (4). For from (12) we find... 
Lo: ge + a4 My) (By by + b bs) = 0 (14) 
and | 
(a, as By By + a1 a br bo) (pg + pa) + (ay a5 by by + a1 az b, bo)( pg + pg) = 0. (15) 
- Equation (15) does not require any relation to be falfilied between o, ge, bj, by. 
Thus when «a, a, da, a, have been chosen to satisfy (14), p and g can be chosen 
to satisfy (15), and then o, a,, bz, b, are given by equation (13). By this pro- 
cess the coefficients of any substitution can be founc. 
It is to be noticed that any three of o, ges, bi, 0. can be chosen arbitrarily, 
and equation (14) can then be satisfied by a proper choice of the fourth. Also, 
either p or g can be assumed arbitrarily and equation (15) satisfied by a proper 


choice of the other. De 
Again, if a,, @,, a; have been chosen so as to satisfy 


o gett: + a, Aya = 0, (m) 
then a, is definitely determined by the equation 
d, = aag + gaz + a 0. el (16) 


For, solve the first of equations (13) to find the general value of p which is con- 
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sistent with the given values of a,, a, a; and simplify by the use of (m). We 
find 
] P = Qaa + a, ay + u (a5 +). 
Thence, from the second of equations (18), we find 
a= Oy d + aa; x Ay d; Tu (2125 + d, Oe + aag), 
which reduces to equation (16). Hence, if three coefficients of a function $ (x, y) 
of deficiency two and of supplemental deficizncy two are given, the function is 


completely determined. "Thus, if the six coefficients, @,, a5, a5, bi, bz, 5, of a 
substitution are given, the substitution is completely determined. 


83.— The Reverse Substitution. 
There is only one reverse substitution corresponding to a given substitution 
T; that is, there is only one substitution 7’ such that l 
i T'Te = 2, T'Ty =0. 
This proposition requires proof, for if we solve the equations 


v =f (u, v), y= fh (u, v), 
for u and v we find 


u= F(x, Y, h, X. v= F, (£, Y, 9 9): 
where q, and q, are arbitraries which have been introduced in the solution, and . 
each particular choice of o and g, would seera to determine a different substitu- - 
tion which is reverse to 7. We have to show that there is only one set of roots 
for u and v in terms of z and y. 
The equations for u and v can be written 
p (85, 2) uv + p (a, &) uo + p (as, x) wo + p(y, x) uv — 0, 
p (by, y) uv + p (b, y) wo + p (bs, y) w + p (b, y) uv = 0. 
These two equations can be combined into 
p (a, 2; by, y) uo +p (a, er b, y) uo + p (as, ©; bs, y) w 
+ p (a, T; b,, y)uv-— 0.- 
The necessary and sufficient condition (cf. Part I, $3) that this equation for u 


and v should only have one set of roots is that the left-hand side should be a 
secondary linear prime. The condition for this is 


Ep (ags 25 b, y) p (a, €; br Y) — 0, (g, r= 1, 2, 3, 4). 
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g This equation c can be written 
l E(aa s + a,a,2)(b,b,y +b,5,y) =0. (gr — 1, 2, 3, 4). i 
But from equation (12), this equation is satisfied identically for all values of x 
and y. Thus there i$ only one substitution reverse to 7. Let it be written 71, 
It is evident that 7 is the reverse substitution to TL Also, let the identical 
‘substitution be written 7°, so that 
. ea qure 
Assume that T en 
Tv = awy + agey + ageu + ey, 
y= Bray + Bay + Bay + Bez. 
Then, by hypothesis, 
T-f (n g)m zm, THe y) p. 
Hence, for all values of z and y, 
= fi (o4, Ay) «y T (az, (32) wy + A (as, Ba) zy +A (v. Dal wy 
y = fs (ars Br) ay + So (a Be) ay + fe (Gs, Bs) ey + fa (os Bs) wy. 
Hence, _ _ 
A (a; £1) = 0, Fi (a, b) =0, A (a3, Gs) = =0, f (a4, b) = = 0, 
Ja (a, 8)79, A (as, Dal = 0, fs (a; £3 =0, Jf (o; £4) = 0. 
Hence, a, and f, satisfy the equation 
Ai (u, v) +f, (u, 9) = 0; 
and a, and 6, satisfy the equation 
J(u, v) -- A (u, v) 0; 
and a, and D, satisfy the equation 
f (n, 0) + Ein, 9) 0 
and o, and ß, satisfy the equation 
A (u, v) +A (u, v) =0. 
By the use of equations (8) and (10) and (11), it is easy to verify that the 
left-hand side of each of these equations is a secondary linear prime (cf. Part I, 
equation (4)) and, therefore, each equation has only one set of roots. Thus we 


obtain another proof of the previous propositior. Again, if (x, y) is a secon- 
dary linear prime, the solution of $ (x, y) = 0 is 


x = CD, y= BD. 
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Hence, the solution for the coefficients of the reverse substitution are . SH 
Ou = (as + Rio, LA, D = (a, - + b,) ) (a, + bi) ] 
Oy = (ds + Ballo, + b), Bo = (as + b, Ya. + bu), MER (17) 
as = (a; + ba)(a + 54), Bs = (a, + DICH s AR | 
o, = (ay + bj) (a. + ba) By = (a + b) + ba) J 
An interesting example of a substitution is 
Te =p (a, 2, 
Ty = p (b, y). 
Tt is easy to verify that in this case l 
T= 7 that is, P= T. 


(18) 


$4.— The Group of Substitutions. 


If T, and 7, are any two substitutions, then Z, 7, and T, T, are substitutions 
(as distinct from non-reversible transformations), also we have proved that one, 
and only one, reverse substitution corresponds to any given substitution. Hence, 


substitutions form a group. 


The group of substitutions is not continuous since the concepts of quantity 
“gad of infinitesimal variations of quantities have no place among the concepts of 
this algebra. It is of finite order, if the number of distinct terms in the algebra 
representing given fundamental constants from which all reasoning starts, is 
conceived as finite. It is of indefinite order in so far as we may always suppose 
new constants to be produced without violating any of the laws of the algebra. 

If T be any substitution the subgroup 7, 7”, 7°, .... is necessarily of finite 
order, and is therefore, cyclical. For only a finite number of terms can be gene- 
rated by algebraic combinations of the coefficients of T, and the coefficients of 
T? T*, .... must be selections from these coefficients. The order can be reduced 
by the assumption of additional relations among the coefficients of 7. Thus, in 
the substitution of equation (18), the order is two. 


§5.— Substitutions Satisfying Special Conditions. 


To find the condition which the functions 4, (a, y). % (©, y), % (@ y), sb (ay), 
must satisfy, if the coefficients of some substitution 7 are such that, with the 
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usual notation, à, and by are a pair of roots of h (2; y), a, and by of 4 (x, y), az and 
b, of aby (x, y), à arid: “bof yy (a, y). These equations can be expressed in the 
l ‘typical form. 
3: We (yy 0) =0, ir =.1, 2, 3, 4)... (19) 


dec ode (my) = Foxy + Gay Hoxy + Kay. 

` The-complete condition satisfied by a,, b,, (r = 1, 2, 3, 4) is found by. com- 

P bining equations (4) and (19). It becomes. l 

OCDE + O (a, +3) + (a, +5) + TE (a, +5) + Sh (a, b,) = 0, (20) 

(r= 1, 2, 3, 4). we 

We have to eliminate a,, b, (r = 1, 2, 3, 4) from this equation. Put A (a, a5, Ga, 
Ay, by, 05, da, 04) for its left-hand side. Now, 


II (a, + 6,) = 4, unless at least one pair, ost b, =i, 


II (a, + b,) = i, T a D u a, = 4, b, = A 
II (a, + b,) = i, D u u T d, = 0, b, — i, 
Ti (a, + b)= 1, [2 Hi D [I dm 0, b, — 0, 
us EE E - Es 
Hence, each of the factors composing ITA Kë 0, 0, 0,0, 0, 0, 0,0) 8% except those 


in which simultaneously a,=1, bp = i; a, — i, b, = 0; a, = 0, b, = 4, a, = 0, 
b, = 0; where (p, q, v, $ = 1, 2, 3, 4). 
Hence the resultant of equation (20) is 


GE (S PG, PH, R) —0, (P, qr, s= 1, 2, 3, 4). (21) 


This is the required condition which the coefficients of equations (19) must satisfy. 

We can deduce as special cases of the above, the following theorems: 

The condition which the coefficients of the first three ofequations (19) must 
satisfy in order that (a,, 5) may be chosen to satisfy the first, (a, b) the second, 
and (az, bj) the third, is deduced from equation (21) by putting zero for Fi, 
Gy, Hy, K, 

The sondibon which the coefficients of the first two of equation (19) must 
satisfy in order that (z,, b) may be chosen to satisfy the first and (az, 5;) the 
second, is found from equation (21) by putting zero for F,, G,, H, K; and also . 


EI 
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for Fi, Ga H. Ka It can be written out in full in the form : 
FG,H, K + F,G, A, K, +A GHA. FG H, 4- GE. F,G, K, u 
+ F, H, K, . F, H, E,- G, HIG: G, B, E, = 0. Gm) 
This condition in addition to securing that the two equations T E 
dn La, y) = 0, te (wy) =0, 


are - possible, also secures that the function 44 (a, y) d (a, y) is of supplemental ` 


` deficiency two. This latter part of the condition is satisfied if either of the func- P: 


tions is of supplemental deficiency two. For instance both (a, b,) and (ag, ba) ` 
can be chosen to be pairs of roots of the same equation ) 
l e hi (x, y) = 0, 

if 44 (x, y) is of supplemental deficiency Leo, Similarly from the previous 
theorem it follows that (a,, 5,), (dz, b2), (az, Gel can be chosen to be pairs of roots 
of the same equation, 4 (x, y) = 0, if», (v, y) is of supplemental deficiency three. 
But it follows from (21) that itis impossible that (a, b1), (a5, bz), (as, ba), (a4, ba) 
should be pairs of roots of the same equation. 

This fact, that there are sets of four pairs of terms which cannot be severally 
pairs of roots of the same equation of two variables, is one of the fundamental 
facts of the algebra. The analogue for equations of one variable is that the two 
terms a and a cannot be both roots of the same equation of one variable. This 
fundamental fact is the correlative of the fact that there are functions which are 
not evanescible. | 

Again, if we assume that a, and b, are to satisfy the second of equations (19) 
and a, and b; the third, and a, and b, the fourth of equations (19), let us investigate 
the conditions which are thereby imposed on a, and b. We have to eliminate 
dz, Oz, Az, b3, a4, ba, from these three equations and from equation (4); and the 
resulting equation for a,, 6, will be the required condition. It will be more con- 
venient to substitute the equivalent equation (12) for equation (4). Thus the 
complete equation from which the elimination is to be performed can be written 
X (a a, +a a) (bi b, Ke b, bp) +2 (a, + a, a) (b, b, T5 bj) 

(CE Raby (Ap, bp) = 0, (p, g= 2, 8, 4). 


` Now puta (az, dz, a4, bz, bs, b4) for the left-hand side of this equation. Then any of 


t,i, i, i, t,i ae 
the factors composing IA Gr 0, 0, 0, 0, SCH for which either a, = a3, and b, = b; 
40 
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simultaneously, or a; = a, and b, = 5, simultaneously, ora; = a, and b; = b, simul- 
taneously, it has the value‘. Accordingly considering the factors which involve 
none of these three possibilities, we find that the required condition is 
II (G, + H, + Kj) a ++ A, + K;) ab, + (F, + G+ Eya b 
+N (F, + G+ H)eb = 0, (pqr-2,3 4). (23) 
Thus if a, 6, is also to satisfy the first of equations (19), the complete condition 
which it satisfies is i i 
{A+ (G, +H, + 2] ab + {0 (F, + 8,4 EA ab, 
+ {m +I (E, + @,4+K)} ab + + + Gat HL gen, (24) 
The condition for the possibility of this equation is simply equation (21), as 
should evidently be the case. 


86.— Congruence of Functions. 


Two functions  (z, y) and ® (æ, y) are said to be congruent, if one or more 
substitutions 7 exist,.such that 
To (a, y) = ® (z, y). 


The relation of congruence will be expressed by the symbolism 


$ (x, y) e ® (a, y). (25) 
It is evident that if 
f Kä Lo, y) È (x, y) 
and ® (x, y) «b (x, y), 
then (0) (a, y) <> (x, y). 


Thus the relation is transitive. 
A set of functions such that any two are congruent, and which comprises 
all the functions congruent to members-of the set, is called a congruent family. 
We will now prove the fundamental theorem that a congruent family is 
composed of all the functions with a given set of invariants. . 
For let 8 
$ (m, y) Aen + Bay + Cxy +, Day, 
® (x, y) = Foy + Gay + Hay + Kay. 


We require the necessary and sufficient condition that 
$ (a, y) <> e (x, y). 
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Now with the usual notation for the soatiGients of the substitution 7, we have 
TQ (x, y) = (ay, by) zy + $ (ay, bs) vy + ® (as, bs) xy + (ay, ba) x y. 
Hence (a, b1) = F, $ (a5,5,) = G, $ (az, ba) = H, (ay, ba) = K. 
These equations can be written 
p (A, F) ab, + p (B, F) a,b, + pC, F) aby + p(D, F) ab, = 0, ] 
p (4, G) ab, + p(B, ©) ad +p (0, G) Th +p (D, G) al, =0, | 
D (A, H) agbs + p (B, H) abs +p (0, H) agbs + p(D, H) az b, = 0, | 
p(A, K) ab, + p (B, K) ab, +p (C, K) ab, + p(D, K) a,0,— 0.) 


Now by comparison with equations (19) and (21), we see that the requisite 
condition is 


(26) 


Up(A,F; B,G; CO, H; D, K)=0, (27) 


where, in order to obtain the various factors, F, G, H, Kare kept in the same 
positions, and A, B, C, D are permuted in every possible way, so that each 
appears in each factor. 
In order to effect the solution of this equation, it will be convenient to alter 
the notation. Consider 
Tip(z,, Cp} Las Cy} Lg, Crj Wy, C,) = 0, (p9,*T,5—1, 2,3, 4). (28) 


Let C,, Cz, C3, C, be the symmmetrie functions of o, ge, Go, c,; and let 
AX, Xz, Xz, X, be the symmetric functions of a4, 25, 95, v4. 
Now, consider any one factor of the left-hand side of (28); for example, 
(x65 i yy Cg; Lgs Cr; 94, Cy) 


Then 
D Lo, Cj Lgs Cgi ax Cr) Oa, 6) = Con rgo, TX Do i 6, + e, + Ce) a.c, ] 
+ X [(es + Oy + 4r 6.) ato] +E [es + Ca + 0, + 6) oss] + Cin, 

Hence, equation (28) becomes 

OX, + —(60)) XX, + TO) + TO) + OX = 0. 
But, from the symmetry of (28), it is obvious that we may equally well write 

2,0, + TEL) 09 + — (X33) 0,0; + (XX) 6.0, + OG, = 0. 
By adding these two equations, and remembering that 

POL PQ=0, 
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implies P — Q, we find 
X, Oh, XX, = GC, XX; = GC, AX, = OC, X= Oy. . (m) 
The fourth and fifth of equations (m) give 


OX, = OO 
Hence, ) X= OF ot ; 
But %0 en AX X ec 0; 
and E : 0,0; — 0. 2 
Hence, go eU 


Thus = C}. An exactly similar proof applied to the third of equations (m) 
will now prove that X; = C,. 

Hence, equation (27) is equivalent to the fact that the corresponding inva- 
riants of $ (a, y) and @(a, y) are equal. 

As special examples of this theorem, we note that (1) secondary linear 
primes form a congruent family, (2) secondary separable primes form a congru- 
ent family, (8) functions both of deficiency two and of supplemental deficiency 
two form a congruent family. This last family includes as members all primary 
primes whether functions of x only or of y only. 

A congruent family is entirely defined by its invariants. Accordingly, we 
shall name a family by its invariants, and speak of the family (Si; Sz, /$, Sj). 

Any family (/$j, S5, Sz, S,) includes as a member the function 


Soy + Say + Sy + Say, 


which can also be written 

. Say + Sa + Sy + 8; 
and also the family includes the twenty-three other functions of the same type 
found by permuting the invariants in their use as coefficients. 

Call such functions the “ canonical functions ” of the family. 

There is no fundamental distinction in property between the various canoni- 
cal functions of a family. Accordingly, we shall habitually use the one men- 
tioned above, and will call it “the canonical function.” Thus the canonical 
function of the family (2, €, ©, 0), which is the family of secondary linear primes, 
is œ +y. The canonical function of the family (i, 0, 0, 0) which is the family 
of secondary separable primes, is ay. The canonical function of the family 


WHITEHEAD: Memoir on the Algebra of Symbolic Logic. 309 


(4,4, 0, 0) isa. The only families which contain some linear functions as some 
members, have been proved (cf. Part I, 89) to be those for which & = A. Thus 
the canonical function for such a family is Aa Lut Similarly, the only 
families which contain some separable functions as some members are those for 
for which AS — S,. Thus the canonical function for such a family is 
Say + Sæ + 8,, that is, (x + $) (Sy + S). 

Also, by reference to equations (23) and (24), we can find from equations (26) 
the complete conditions satisfied by a, and b after the other coefficients have been 
eliminated. For let Sj, Sy, Sis be the symmetric functions of B, C, D ; and 
let S5, Sy, Sg be the symmetric functions of A, C, D, and Sy, Sy, S4 of 
A, B, D and Sy, Se, Sy of A, B, C; and let Ry, Ry, R be the symmetric 
functions of G, H, K, and so on. Now, consider p(B, G ; O, H; D, K), 
where the various factors are formed by keeping @, H, K in their places and 
permuting B, C, D. By comparison with the evaluation of the left-hand side of 
(28), we see that 


Np (B, G; C, H; D, K) 
= p (Sa Ej; S, Kä En Rs; Su Sis, "m Hy; Sy, £3), 


with similar expressions for other similar products. Thus we find the required 
equation to be 


p (4, F; Sy, Ry; Se Sia» Ry Rigi Su Sy, En Ry ; Sy, Ry) a,b; 
+ p (B, F; S5, Ra; Sp Sx, Ry Big; So Sy, Ry Ry; Sn, Ry) a, b, 
+p(C, F; S5, Eg; S» Sos» Ry Ry; Sn S5, Ry Rg; S5, Ry) a, bi 
+p (D, FE; Sa, Fs ; Si Sig, RB Re; Sa S, Ry Ry ; Sap Ry) a b, — 0. (29) 





Also a similar equation can be found for az, b, by putting G for F and Ra, Ry, Ros 
for Kj, Ry, Ris respectively in equation (29). Also, similarly for az, b, and for 
a4, b, by similar interchanges. 

Thus a, b, can be chosen to be any pair of roots of equation (29), but when 
a, b is once chosen, ge, bs and az, b, and a,, 5, must be suitable pairs of roots of 
their corresponding equations. 

It is easily proved by considering the invariants, that if 


gie, y) <-> D; (x, y) 
and (2, y) <> D(x, y), 
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then, for all values of à, 
Ads (a, y) + As (a, y) <> Ad, (v, si +A, (a, y). 

The conditions that $ (x, y) can be transformed into d (x, y) by some transfor- 
mation which is not necessarily a substitution are given by the resultants 
of equations (26) without the use ofequation (4). These conditions are, if 
A, S,, $5, S, are the invariants of $ (x, y) and R,, Ry, Ra, R,of® (x, y), 

SF+S,F=0, SG--SG-—0, SPAL an. 

SK+ S,K — 0. 


Hence, by addition, D 
Sf, + SR, =0. 


Thus the required conditions can be written 

Eë, KEE , (30) 
In other words, the field of $ (x, y) must contain the field* of (x, y). Thus 
the conditions that $ (a, y) ean be transformed into d (x, y), and that O(a, y): 


can be transformed into $ (x, y), are 
R=, =s. (31) 


Accordingly, the additional conditions required in order that these transforma- 


tions may be substitutions, are 
Kë, R=. 


$7.— The Identical Group of a Function. 


Any function $(x, y) can be conceived as congruent to itself. Also the 
substitutions such that 
To (w, y) — 9 (e, y) 
evidently form a group. Fer, if Tis such a substitution, 7^! also has the same 
property, and if 7j is another such substitution, then 7,7 has also the same 
property. Let this group be called the "identical group" of the function 
p(x, y). 


* Of. “ Universal Algebra," 238. 
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By substituting A, B, C, D for F, G, H, K in equations (28), we see that 
the coefficients of a substitution of the identical group must satisfy the equations 


d +p(B, A)ab+p(C, 4A)a,5 -- p (D, A) ab, E50, 
p(A, B)asb,-- * + p(C, B)asb + p (D, B) agb, = 0, | (as) 
p(4, C) a55, + p(B, C) ab + * +p(D, C)a45,— 0, | 
p(A. D)a,b,) p(B, D) ab, + p(C, Dab+* =0, J 


The coefficients must also, of course, satisfy equation (4). 
Then equation (29), in the reduced form required for substitutions of the 
identical group of $ (a, y), becomes l 


p(B, A; Ses, Sis; Sop Sex: Sy Ss; Su S; Sy Bs; Su» Sn) «b, _ 
+p (C, 4; S33, Sis; Sz SCH Sy By; Sx SCH Sp Bp i Sa; Sy) LA 
+ (D, A; Ba, Su; Se Sis, Se S; Su Se, Su De; Bu, Su) 4 b= 0; (m) 


with similar equations for az, b, and for az, 03, and for a,, 5,. 
Now S, = B + C -+ D, $, — BC+ BD + CD, S, = BCD, 
with similar meanings for analogous terms. Hence it is easily seen that 


p (S5; Sia) = CD p (A, B), p (Sz Sos Sie Sis) = p (A, B), 
Th P (Sn 85, Su Sp) = p (A, B), p (Sn, Su) = CD p(A, B). 
us l 
p (B, A; Ss, S; Soo Sos, Sy Sai Sn S Su Sis; Sa, Su) —p (4, B); 


with similar simplifications for the coefficierts of a, b, and a,b,. Thus equation 
(m) reduces to the first of equation (32). Similarly for the equations for az, b; 
and for az, bz, and for a,, b,. Thus in order to find substitutions of the identical 
group of $ (x, y), a, and b, can be chosen to be any pair of roots of the first of 
equations (32), and then az, bs and az, bz, and a,, b, must be chosen to be suitable 
roots of their corresponding equations in (32). Or we may start from a,, b, or 
from as, bz, or from ay, b4» 

The identical group of every function is of order greater than one, that is 
contains substitutions other than the identical substitution. 

For if the identical group of $ (z, y) is of order one the left-hand side of 
every equation of the set (32) must be a secondary linear prime, so as to give only 
one pair of roots for a,, b, and one for az, &,, and so on. Now, each of the left- 
hand sides of equation (32) lacks one term, thus the first of these equations lacks 
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the term a, bn, opd eo op, Hence [cf. Part I, $3], the left-hand sides can only be 
secondary linear primes if each remaining coefficient is 7. 
Thus every equation of the type 
~ p(A, B)- i, 
must hold. But this gives 
p (A, B) = 0, that is, A = B. 


Similarly A = C, B= ©. But these equations are inconsistent. Hence the. 
identical group of $ (x. y) cannot be of order one. 

The identical groups of all members of a congruent family are simply 
 isomorphic. 

For, let (x, y) and © (x, y) be two congruent func:ions; and let the members 
of the identical group of $ (x, y) be written 7,, T4, etc, and those of the identi- 
cal group of $ (x, y) be written 7,, Th, etc. Also let T be any substitution 
such that 

T (x, y) = (x, y). 


. Then 77,, TT}, .... are evidently such substitutions. 
Similarly T, T, T; T, .... are such substitutions. Again let 7, be another 
substitution such that 
Ti $ (x, y) =P (s. y), 
Then T^ 7 ẹẸ (x, y) = T^! (z, y) = ẹẸ (a, y). 


Hence 7-! 7iis a member of the identical group of $ (x, y). Accordingly we 
may write ; 
Tc T, = Ty that is, n= TẸ. 


Similarly nu^. 


Thus each of the sets 7 7,, T T,, .... , and T, T, TY T, .... includes every sub- 
stitution which turns $ (x, y) into ® (x, y). Accordingly, by a proper choice of 


T,, or of 7;, we can always write 
TT,—1,T. 


Hence l LI UNT. 


Hence the identical groups of @ (a, y) and of tz, y) are simply isomorphic. 
Accordingly it is only necessary to study the structure of the identical group of 
one member of a congruence family ; for instance, that of the canonical form. 
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For instance, let us investigate the general expression for a substitution of 
the identical group ofthe canonical function of the. family (£, ¢, 0, 0). Thiscanon- 
ical function is x. Thus if 7'is the required substitution, we have 


Te = 2, Ty = b xy +b, xy + bey + bay. 
Hence from equation (12), l 


by ba + b b, = 0, bb, + b, b, = 0. 
Thus Ty = «p (b, y) + xp (bs, y); (33) 
where b, and 5, can be assumed arbitrarily. Thus the general form for a substi- 


tution of the group is found. 
Now let Tand 7’ be two substitutions of this group, so that 
Te =x, Ty =b æy + bxy t+ by xy + bey, 
jio = x, T'y =b ay + bay + bley + blwy. 
Then 
T'Ty = p (by, bi) ey + p (bu, bi) ey + P (bs, bs) ey + p (bs, bs) ey = TT'y. (34) 
Hence the substitutions 77’ and 7’T are the same. Thus this identical group is 
Abelian, l i 
Also in equation (34), put bi = 6,, and 5 = bz; we find 
T^y =y. 
Thus 7? — 7°, Hence every substitution of the group is of order two. 
The equations satisfied by the coefficients of any substitution of the iden- 
tical group of the canonical function of the family (S,, S5, $5, S,), are found 
from equations (32) to be 


ÉL 8,5, a by + 8,5,a, 5, + Sab - zz ai 
SyS3 Ap by + » + 8,83 dy b, + SS, a b, = 0, (35) 
5,55 a5 5; + 8,83 a5 5, + ý + 8,5, a5 b, = 0, 


8,8, a,5, + Sab, + S8, a,0, + * — 0, J 
together with equations (4); and it has been proved that any one pair, such as 
a, and b, can be assumed to be any pair of roots of their corresponding equation. 


$8.— Common Subgroups of Identical Groups. 


The identical groups of any two functions have a common subgroup which 
always includes oiher substitutions in addition to the identical substitution, 
41 
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except in the case when the two functions are the two director functions of a 
substitution. l l 

For let @(x, y) and ®(a, y) be the two functions, where A, B, C, D are the 
coefficients of @(x, y), and F, G, H, K are the coefficients of ®(x, y).. Then 
the coefficients of any substitution common to the two idenzical groups must 
satisfy two sets of equations of the type of (32). These two sets can be com- 
bined into the single se? l 


* + p(B, A; G, F)ab + p(C, A; H, F)ab, + p(D, 4; K, F)a by Sch, 
p(A, B; F, @ ab, + * --p(C, B; H, G)asb, + piD, B; E, G)a,b,=0, | (38) 
p(A, €; F, H)a;b, + p(B, €; G, H)a,b, +* +p(D, C; K, H)a 5 — 0, 

p (A, D; F, K)a,b,--p(B, C; G, K)a,6,-- p(O, D: H, K)a,5,4- * E 


and, in addition, equation (4) must be satisfied. 

Now, by reasoning in all respects the same as that in the previous article, if 
there is only one substitution satisfying these conditions, the left-hand side of 
each of equation (36) is a secondary linear prime. Hence, every equation of 
the type 2 

p(B, A; G,F)=C, 


must hold. But this typical equation is 
(AB + AB) FG + FG)=0. 


Hence, by comparison with equation (1%), we see that this condition requires 
that $ (x, y) and ® (a, y) should be a pair of: director functions of a substitution. 
The above proposition can be stated thus: The Identical Group of any function 
$ (x, y) which does not belong to the family (i, ?, 0, 0) bas a subgroup contain- 
ing more than the one member 7" in common with the identical group of any 
other function whatever. The same proposition is true of any function $ (æ, y) 
which does belong to the family (i, ?, 0, 0), except in those cases when the 
second function also belongs to the same family (?, 7, 0, 0), and, in addition, is so 
related to $ (x, y) that the two functions are the director functions of a substi- 
tution. i 

- It has been proved [cf. Part I, 88, equation” /24)] that we can always write 


$ (æ, y) =S + S(S+ T) P (o y), 


* A misprint in equation (24), Part I, is here corrected. 
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whore the coefficients of Q'(x, y) are given by en (25) of Part I, and the 
‘invariants by equations (26) of Part I. 


Now T (x, y) = S + S (S, + V) To (x, y). 
Hence, if To! (x, y) = 9' (x, y), 
it follows that T$ (x, y) = (xz, y). 


Hence, the identical group of és, y) is a subgroup of the identical group of 

éise, y). Now, the invariants of Q'(z, y) are given [cf. equation (26) of 88 

Part I] by 

| f Si = SS + 8+ Ta, | 
= S8, + SU, F S.V, + 50%, 
Si 8,8, + S303 + SV, + S,UY,, | 
Si = SU, SY, + SUY, J 


and Ui, U,, Uz, U, are the symmetric functions of %,, Ug, %, u, and V, Vos V,, V, 
Of mu, Vp, v3, v4. 
Also, if @(x, y) is the canonical function of the family (S, S,, S, Sa), then 

. equations (25) of $8, Part I, become 

x (S, + SU) v, + (S, + un) S, 
B'— (S + SU) v, + (8, + Uz) So, 
€ = (8, + S,U) vs + (S, + es) Ss, 
D! = (8, + 8,0) v, + (S, + 0u) Ss. 


(37) 


Hence, in general, éi (Le, y) does not become the canonical function of 
(81, 82, S3, Sj). But if we make 
y= U, Ug = Uz, Us = U3, Us — H. 
n= V, v, = Ve, v, = Vs, v. = V,. 


which can be done without altering U,. U,, Uz, U, or Vj, Va, Vs, V,, then 
di (x, y) becomes the canonical function of the family (St, S, S, S). Hence, 
the identical group of the canonical function of the family (5j, Sj, 85, SC is 
a subgroup of the identical group of the canonical function of the family 
(&, Si, Ss, Si). 

For instance, put 

NE VD U= 0. 
bt ==. 
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We deduce that the identical group of the canonical function of the family 
(i, S, + So SS, 0) isa subgroup of the identiczl group of the canonical func- 
tion of the family A. A. 83, Sj). 

Now, it.is proved in §9 of Part I, that if 8, = & and SA, the family 
. contains both linear members and separable memters. Also, in this case, 

& + Sei, 8 8,=0, 

and the canonical function of the family @, 7, 0, O) is x. Hence, the identical 
group of x is a subgroup of the identical groups of the canonicel functions of all 
families which contain both linear and separable members. Thus, from the 
discussion at the end of the previous paragraph, all these idenzical groups have 
a common Abelian subgroup. 


Secular Perturbations of the Planets. 


Bx G. W. Hit. 


Gauss first clearly indicated the róle elliptic functions play in this subject.* 
Halphen has since presented the investigation in a very elegant manner, T The 
modifications made by the latter in the procedure of Gauss are chiefly the trans- 
ference of the origin of rectangular coordinates to the attracted planet, and, instead 
of the differential of the eccentric anomaly, the adoption of the element of area 
described by the radius of the disturbing planet expressed in terms of the differ- 
entials of the rectangular coordinates. He also appeals to the qualities of the 
cone formed by the orbit of the attracting planet as contour of base and the 
position of the attracted planet as vertex; this improvement, however, had been 
previously indicated by Bour.] A remarkable degree of elegance is attained by 
these changes; but it seems to me that additional statements are needed to 
show the connection with the astronomical problem which originally suggested 
. the investigation; for Halphen, like Gauss, treats only the attraction of a certain 
form of ring. This, of course, is to ignore the second integration which the 
problem demands. Perhaps, therefore, I shall be pardoned if I here attempt to 
supply the mentioned lack. 

In the fashion of Halphen we take the attracted planet as the origin of rectan- 
gular coordinates, but the orientation of the axes is, for the present, left indeter- 
minate. The coordinates of the attracting planet we denote by z, y, z; and the 
coordinates of the Sun, which are the negatives of those of the attracted planet 
referred to the Sun, will be x, Yo, «y. Let p be the distance of the attracting 
planet from the origin, so that p? = a? + 3? +27; and let g denote the planet's 


* Gauss, Werke, vol. IIT, pp. 831-855. 
+G. H. Halphen, Traité des Fonctions Elliptiques eb de leurs Applications, Tom. II, pp. 310-328. 
. {Journal de l'École Polytechnique, Cahier XX XVI, pp. 59-84. 
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‘mean anomaly. Then the secular perturbations of the attracted planet depend 


on the three definite en 
1 e 1 23 y 1 2a 2 
Zare E "Sech FO zech "ée 


But while g is passing from 0 to 2x, the area described by the radius of the planet 
augments from 0 to xab, if a and b are severally the major and minor semi-axes. 
Thus, if c denote this varying area, the preceding s may be written 


1 Ud. s page 
SCH? a ah 7^ xd SE 


‘The tetrahedron, with do as base and the origin as vertex, has, for volume 
one sixth of the following expression: 


6 V = ay (yee — zdy) + yo («da — adz) + z (zdy — yd«). 


But, if A denote the perpendicular from the origin on the plane of the orbit of 
the attracting pui we also have 3 V = hdo. Hence 


2o (yd; — YO (ede — x E ur 
de = Si (ydz zdy) + or (zda — ad) 27 (dn — yd«) . 


Then, if we derive the quantities P,, P,, P., ete, from integrating the expressions 


dP, =} ae) zdy) , dP,=} y (ydz — zdy) ay , dP,—4 Ayee ay) 


ae, ee, dQ, A ed — ed) 
d R, = pee an, = LUE Mm, aR, = ite yde) 


around the whole orbit, the integrals above, which we will denote by X, Y, Z 
will be given by the following expressions: 


1 
= nabh (xP, + Yo Qa + gu Fi.) , 
Ga mabh (zy P, + Yo, + St), 
1 
= nabh (2 P, + yoQ. + ht.) * 


The nine quantities involved in these expressions and obtained through integration 
are homogeneous and of the dimension zero with respect to the linear unit. 
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Moreover, if, in the cone formed by the orbit of the attracting planet as directrix 
and the origin as vertex, the plane of the baseis shifted in any manner whatever, 
these nine quantities remain unchanged. For example, consider the expressions 

w (ydz — zdy) y(yde—zdy) 2(ydz — zdy) 

Te E an EE ISSN 
p p NE 

If we put i 

„æ= psin 6, =p cos Ô cos À, g= p cos 0 sin à, 


they are transformed into l " 
sin 6 cos?0 dA, cos 0cosA dA, cos *0sinAd2A 
Let the equation of the cone be 


Aa? + By! + C? + Dyz + Bar + Fay — 0, 
or 
A tan? 0 + B cos? à+ C sin? à + D sin à cosà + E tan 0 sina + F tan 0 cosa —0. 
Since, from this equation, 0 is obtainable as a function of 4,.it is evident that the 
integrals of the preceding differential expressions, extended to the whole course 
of variation of A, depend solely on the elements of the cone and are altogether 
. independent of the plane section called the base. 
A simple addition of the differentials shows that 


P, Q, +B, — 0. 
Also we have 


4(9,— R) 14 (7). a(R, P)=14(2), a(P,— 9) =a (7). 


But the second members of these equaticns, integrated along the orbit to the 
point of beginning, give zero as the result: hence 


Q: = E, h,—P,P,-—9Q. 
Thus 


1 

x= nabh (xP, + Yo Qe + z,P,), 
1 

Y= nabh (& Q. sp 9s Qy + s E.) , 


1 
Z= dg (P: + wh, + MR). 
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And, if we a 


= Lg Loft + 98 Q, + AR, + 20902 + Yoy + 22599 fil, 


we shall have 


day = Oy,” u Qu 
The orientation of the axes of coordinates which serve to define the variables 
x, Y, Z, €, Yo, % has been left undetermined ` but now suppose that the axes of 
symmetry of the cone are employed for this purpose. Then the equation of the 
cone takes the form 





2 2 8 
EE EE 


G,, @,, G, being constants of which two are of one sign and the other of the 
opposite sign. Plainly, if this equation is satisfied by the set of values x, y, z, 
it is satisfied by any of the eight sets + æ, + y, +g. Consequently, each posi- 
tive element.of the six quantities Q,, R,, Ra, P,, P, Qs is accompanied by a 
corresponding negative element. Thus, in this case, these quantities vanish. 
With this selection of axes we, therefore, have 





? T z 
E Yeu d ode 

The naming of the coordinates is, of course, arbitrary, but, to settle the 
choice, we suppose that G,, @,, @, are in the order of algebraic magnitude, the 
first and second being negative, while the last is positive. The equation of the 
cone appears to involve three variables, but, as we may divide the left member 
by.the square of any one of them, it is, in reality, a relation between two vari- 
ables ; thus, but one variable can be regarded as irdependent. The equation is 
then satisfied if we make 


oz pw — Q, cos T, y — ev — G, sin T, z — ev G, 


where e is an indeterminate which disappears when the substitution is made in 
dP., dQ,, dE, and T is the new variable introduced by Gauss and may be 
regarded as indicating the position of the planet in its orbit; its function, in this 
respect, being precisely similar to those fulfilled by the mean, eccentric and true 
anomalies, and it may thus, with propriety, be designated as a perspective anomaly. 
When T goes from 0 to 2x, the planet makes a com»lete circuit cf its orbit. 


Hitt: Secular Perturbations of the Planets. . 821 


The substitution made, we have 


ydz — zdy = — N — G,G, cos TaT, 
zdz — «dz = — EN — G,G,sin Td T, 
ady—yda= EV G,G,dT, 

P= eg[6,—G, sin’ T— G, cos? T]. 


The quantities G,, G,, @, are usually determined i in such a way that G,G,G, 
= ab. also we me EE i: the modulus of the elliptic integrals involved 


and m such that 


Ben, m—=NG,— G 


Then our integrals take the forms 
2 A 2 cos? TAT d 2 [5 sin’ TaT 
Ld (1— E! sin? T$" im m’ ZC (1 — i sin? 7)3’ 
|: L5 2 fF dT 
m’ M (1— Kan? Tor 
The methods of evaluating these definite integrals severally proposed by 
Legendre, Gauss and Jacobi have all about the same degree of rapid convergence 
but that of the last is to be preferred because it expresses the values explicitly in 
terms of a parameter g called the nome. Putting k — sin 0, q can be derived 
from the equaticn 
gq¢t¢¢@tgit.... =[ sin $ 2 
1+ 2(g! Hg Hoo) 1+ cos@ I 
The solution is most readily accomplished by the method of tentation. Then, if 
we adopt two functions of g, K and Z such that 
Ee 1+ 2(¢ o Care P 
ee u ee Mae aia j 
-— +A cos 0 q —4g*-F 9g — 1695 +... 
sin* 0 cos$ 0 fit a(gitqe+....)]% ` 











we have 
X= — Let, Y= (ER), = A (K— Lsin'0).* 


It will be seen from these expressions that, if X, Y, Zare regarded as-the. 





, * For the proof of these formulas, reference may be made to Bertrand, Calcul Integral, Liv. IIL, 
Chap. VII. 
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components along the axes of coordinates of a force acting on the attracted planet, 
one elliptie integral suffices for determining the orientation of the resultant, but 
that an additional one is required if the magnitude of the latter is to befound. It 
will be an advantage, therefore, if instead of tabulating K and Las functions of 
k, q or 0, we take two other quantities M and x, such that 


: . L cos? 6 K— L 
2 24, — a g? pecu a 
M= K — L sin? ð, sin?z = Kol D = Lj 
Then we shall have 
Xx sin Xe Xp yz — on, Z=—, %. 


Let R denote the magnitude of the resultant, H and A severally the latitude 
and longitude ofthe point in the heavens towards which it is directed ` the circles 
of reference being the principal axes of the sphero-sonic traced in the heavens 
by the frequently mentioned cone. Also let 7) denote the distance of the Sun 
from the attracted planet and %9, Ao severally its latitude and longitude referred 
to the same circles. Then our equations will stand 


R cos. E sin A = — uf sin? Rh. COS 7% SIT: Ay, 
. M . 
R sin H = — zu COS eer Sin No: 
R H u M . 
cos H cos A = "E T, COS 7, COB Ay: 


If we put 
2 N= H r cos No» 
we shall have 


cos? x tan x, cos A .. A eos ay 
COS Ay i cos H cos A ` 





tan A = — sin? x tana, tan H = — 


As, except in very particular cases, it is not easy to select at the outset the 
axes of symmetry of the cone for the adopted axes of coordinates, we must find 
the position of these axes in reference to another system which is known. The 
equation of the cone having a very complicated expression when the axes of 
coordinates are quite general, we select a particular system such that the treat- 
ment may be as easy as possible. Let the axis of x have the orientation of the 
line going from the centre of the ellipse described by the attracting planet to its 
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perihelion, that of y the orientation of the line going from the centre to the point 
where the eccentric anomaly is 90? and that of z the orientation of the line going 
from the centre to the north pole of the plane of the orbit. Let the coordinates 
of the centre of the ellipse be, in their order, A, B, C; we prefer these designations 
although, with e as the eccentricity and the previous notation, they have the 
equivalents 

Í Ange B=y, C=%. 


Then the equations of the orbit of the attracting planet are 


CORDE 


In order to have the equation of the cone so frequently mentioned it is only nec- 
essary to multiply the several terms ie the first equation by factors selected from 














= J= Ge in such a way that they may all become 
homogeneous and of two dimensions in x, y, z. Thus the equation of the cone 
may be written in the shape i 


e a 
En EEE cup 





C? a b 


This equation is not, in general, referred to the axes of symmetry, hence we 
proceed to make the linear transformation of variables which will bring this 
about. Let x, Y,z denote the rectangular coordinates referred to the sym- 
metric axes of the cone, and write the formulas of transformation thus: 


x=ax + By +yz, a? +e kaf =1, aa’ + BB! + yy’ =— 0, 
Y — oe + eu + ole , a" Br + y" —1 : alal! + 8'e" + yy! E. 
z =a" + Bly+ yz, aP 4+ BP 4 y^ — 1, ala + "B Lan =0, 


the inverse of which are 


c — aX + aY taz, œ +a + a/^—1, af +B Loft — 0, 
y — Bx HPIY + 8'z,. P+ 8" B" —1, By t. By + gy! — 0, 
z — yX + yx + yz, y! LA ad = , ya + yla! + y'a! = 0. 
The equation of the cone, after substitution of the new variables, should 
take the form ` . 


x? 
rate 
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where G,, G,, G, are constants and functions of the cuantities A, B, C, a, b. 

They are the roots of a certain cubic which may be obtained in the following 

way: Let V= 0 denote the first form of the equation of the cone, and set 
ee y rF —ı Y 


dn" € T? Oz ^ 


aa’ ET?’ 





Sui « 


From these equations, which are linear in z, y, z, eimirate these variables; the 
result is a cubic in G whose roots are the values of @,. G,, G,. In the special 
form of V with which we have to deal, these equations, after a slight modifica- 
tion, can be thus stated : 
r A z 2 _ B z z o ET 
G 0 G+a?’ mi Gu G œ C G 








B 
O 


e 


The elimination of z, y, z from these equations gives 
A? D? C? 

aetate tg! 
Tt is known that the roots of this equation in G' are all real, twoof them being 
negative and one positive. The mode of assignment of these roots as values of 
G., G,, G, has already been described. Thus we ere enabled to discover the 
values of the latter without reference to the nine coefficients a, 8, y, ete. But in 
our further progress we shall rieed to know the latter. They are readily found 
from the first and second equations of the penultimate group combined with the 
conditions a? + 6? +- y? = 1, ete. In the first we meke x = a, y= 6, z = y and 
set G, for G; again make œ = a/, y = 6', z = y' and set 7, for G; lastly make 
x= a, y = 8", g = y" and set G, for G. Thus we have the equations 





0° fe Gs m) H cR) 








G : G. 
U — pcm t 
og ae he M 
y? = — Jd Eo pr mn 
lt Le SCH to Coty) 

n] — G, H p= B G, I 
a — oe y", 

C G,--a* C 4,+06 

(oy? — : 1 





+ $ ez) e p (ois p) | 
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These equations furnish the values ofthe nine coefficients of the transformation. 
The signs of the three y’s are indeterminate: one may take them as positive. 
The cubic in @ furnishes us with the relations 


A? Bg L^ 





Sta art Em" 
A? p 0° ` 
Tretge IGT) 
A? Bh. OR os 


Qu UR T x 


Regarding A’, B*, C? as the unknowns in these equations, their solution gives 


qi s (Ga +a) (G, +d) (G, +) 


*. a (a? ze 5) 
p — (Get) (G, +) (G, + 9). 
b (b* — a?) 

C? = Gs G, G, 


a b 


By means of these values we can eliminate A, B, C from the foregoing expressions 
for the coefficients of transformation, and thus obtain values depending only on 
the five quantities G,, Gy, G, a, b. We have thus 


T 1 G (Gy, + OG, Lat, + a?) 
@-M  (&,—GG,—G)  ' 

gm uui, CG, + aG, + PG, +8) 
(D — a?) (G, — GG, €) Ze 

2 1 GG (G+ eP(G. 4- D) 

Y gb (GQ—Gyd.—)- 











The values of a”, 8", y? and again of a”, OI, J/?. are obtained from the preced- 
ing by simply making a cyclical permutation of the subscripts attached to the @; 
firstly from a, y, z into y, z, x, secondly from x, y, z into z, œ, y. On account of 
the divisor a? — b°, small when the eccentricity of the planet’s orbit is small, some - 
of these formulas labor under a disadvantage. 

In computing the values of the definite integrals 


1 x 1 y 1 Z 
aS $4 amd 5 sl ee 
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where z, y, 2 are referred to the system of axes determined by those of the ellipse 
described br the attracting planet, we may suppose that the four quantities 
To, Yu: %, A are simply constants and unaffected by the transformation we have 
just made to pass from the system of coordinates 2, y, z to that of x,y,z. If, 
for the sake of discrimination, we designate the ccmponents along the mentioned 
axes as A’, Y', Si reserving X, Y, Zfor the components along the symmetric 
axes, we evidently have 


N=aX+aVY+a"Z, Y —0X--gY--0"Z, Ba=yX+y7V+y'"Z. 
The components of the right members are determined the moment we have solved 


the cubic in @, for which the coordinates A, B, C furnish the requisite data. 
We have only to make l 





«QA d- ae, =B, A=0. Asa, 


where A is always to be taken positively. Thus 





Sé M -e un Au, un M 
X' = —a (A + ce) — 5 sin’ x a Bs cog stell Ze 
E M M M 
H ‘= — B (A + ce) — sin? z — ID ae DOS x TUO 1 

M. JE sou (M 
Z = Y (A + ae) ug sin’ x — y. Bs cos’ x +y" C mi^ 


Substituting for o, a’, a”, 8, 3', B" their values in terms of y, y’, y", if we put 














U, = — A + ae Gy M gin? x, 
" m? Q : 
U, — — = Guy M cos? x, 
BS C Gy! 
MES el 
we shall have e" U, U. J, 
x -4Alefastaie Gol) 
SE U, U, T, 
r=B| ypt Gia E+E cl, 
e U, U, U, 
enol +h +H), 
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By substituting in H, D, U,, the last values we have given for y, 7’, y", and 
bearing in mind that 


4—G=m, G,—G,=m sind, G,— G, = m? cos’ 0, 
the expressions for the first mentioned quantities become 
A t ae M sin?x 

















U V G (Ge + A(G, TET 
M cos? x 
Es E G, (G, tee, MIEL 

Ca C ` 
D m ai V G (G, + (OE E) aad 


where, if y, y^; y" have been taken positively, the three radicals must receive the 
sign of C. 

Let it be required to find the component of this attracting force directed 
towards the centre of the ellipse described by the attracting planet. Putting 
r? = A -+ BLO, we ought to multiply the components given above severally 


by the factors £, = , £ ; and take the sum. Which, if we do, and have 


regard to SU e. G,, G, satisfy as being the roots of the cubic in G; call- 
ing this component A, we have 


rA-—U,4 U, 4- U,. 


But the component R, directed towards the Sun will be more important. Put- 
ting 7) for the radius vector of the attracted planet, we have 

rj = (A+ aey + B? 4- 0°. 
Then the components X, Y, Z ought to be multiplied severally by ——— 4 nn 


B KA 


arg and thus is obtained ` 
AE n By D; U, 4- U, + ak", 


In fact, by multiplying X', Hi Z! EE by the three systems of three mul- 
tipliers 





A-+ ae B oC 
To : To To : 
"m B A+ ae 0 
Vr—C? ` Sr — OF’ 
(A+ae)C | BC SE, 


(om 0 — 2 — 0° tS Ti — CP Tg 
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we shall arrive at a set of components, of which the first, already given, is 
directed toward the Sun, and the second is perpendicular thereto and lying in 
the plane of the attracting planet's orbit, while the third is perpendicular to both 
the preceding. If we call these new components X", Y", Z", and if the angle 
between the planes of the orbits of the two planets be denoted by J, we shall 
have 
R= ZX", S, Y" cos1— Z" sin Z, W= Y" sin I + Z" cos I, 
where R,is the component towards the Sun, Sj the component perpendicular 
thereto and lying in the plane of the attracted planet’s orbit, and W, the compo- 
nent perpendicular to that plane. But, if we make use of a rectangular set of 
elements instead of a polar, it is more commodious to refer the components to 
the plane and line of nodes of the attracted planet on the atiracting planet’s 
orbit. Let this ascending node be distant an are = o from the perihelion of the 
latter. Then the desired components X”, Y", Z" will be 
X" = X! cosa— HI sino, 
Y!! = X! cos Isin o + Hi cos T cos o — SEI sin J, 
Z" = X'sginIsino- Hi sin [cosa + Z! cos J. 


It is often interesting to know the position of the great circles forming the 
principal axes of the sphero-conic in reference to the great circle marked out in 
the heavens by the plane of the attracting planet's orbit. If we call Q the lon- 
gitude ofthe ascending node of one of the planes of symmetry of the cone on 
the plane xy, andi the inclination (always between 0? and 130°), and e the 
angular distance of the centre of the sphero-conis from the node measured in 
the direction of increasing longitudes, the four following equations can be used 
for the determination of these quantities: — 


tanisinge — 4 ai bcm cs 
uid [i+ G (Fa alt 0 et») | 


EN cet 


sin i cose = — [14 4 Le $63) * 0 g7 (a) : 


where the signs of the two radicals may be taken positive or negative, thus cor- 
responding to the four intersections of the two great circles w:th the one great 
circle. 
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To find the two semi-axes of the sphero-conic as measured by the arcs they 
subtend in the heavens, take the equation of the cone 


ate 
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2 

+7 =0; 

y G, 


the section of the cone by the plane z = V G, gives the ellipse whose equation is 
tion of the axis of y, /— OG 





The semi-axis of this in the direction of the axis of x is V— G, and in the direc- 
y 





The greatest latitude 4, of the planet moving 
on the sphero-conie and the greatest longitude Ay will be d by the equations 
tan u = "m Go tan A, — 
equation of the cone, we make 
and thus is 


X — p cosy sma 


Y — p sin x, 
sin? à 





follows 


The general equation connecting the variables x and A will be obtained if, in the 
tan? » 
x 





Z = p cosy cosa 
cos" A 
G ^6 





=0 


These variables n and A are expressed in terms of the perspective anomaly T'as 
cos y cos X = ev G,, 








z 


cos 6 sina = eV — G, cos T 
We see that when T= 0, also y = 0 and tan à = ,/ — 
tang =4/ — 





sin » = ev — G, sin T 
d ; and when T= 


,and 420; when TJ=2,7=0 tan a= —4/ 





2 
G,' 
Tabulating the Elliptic Integrals. 
A few words may be added in reference to the solution of the cubic in @ 
AP 
480 o. 


G 
On the Solution of the Cubic in G and the Argument to be Employed in 
B? 
G +æ + 





C? 
Get | 
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Using r? for A3 + B? + 0°, this equation expanded is l 
G? — [P — (a? + 0)] G+ [PELE — (+ P) ? p a] G — aC? = 0. 
Tt will be noticed that in obtaining the values of %, the modulus of the elliptic 


integrals involved, and of m,we do not need all the roots of this equation, but 
only their differences. Hence, it will be advantageous to put 


G=J+4[? —- (@+2)], a= Til? (e H d), 
2 b= +p iet], e= Ale — (a +B] 
The cubic will then take the form 


e B _ 
LIEU» go 
where J will serve us equally well as G ; but here we have 

ad- br oe— 474 B+ C, 
and the developed equation in J will be 
J? + [a£ + bB* + cC* — a? — b* — e — ab — be— ca] J 
— [be4?+caB? + abC? — abc] = 0, 
By the elimination of c and C and the partial reintroduction of a? and b, the 
shorter form is obtained, 
J? — [a? + ab + b? — a* A? — PB] J+ a (P B* — ab) + b (a*4* — ab) = 0. 

Employing the well-known trigonometric process for the solution of the cubic 
having all its roots real, we derive d (between the limits + 90°) from 


sin = MET a(0°B*—ab) + b (a4 — ab) 
3 [Fab AeA GI 
The roots of the cubic are then 
J, = — 5 [a? + ab +b? — aA? — I? B]! sin (60° + 4), 
= e [a? + ab + b* — a? 4? — BB] sind 


= J [wt ab + d — B] sin (60° — 4). 


Hitt: Secular Perturbations of the Planets. 331 


To render these equations simpler, we will put 


a + b = 2n cos v, ^/3 (a —b) = 2nsin», a*4* 4 BB — 92 ab = nu cos £, 





z (a? 4? — PB?) nu sin E. 


With these modifications we have 


A/97 u cos (v + E) 
2 (1—wcos £)$ 


J, = Zr — y. cos E*sin (60° + 4), 





sin 3, = 


n (1 — u cos E)! sin, 
n (1 — u cos £ sin}? (60 — 4p). 


The modulus of the elliptic integrals involved, %, will be given by the equation 


ing BoA = cos (60° — y) 
P = sin e == oos d , 


and the quantity we have designated by m, by the formula 
m? = J, — J, = 2n (1 — u cos £) d cos d 
The two elliptic integrals M sin? x, M cos? x are functions of ẹ; consequently, 


they may be tabulated with the argument d or any function of.) as, for instance, 
with sin 34, that is, with the absolute discriminant of the cubic. We have 


co? Q = By, and, if we put xt for the second member of this, we have 
. 0 2 
3. je popu n 
1+ + cos 6 1+2 1+2( +++...) 


The value of the nome g can be derived from the infinite series (three terms suffice 
except in very unusual cases), 





jit te 


1= RE SE is 1+ a/ * 512 
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As G,, G,, @, enter into many of the preceding formulas, it may be useful 
to note that 


G, Ste G, Sur, =d,t+e, 
Gass ta G,dqa—J,-p a, G, te=, +a, 
Gt è=, +b, Gte=F+b, G+P=J+b. 


Il 


N 


Variation of the Elements of a Planet through Perturbation. 


The elements we select for use are defined thus: x, y, z, denoting the rectan- 
gular coordinates of a planet referred to the Sun as origin, adopt the elements 
Cay Cy, Cer Far Sy» fe Such that 


"rm ydz = zdy e = SE dz ENS sey n 

C i 3 y H D t , 
dy—c,dz us 0,dz—¢c,dx uy c, dæ —c,dy uz 

fom DÉI — +, fh = 7 — 4 f= — — 

et dt r nor dt T : 


where we note that u is the sum of the masses of the Sun and planet, and r is 
the radius vector of the latter. These six elements are not independent but 
satisfy the relation 


3 fa Od D 


The additional element needed to complete the number aix is the element every- 
where attached by addition to the time. With these corstants the two equations 
of tlie path of the planet in space are 


em + oy pez=0, ur +Hhat dy tet, ram. 


'To understand the correlation of the different terms of these equations it must 
be borne in mind that « is a constant of three dimensions in reference to the 
linear unit. Consequently, the c are of two dimensions and the / of three dimen- 
sions in reference to this unit. 

The second equation belongs to a quadric surface not, in general, referred 
to its axes of symmetry. Removing the radical from it, it becomes 


(à —J2) 2? + (9 — Ay + (0 — 2) 9 — 2f. f — 2f fo yn — 2f. fuum 
+ Ate + SA + 9A — het = 0. 
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The cubic, which must be solved in order that this may be referred to its axes 
of symmetry, is 


à. — [96 — HR tA) ox + el — Ae — A) t+ GP — u — 7) 

+H ed MW) — UZR t ff + RA a i024 +A) = 0. 
But, if e denotes the eccentricity, we have J? + J? + J? = we; thus the preceding 
equation reduces to 


x — d'Kand 7 dd — 26) y — wt (1— 68) = 0. 
Put y = wx, then 
3 — (8 — e) x? + (8 — 26)%—(1— e) = 0, 
or (x — 1? 4-8 (x — 1p» — 0. 


The three roots are x = 1, x —1, x=1—e*. The second equation of the orbit 
of the planet is, therefore, a quadric of revolution about the major axis, in 
the present investigation an ellipsoid, as we suppose ®<1. The expression 
&+&-+ dis invariant, as also is /? 4-/? --/7, both being independent of the 
orientation of the axes of coordinates. The system of principal axes will be 
arrived at if we suppose fy = 0, f, — 0, which imply also c, = 0, as is shown by 
the relation c,f, -F c, f, + c, f, — 0, unless we have f, — 0, when, the quadric 
being a sphere, allsystems of axes are principal. The equations ofthe orbitthen 
take the form 
€ d- c2 — 0, ur+yex= E, 
where % = c? + ci. The radical removed, the second equation becomes 
iP (1 — e) a? + uy? + we + Auer — k = 0. 


But, a being the semi-axis major, Æ = pagis therefore, the preceding 
equation takes the form 


or | tat, yt? 2. 


The adoption of the attracted planet instead of the centre of the Sun as the 
origin of coordinates renders it necessary, while employing the elements of the 
planet, to substitute — zo, — Ya —% for a, y, 2... Thus, with this notation, the 
equations of the Sun's path in space are 


GR F KE + ¢%=0, un — fo —fyYo — f =F. 
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The values of the differentials with respect to the time of the constants c 
and f must now be stated. Denoting the mass of the attracting planet by m’, 


t 
the perturbative function R for secular perturbations is T , and we have 


s _ OR OR ` m 

Yo Oz — % oy been p (my — Yo%) ; 
" dk OR ` 
9g g 
A |. o0R OR m 
at = d oy — Vo ox 7 DN (ip We LY), 


i - (my — 2%), 











m! 
di^ di di d dp (cy — eg), 





df. _ dä de, _ dx de m a i 
d ^d d 4 d ri (eye — cay). 


There is still one element to be added to the preceding to complete the number of 
six independent constants; thisis the mean longitude at epoch. The well-known 
equation for its variation shows that a portion is immediately derivable from the 
motion of the perihelion, and another from that of the node; what remains (call- 
2 the element 7) is given = the equation 
an OR 

IE Oa tU E a +s AT 
where n denotes the mean motion of the attracted planet. 

The system just given is the most general as respects the orientation of the 
axes of coordinates. Let us now specialize by taking, for the plane of xy, the 
plane of the orbit of the attracted planet. This makes e, = 0, c, = 0, c, = k 
and the equation between the cand the f shows that, in consequence, we have 
f, = 0. Then our equations become 


an [m e tn]. 














de, ___ m df, | d dk m’ 

de Ugo eae ae TOY 
de _ m (df, de dk Qm 
dic gr] d — au Ten 
dk __ m’ u df — dy, de, __ da, de 
dp pie a) a a ae a d 








* For these formulas consult Laplace, Mécanique Celeste, Tom, I, Liv. IL, Art. 64. 
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But our specialization, applied to the definitions of the f, gives 


a yf, bM Lum 
To 


dt dÉ En 4 


These values enable us to eliminate the differentials of x), y, from the preceding 
equations. By differentiating the equation between the c and f we get 


pee = 2 E + bol = 0, 


The substitution of preceding values in this renders it an identity, hence the 





equation for e + is superfluous. Moreover, after use in substitution, the equation 


for a is no longer needed, since the secular motion of the semi-axis a vanishes. 


Thus the equations to be employed are reduced to the five following: 








hm SA ond) tad, 


ty = el MN CA 
Li dan — T (a + n). 


If x denote the longitude of the perihelion ofthe attracted planet, we have 
f. = ue cos x, f, = ue sin x; also,if iis the inclination and 9 the longitude of 





the ascending node, c; = k sin ?sin Q, c, = — k sin $ cos Q; whence 

d(sinising) | m, z 

COMER TT) OM SE 

d(sinicosQ) m z 

m E 
d(esiny) mea _ UN Eoo, Y y o mu m 
ne ne A esin x £)» P. Lo p u k p , 
d(ecosg) _ m LA WMV S oou YE YL Puy 
GGF — (eos x X» a Xo p Ka 7 c one 
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The point of departure for longitudes is still undetermined; but, if this is 
_ taken to be the ascending node of the attracted planet’s orbit on that of the attract- 
ing planet, we can employ the X", Vi, ST we have previously defined. Thus, using 
brackets with subscript O to denote integration along the orbit of the attracting 
planet we have the equations 





KR (sin E ST — E y, Z", 

E gne. cos SI) eg Eid ay Z", 
[er : sin 22) = " (e sin y — E Xx EE xt Smoky. 
È ios ei = La (e cos x — 2 Xn X"—g SEN EA Ge y, 


F3 = dan (o X" E pw) . 


The integration round the orbit of the disturbed planet has still to be exe- 
cuted in order to arrive at the secular motion of the elements. For this we are 
confined to the use of mechanical quadratures. Here we may use either of the 
three anomalies, or any variable which will show the position of the planet on 
its orbit, as the independent variable. s 

West Nyack, March 18, 1901. 


nie of Linear Groups as Transitive 
Substitution Groups. 


By LEONARD EUGENE DICKSON. 





INTRODUCTION. 


One of the advantages of the study of groups of congruences and of groups 
of linear substitutions-in a general Galois field is the ability to deal with groups 
of high order as well as with infinite systems of groups by means of analytic 
formule involving a small number of variables. The study of finite groups 
defined analytically has led to such distinctive methods and the results have been 
given such a degree of generality that there appears to be some justification for 
the attitude of many specialists in the theory of substitution groups towards the 
analytic theory. It is hoped that the present investigation will be a first step in 
the direction of a closer union of these branches of group theory. 

After giving in §1 a proof of the known theorem on the representation of 
certain quotient-groups derived from the general linear group as doubly transi- 

‘tive substitution groups, and an outline in $3 of the general method of the paper 

for representing the more important classes of special linear groups, I take up 
the orthogonal groups in $$4—16, the abelian linear group in §§17-20, and, 
finally, the hypoabelian groups in $821—26. A similar investigation for the 
hyperorthogonal linear group* will form part of a paper to be presented to 
the Annalen. In the main, the paper is complete within. itself, but occasional 
aid is drawn chiefly from the memoirt in which I made a study of all linear 
groups defined by a quadratic invariant, all of these groups being now repre- 
sented as transitive substitution groups. 

The group of orthogonal substitutions of determinant unity in the GF [5*] 
on an odd number m of variables may be represented as a transitive substitution 





* Mathematische Annalen, vol. LII, pp. 561-581. tAmerican Journal, vol. XXI, pp. 193-256. 
44 . 
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group on (p^("—-P — 1)/(p" —1) letters. Except for p*=3, m 5:5, this is the 
minimum number of letters for the methods of representation here studied. For 
m = 3, the above number is p” + 1, in accord with the known* isomorphism 
of a subgroup of index 2 of the ternary orthogonal group of substitutions of 
determinant unity with the linear fractional group, each in the G'Z[p"]. Aside 
from the cases p" — 5, 7, 9, 11, the latter group cannot be represented on fewer 
than p” + 1 letters (Moore, Wiman; and Galois, Gierster, for n = 1). 

The minimum number of letters necessary for the representation (by the 
method under investigation) of the simple groups derived from the orthogonal 
group on an even number m of variables is given in $$1C, 11. For the quater- 
nary second orthogonal quotient-group QP, this number is p” + 1, in accord 
with the isomorphism} of its subgroup of index 2 with the linear fractional group 
in the GF [p?]. i 

These results serve on the one hand as a check and on the other hand as an 
indication that the method gives the minimum number of letters when p" 
exceeds a certain low value. 

As a special result of the investigation of the 2m-ary hypoabelian groups 
(the case n = 1), we note that the first and second hypoabelian groups may be 
represented as transitive substitution groups on 


92m —1 SEH => 99m —1 c 9n—1 ze] 


letters respectively (minimum values for the method here employed). This 
result agrees with the known isomorphism of the first hypoabelian group and 
the Steiner substitution group. 

Finally, I would call special attention to the important property of various 
linear groups explained in $2. 


1. A linear homogeneous substitution on m variables, 
A: E Ya, G=1, 2, er 5 
j=l., 


with coefficients in the Galois field of order p”, the GF'[p"], permutes amongst 
themselves the linear functions 


A + Asks + sce eye + Pani (A; in the GF Tel", 





* American Journal, 1. c., p. 219. 
ilbid., pp. 249-255. On p. 255, Fi, z», Fi p. should read Fi, pz. 
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Excluding the case 2, = A4 — .... = A4 — 0, these functions may be combined 
in sets of p" — 1, those of any. set being of the form 


uti d Hief: + ub T Age cs 


where u runs through the series of marks Æ 0 of the GF [p"]. Such a set will 
be designated by the symbol It... + Amém}, so that there are 
(p™ — 1)/(p"— 1) distinct symbols. A substitution A which leaves every sym- 
bol unaltered evidently has the form 


R: Sec, 0c CSL sm). 


A substitution R is commutative with every linear substitution A, so that the 
group of all linear substitutions 4 has an invariant subgroup formed of the sub- 
stitutions Æ. The quotient-group D is holoedrically isomorphic with the substi- 
tution group G on the above symbols. 

Moreover, @ is doubly transitive. In proof, it is only necessary to show 
that, if two distinct symbols 


{anki F Ask, + geck Gs ZE ip& + pač F EE + Pnémt 


are given, such, therefore, that the ratios A,:p;, --+-, An:pm are not all equal, 
there exists a linear substitution which replaces the symbols {£} and {£,} 
respectively by the first and the second given symbols. If a, be chosen, as may 
be done, so that the determinant i 


Au A Am 

D P Pm 
EE #0, 
Ay Aig Dim 


the required substitution may be taken to be 
EI =y 2,8, EY pies, EI =>, Quies, (122 8, ss. m). 
j=1 j=1 j=l 


The quotient-group T may be represented as a doubly transitive substitution 
group on (p^ — 1)/(p" — 1) letters. 

Of more importance than T is the quotient-group LF (m, p") of the group of 
all linear substitutions A of determinant unity by the invariant subgroup formed 
of the substitutions R of determinant unity. The notation LF (m, p”) is derived 
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from the linear fractional form in which its operators may be exhibited. Except 
for p" = 2, m = 2; p" — 3, m= 3, the group LF (m, m") is simple.* 

The above proof may be extended to the group LF (m, "1; only the ratios 
ofthe A, being essential, the determinant employed may be supposed equal to 
unity. Hence the thecrem : 2. 

The linear fractional group LF (m, y") may be represented as a doubly transi- 
tive substitution group on (om — 1)/(p" — 1) letters. 

If this method of procedure be employed in the case of a linear group pos- 
sessing an-invaridnt @ (£1, Bay ey Ën)» it evidently leads to an intransitive sub- 
“stitution group.and the number of letters is unnecessarily large. The present 
paper presents a general method of representing such groups &s transitive per- 
“ mutation groups and determines which representation invclves she fewest letters 


2. Frequent application is made of a fundamental property possessed by 
various linear groups. Of the conditions upon the coefficients of the general 
substitution of a given linear group, let E, denote those involving only the coeffi- 
cients of the first row of the matrix of coefficients, E, those involving only the 
coefficients of the first ard second rows, etc. When the linear group contains a 
substitution in which the coefficients of the first row aze arbitrary marks of the 
field which satisfy conditions R,, a substitution in which the coeffcients of the first 
and second rows are arbitrary marks satisfying conditions Æa, etc., the group 
will be said to possess successive generality. 

The orthogonal, the abelian, hypoabelian and the hyperorthogonal groups 
possess successive generality. Certain linear groups f, the condidons upon whose: 
coefficients are of degree 7 2, do not possess this property, at least when not 
reduced in form [for example, if we use the conditions given by 477, $3]. 


3. In order that a linear substitution A shall leave forraally invariant a 


function @ (E, £&,...., En) certain conditions upon the coefficients must be 
satisfied. Thus $ (E. E ooo, E.) = requires l 
2 (an; ayus -eey Am) = È (1, 0, 9) 

P (an ges, Agas + +++) Ime) = € (0,1, 0, 440). 


But conditionsof this nature involve the coefficients of one or mcre columns of the 





* Annals of Mathematics, vol. XI, pp. 161-188; University of Chicego Record. Aug., 1896. 
1 Quarterly Journal, July, 1899; Proc. Lond. Math. Soc., vol. XXX, p. 200. 
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matrix for A. To obtain the conditions involving only the coeflicients of one or 
more rows of the matrix for A, it usually suffices to require that @ be invariant 
under 4-1, the inverse of the general substitution of the group. The set of con- 
ditions obtained by means of A^! must of course be equivalent to the; set obtained 
from A, but are usually in a more convenientform. _ Sg e 

For definiteness of expression, suppose ‘there is a a single condition 


ad Lou, As ----, Giel = c involving only the coefficients of tlie first row of the 
matrix of the general substitution A of the group. The substitution A aer 
Ay by + Asset, E An Ba by the function” ` ee e Se 


27 jp Y =$ Qj Ais 


the matrix of the coefficients of the A* in the y; being the transposed of the matrix l 
A, viz., 


NES. a Aa 
y = On Qa Ami 
y» = Op Qo Ching 
Yn = Aim Am ->> mm: 


Hence, if the transposed of the matrix of the general substitution of a linear 
group always defines a substitution of the group, the functions y& + .... + An En, 
where (Ay, Ag, ....,A,) has a constant value, are permuted amongst them- 
„selves. But this condition on the transposed matrix may not be satisfied, as, for 


"example when the group is the second orthogonal group in the GF [v^], 
p" = 41+ 1 [See 84, end]. 


If Ay, Ag, .... , Am be a set of marks, necessarily satisfying 
(E) 4 (A4, Ae, E An) =Œ 0, 
such that the group contains at least one substitution P replacing £i by > AE, 


i=l 
then the product ST belongs to the group, and hence replaces £, by a function 
Zä: E: for which 

3 (54, ya: eO m st Ym) =c. 
We thus obtain a set of functions which are permuted -by the group. For the 


groups studied in this paper, the above assumption will þe satisfied for an arbi- 
trary set of solutions Ay, .... An of (Kj). 
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The following generalization is immediate. Its statement is, however, 
limited to the extensive classes of linear groups possessing successive generality 
($2). Employing the notations R}, R,,,,.. of $2, we obtain a first representa- 
tion of the group as a substitution group by considering the linear functions 
A, RAS EL, "Län where A, .... , A, areany marks satisfying the con- 
tions E,; a second representation by means of a pair of linear functions XA E 
and SA, £;, where Au, Aer are any marks which satisfy the conditions R, ,; a third 
representation by means of three linear functions with coeficients satisfying the 
conditions NK, 3; finally, a representation by means of m linear functions whose 
coefficients are the most general set of m? marks which satisfy the conditions 
Ri 2 ....,m imposed upon the general substitution of the group. Instead of the 
‘linear functions, we may, in each case, use a positional symbol, the elements of 
each row of which are the coefficients of the successive linear functions, thus: 


a ^g Ane» D Aim 7 
DA, Ae OM iX]; > As nm Geh TES KE An» Aeris » Aom 
Ay, Aen ees » Aon e pen ae ess 589 e. 
Femi Anas mots a Aen 


In the last case, the group is represented as a regular substitution group ; 
indeed, the symbol represents the matrix of the general substitution of the 
group, so that the process, for this case, is identical with that used by Dyck.* 


The First and Second Orthogonal Groups, §§4-16. 


4. Every group of linear homogeneous substitutions on m variables with 
coefficients in the GF[p"], p > 2, which is defined by a quadratic invariant of 
non-vanishing determinant, can be transformed by a linear homogeneous substi- 
tution belonging to the field into one of the two groups. 

1°. The first orthogonal group Of, with the invariant 


&TT i. +i t &. 
2°. The second orthogonal group O*) „ with the invariant 


B+ Et. +R toe, 








* Mathematische Annalen, vol. XX (18821, p. 30. 
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where v is a particular not-square in the GF[p"]. For m odd, the second 
group is conjugate with the first.* 
Treating together the two groups, let OW p denote the orthogonal group 


defined by the invariant 
E + E + $ + £a + uch. 


The conditions upon the coefficients of a substitution 


A: ud Pal) 
j=1 
belonging to the group are known to be the following: 
KE < a 
2 — 1, (j—1,2,...., m — 1), 
Zreck Ga HI. 
m —1 
> go ge F He Ge zz D, (J, B1, .... m; JE k). (2) 
t=] 


The inverse of A is, therefore, 


m-—1 °° 
cien (à — 1, P PETITS ,m — 1). 
A^ m—1 


f= D Op Ej F Amm Em- 


Writing the relations (1) and (2) for the inverse A~1, we have 


i. (21,2, ,m-—— 1). e 
e+ pale! (J= m). (1) 
Ze ji Gu F -p Him in = 0, (J, £y... m; jk). (2) 


It follows that the transposed of the matrix of A will likewise belong to 
the group if, and only if, either ju? = 1 or else 


Qim = 0, Gag = 0, Onn = 1, get, 2, ee, M—]). 


In the latter case the substitution leaves} + .... + &,_, and £, each invariant. 














* Dickson, American Journal, vol. XXI, pp. 193-256. This paper will,be referred to as A. J., with 
the specific pages mentioned. Certain changes of notation, however, will be found desirable for the 
present use. 
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5. THEOREM.— The orthogonal groups possess successive generality. 
Given a set of marks a, of the GP) such that 


m- I m—1 
e 1 2 

` Die + Se rac ID hop + TC "E ig T 0, (3) 

izz] 
forj, k=1, 2,...., 7,3 = k, where v is a given positive integer* < m, it is to 
be shown that the group O%,. contains a substitution S which E E by 
Sait for j EE 
i=l 


The theorem may be established by induction. Assuming it to be true for 
the case r — 1, it will be proved true for the case r. The theorem is true for 
r = 1 (A. J. pp. 199-207; see $6 below). By the hypothesis, the group contains 
DA substitution A’ of the jam A (84) in which 


ay = aij fort = 1, 2, Dyf—1;3925 1.0 ff. - (4) 
By (3), al, as ...., af, do not all E moreover, the determinants of the 
matrix gei 
Hu Qiz Cim 
hp, ois Om 


1 H 
Ga Arg + +++ Den 


are not all zero. Hence there exists an m-ary linear substitution S, in the 
GF [p"] of non-vanishing determinant which, like the required substitution S, 


replaces £, wy E for j= 1, 2, m The product A'-! S, = i leaves 


M iena ee t “each fixed in view of (4) and replaces & by 
p + Rača + ae + N RR 
where, for i = 1, 2, ...., m — 1, 
m -—1 e 
i nas Arj Qij ele en “>; Qj ng + Oo onm (5) 
j=1 
In view ot (8) ) and (4), Rı GE? E ae eee ile 
m—1 m-—1 m—1 
2. R? + lm- > a a + Ma + S Lat [Sat T = 
i—1 id j=1 i=l c t 
asasi —1 
2 av Ay; anf > Y. CS Kä F Ung za] Is ah [> Y Qj im + ng 2 
Zeck 
Ege 





* For r — m, the theorem is true by tha definition of the groups. 
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upon applying relations (1 and (2) and afterwards (3). Inversely, the substi- 


tution S, ze A'R replaces & by the linear function 3. al É, for = 1,2, ...., f. 
i=1 

Hence if we construct a substitution R belonging to the orthogonal group such 

that H leaves fixed E, &,...-,&_, and replaces £, by the function 


S S mal. mm 
2. HE, KE tu E 
the product A'R may be taken as the required orthogonal substitution jS. 

As shown above, the quantities R, may be defined by (5). But such a sub- 
stitution R exists in the group OW ,,, and à fortiori in the group OW in view 
of the theorem above quoted (the present theorem for the case r — 1). . ce 

Ina similar manner it may be shown that the group of orthogonal substitu-.”” 
tions of determinant +1 possesses successive generality. Indeed, the theorem is 
true for r = 1, and the necessary modifications in the above proof are evident.* 


6. There is a second method of proof which establishes the theorem for 
every 7 including r — 1. The theorem is first proved for the case r = m — 1 as 
follows. Given a set of marks 


/ / quem 
oi, Oe, o Aims Ben 2,...., m — 1), (6, 
satisfying relations (3) for r = m — 1 and therefore for f, k = 1, 2, ...., m — 1; 
k Æj, there exists a singe set of marks aj, Gm, ...., Gmm, Such that the 
substitution 
S e 
£ ; 
S: EH Si as EE 9 um 
i=1 ` 
has determinant unity and belongs to the group, OW,., viz., 
i (4 i À / H 7 
Di A + +++ Aim Du Dis rr Km-ı 
H / H / f 1 
vi | a2 Qg -a Uy Gas’. or gaa 
Ee e (E ee Se 
4 H / / d / 
Om 318 +++ + Am—1n Am X m—18 * ++ * Amim 


Since these expressions are the first minors (with proper sign prefixed) of «,, in 
the determinant Teil, this result agrees with that giving the form of the inverse 
AT! of the general orthogonal substitution A. 








* In regard to the special rôle played by the index é,,, compare 2 23. 
45 
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Taking the negatives of these expressions as the values of the unknown 
Omi) ++, Ohm, We Obtain the unique orthogonal substitution S of determinant 


. syna 


The proof of the general theorem of §5 would now proceed from the case 
r= m — 1 to the case 7 = m — 2, etc. For the first step, oi Au, a4 am 
are to be determined so as to satisfy a quadratic relation and m — 2 linear rela- 
tions, the latter involving the (given) coefficients of the preceding m — 2 rows of 
the matrix. 

The method will be illustrated by the important case m — 3. Given any 
set of marks ou, is, a such that 


1 ; ‘ 
ay + eds + — ais = 1, (7) 
. H 
we are to determine marks o, Gen, Ges such that 
2 S 1 2 — 1 = 0 8) 
az + 0 + uu G2 = 1, 9g ag + Aye Gas aa Q3 Ops — 0. (8) 


Ifany o4; = 0, a solution isevident. Thus, for ay, = 0, we take ge = aa = 0, 
Da = 1. If hy = Q, take Do = I, Dan — Gan = 0. If Gas = Q, taxe 


dea = C, Gap = — Ay, Qg = yy. 


If every a4; Æ 0, we eliminate oa from (8) and obtain 
E EE E "E " 
(oh T aie ) a + (at + "n dis) alu T Obs 033 Ga den = OI. (9) 


If both aj, + a% and af, + E xi; varish, the equation determines a, a3, so that 


Kä may be chosen as.an arbitrary mark Æ 0, oe being d2termined by the second 
condition (8). In the contrary case, we may take aj, + aj, 0.* The equation 
(9) is therefore equivalent to the equation 


2 
2 2 1 
j ou + ois ) ag + u Q2 As aal 
l B 1 2 2 l 2 1 l a pp. 2 2 
+ a ou + ae + u oa } ass = Gm | Oy + a ] - 


In view of (7), the coefficient of a2, is not zero. By the theorem quoted in §9, 





* For if a3, + a2, = 0, a?,-+ E a?, +0, tanen, by (7) v is a square and therefore unity, so that 


a3, +a}, 40 and the equatiors are symmetrical in go, an, a. 
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the equation has solutions in the GF[p"], 
1 
O33, a + al) Gas F "n Q3 Uu Das: 


and therefore solutions a3, Œe in the field. Hence the result: * 

For any set of solutions in the GF [ p^], p 2, of equation (7), there exists a 
substitution of determinant unity in the group Of). which replaces Ey by a£ + ok, 
+ ayes. 

Employing this theorem, the corresponding theorem for m variables is 
readily proved by induction (A.J. §12). We obtain therefore an independent 
basis for the general theorem of §5. 


7. By §§ 5-5, the orthogonal group Oz, contains a substitution 7 which 


m, p 


replaces £ by 21 + .... + Anën for any sat of solutions of 
Lt... 4 AL PELLE (10) 


If S be any orthogonal substitution the product ST is orthogonal and there- 
fore replaces E, by a function yér Lk. + Gren for which yi + .... + yh + 


PEZ = 1. Hence § replaces AE, + .. + Aen by nb +--+. + Ge Tt follows 


that the orthogonal group may be represented asa transitive substitution group 


on the N functions} EL + .... + Ané, in which A, ...., An run through every 
set of solutions in the GF [p"] of equation (10). The isomorphism is in fact 
holoedric since among the above functions occur E, £j, ...., &m—1, as well asa 


function involving £,. But an orthogonal substitution leaving these m functions, 
all invariant is the identity. = 
Similarly, the subgroup of index 2 formed ofthe substitutions of OW,, having 
determinant unity may be represented as a transitive substitution group on the 
above N functions. t 
The orthogonal group contains the substitution C changing the signs of all 
m variables. The group of order 2 formed by C and the identity is evidently 








* Compare the intricate proof (for n —1, 4 — 1) by Jordan, ‘‘ Traité des substitutions," pp. 161-166, 
corrected and generalized to any n by the writer, Bull. Amer. Math. Soc., vol. 4, pp. 196-200; and to 
any #, American Journal, vol. XXI, pp. 199-204. However, in the latter papers, the generators are 
found by the same investigation. 

1 The value of N is given in £9. 
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self-conjugate under O®,,. The quotient-grcup will be designated Or)... Com- 
bining into a single symbol (Aj£ + .... + Ana} the psir of linear functions * 


Aii DELL + Aen — né — eee — Ankms 


we obtain a set of 3 N letters upon which OG). may be represented as a transitive 
substitution group, if the case m= 3, p" = 3 be excluded. The isomorphism 
of the two groups is then seen to be holoedric [$16, case (1)]. 

For m even, the subgroup of orthogonal substitutions of determinant unity 
contains the substitution C. We obtain a quotient-group which may be repre- 
sented as a transitive substitution group on the above + N symbols. 

For m odd, the subgroup of orthogonal substitutions of determinant unity 
does not contain C and may therefore be represented as a transitive substitution 
group on the } N symbols, if p^ > 3 when m= 3. 


8. If24, 5,...., Am be a set of marks of the GF [ p"] such that 
AE ee + A b — e, (11) 


where c 1, there does not exist an orthogonal substitution replacing £, by 
SAME, + AES Rise + AVES, but there may axist orthcgonal substitutions which 
replace some other function 


of Sah + Anke + s... + AME, 


by o: From yit follows, Aj; s, Am must also be s set of solutions of (11). 
. . By employing a new method of procedure, we may generalize the results of $7. 
As in 2 the general rs substitution Á replaces the function 


SS, ét 8 SEALS where Ay ^. Am Satisfy (11), b 


> yip Y= => Gol, 


We prove that yı, ...., Ym satisfy relation (11). Indeed, 


m-—1 (Se 1 ”—l 
Nu BY XT PEE MM UL SÉ 
j=l i-l i< J 
m—1 
EST 
u 





* The proportionality factor of 31 must here be +t in view of (10). 
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upon applying (1 and (X) and afterwards relation (11). Hence the totality of 
functions Aye, + Aula + .... + Anm, in which 23, .---, Am are solutions of (11), 
are merely permuted by an arbitrary orthogonal substitution. 


9. In evaluating N, we consider more generally the number N12) of sets of 
solutions A, Ag, ...., Am in the GF'[p”] of equation (11). This number is differ- 
ent according as m is even or odd, u = 1 or», c = 0,square or not-square. The 
value of the number is (A. J., $3): 


For m = 2M, ce 0, pex» sp ef prn, 
e — 0, prop + ef (pr qma. 
For m = 2M + 1, c —0, aps | 


c = square, pt a. p, 
c = not-square p"? =F ep", 


Here the upper or lower signs hold according as u = 1 or v respectively; while e 
denotes +1 according as pes = 4] + 1, viz, 


e=(— 1) 2 

10. If e 3E 0, the sets of solutions of (11) have by pairs the same values 

ofthe ratios 44:25: .... :24, viz, one set of solutions and their negatives. As 

in $7, we obtain a representation of OR p upon N% letters and of Qs p upon 
4 N(^3 letters (using the results of $16). m 

Ifc= 0, we may reduce the number of letters oA as in $1. - We dis- 


—1 





card the function given by 2, = à, = 2 = Am = 0, which is MM under 
every orthogonal substitution. The ı remaining functions may- be united into 
groups of y" — 1 each, those of one group having the. same: ratios Au AG baie D 


This is possible in view of the homogeneity of the orthogonal substitutions and ` d 


of the relation (11) for e=0. We thus obtain (NA — 1)/(p*—1) symbols 
IAE + Anke + ..-- + Ang}, symbols which are merely permuted upon applying 
an arbitrary or groe substitution. Since 
Mihi,» — 1 E (p F e)p? a en), 

we may state the final result, incorporating the theorems of §§12-16: 

The orthogonal quotient-group QR m, m > 2, may be represented as a transitive 
substitution group G on the following number of letters : 

Uz" (modd), 

E E eck = (—1)" 2" — 74] [ pe» + (—1)'e"-14 < [p —1] (m even), 
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the upper or lower signs holding according as u — 10r u — v. For m odd, the 
group of orthogonal substitutions of determincnt unity may be cepresented on Q 
letters. 

It remains to inquire which value of c gives a representation upon the lowest 
number of letters. 

Suppose first that m is ocd (m 5:3). For cÆ 0,” we may choose o among 
the squares or not-squares so that the number of letters isthe least possible ($9), 
viz.: 

ost [pad — p" 0-7), 
For e = 0, the number of letters was seen to be 


Q = (pr? — 1)/(p" — 1). 
Ifp"=38, theno <Q. Ifp"S5, the condition o >Q may be written 
(2 n_ 8) pr 'n-» — p^ (m+ 1/2 + poe +2 > 0, 
and is always satisfied since p^ "7 S p^ *0?, m being 33. 
Suppose next that m is even. The case m — 2 is examined in $16, the 
orthogonal group being then commutative; as the case c — 0 -zads to a trivial 
group @, a comparison with tae case c Æ 0 is unnecessary. Suppose then that 


m Z4. The various values of e Æ 0 give a representation on tue same number 


of letters (89) : 
ol = 4 [ue = (— 1) € 8 alia ` 


For c — 0, the number of letters is given by the expression Æ f $10. In each 
case the upper or lower signs are to be taken according as u = 1 or u =v. 
; Consider the lowest value o; of d and the greatest value Æ, of E. viz. : 


at [pe — pr 02-9], E m [p^ — 1][p ^7» 4 1] + [p — 1]. 
"We proceed to prove that if p^ — 3, oj > E,. The condition is seen to be 
pe-p — 3) — ap + gs h-2 4 2 0. 
Since m5 4, p 5, we have 
pre (ph — 8) S 2p! "7? S 139p "79 S lope”, 


The condition is, therefore, satisfied. Hence, o' 7» £ifp"753. Forp"=3, 
the question is more delicate. Since 


ol LI à gn/2—1 [gen = (— [ux ; E = i Ian? (— EH ig +- (— CIS, 








* For p"— 3, m — 8, e+ 0, the isomorphism is not holoedric (216), so tnat the representation fails. 
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we have o' > E or o' < E according as + (— 1)"?is — 1 or +1. Hence, for 
pr = 3, a > E in the two cases u = 1 with m/2 odd, u = v with m/2 even; 
while o' < E when u =1 with m/2 even, or u = v with m/2 odd. 

We combine our results into the theorem: 

If m 7 2, the number of letters employed in the above representation of the 
quotient-group QY p as a transitive substitution group is less for the case” c = 0 than 
Jor any ¢ F 0, except for the cases p^ = 3, m odd, m> 3 ; p^ = 3, m/2 even, u = 1; 
p" — 3, m/2 odd, u =v. For the latter cases the number of letters, given by a suit- 
ably chosen mark c Æ 0, ts 


4 [3"71 — 3"-»7] for m odd, mä: $ [8"71 — 3"?—1] for m even. 


12. TuzonEM.— The orthogonal group OX „ permutes transitively the totality of 
symbols (AE, + Ass + ---. + AVES] in which Ay, ---- An are solutions of equa- 
tion (11), e being any fixed mark of the GF [p°]. 

We are to prove that there exists an orthogonal substitution A replacing 


the function o! = Af£, + Age, +... + ALES; where M, ...., Ah form a par- 
ticular set of solutions in the GF [ p"], p Æ 2, of 

aS iso + ma + DAD (12) 
by the function o = Af, + Aok po... F Anën, Where 24,.... An form an 


arbitrary set of solutions not all zero of the analogous relation (11). 

If e is the square of a mark y Æ 0 of the field, we may take Al = y, 
à= 0, ...., Ah =0. By 8$5-6, there exists an orthogonal substitution A 
replacing E, by 


Ay Ag ; An 
AL a E Ho Hg, 
y & SCH y 5 


AV Ag : Àn-1 4 1 Am a e 
GRECO Pad +( y JH u Gah 
in view of relation (11) and 5? — c. Hence, A replaces a! = A£, by o. 

Suppose next that c is zero or a not-square. By $9, there exist in the 
Gol more than one set of solutions off 
Pt hme (13) 








* For e= 0, the number of letters is given by the theorem of $10. 


tFor m-—2, E? is to be replaced by IP in (13) and 1 by in the right member of the second 
equation (15). But the final equation is exactly (16). 


352 Dickson : Representation of Linear Groups 


except in the case c — 0, — 1 a not-square, when the only solution is evidently 
D=E=0. Excluding this case for the present, we proceed to determine an 
orthogonal substitution A which replaces DE, + EE. where D and E satisfy (13) 
and E +Æ 0, by the function o. The conditions are evidently 

Do; + Eos; = Xy, [je 1-9 css m (14) 


together with the conditions that A shall be orthogonal. 
If ou, a; be determined so that = and 


m—1/' 


A SE — din = YT. 1, Za on = = 1, Y La C102; + P Ainhom = 0 (15) 


a 

are satisfied, it follows from §5 that marks 
Qj = S, s SGQmj13...,m) 
may be found such that A will be the required orthogonal substitution. Substi- 


tuting the values of a; determined by (14) in the second and third relations (15), 
the latter become 


m—1 


p (S od, + = an) —2D (X Ay + m ty An ) E > ann SE = ES. 


i=l 
m— 1 m-—1 


D (X oj = tn) — (Ew + — 1 = mn = = 0. 


In view of (11), (13) and the frst relation "n these two conditions reduce to the 
single condition 


m- l as 
1 
> Uu A; iE D Qin An =D. (16) 


j=1 


. The conditions are therefore (16) and the first relation (15), say (15). These 


- two conditions can always be satisfied. 

If A, Ae =An—1 = 0, then A, £ 0 by hypothesis, so that (11) gives 
i 22, =c £0. Then (16) becomes E Qm Am = D, whizh determines oun, Con- 
dition (15) is the only condition bod ond Qa) ssa Xs; it may be solved in 
the field by $9. 

In the contrary case, we may take 4, 0 in view of the symmetry of (11) 
and (16) in Ay, Ae Am. Eliminating ou between (16) and (15’), the latter 
may be replaced by 


(as lad. )* Zar pe jn — —D)’ eM. (17) 
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If D = 0, then c= E? $ 0, so that the problem, is solved as above. 
For the case m = 2, (11) and (13) have the form 


It moe, At Lame 
D u 
The condition (17) may be written in the successive forms 
1 1 2 
q (A+, A) dm Das = a D, 
(casg — DA)’ = uc (Aj — D?) + DR = ME”. 
. Ife = 0, the first form of the relation determines «a, linearly unless DA, = 0, a 


case evidently excluded. Ifc + 0, the seccnd relation determines o4, in the field. 
Then (16) determines ou in the field. 


13. For m — 8, relation (17) may be written ` 
1 2 
ais (x + A) + E Oo (a + e A) T u Chyg Gin Ag Am — 2D ayy A, 
ES 7 Day Am = 92 — D. (1) 


If af + Ag = 0, then A, Æ 0 and the equation determines a, linearly, its coefficient 
not vanishing for every a. In the contrary case, we multiply (173) by aj + a3 
and obtain the digi equation 


les (A + M) +4 Pe "E de Am 22223 


nm =< Qim Aq C F E Domn A TM (a F AM — D'). 


If c — 0, then A, Æ 0, so that ou may be chosen to make the right member a" 
square in the field. Ifc = 0, the right member may be written 


Ld z A —ı : 2í42 2 p d man) 
2 d u e; (o. Dc An) + Al (44 + As + u D An CT SÉ 
‘Applying (11) and Se to reduce the last term, the condition becomes 
[ee (a3 T M) en — Qu Ag An, es 
2 
T e [am — De“ d = o7! H^ M (ai + 28). 


This equation has solutions in the field for the two quantities in brackets (A. J., 
46 
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$3) and therefore (17,) has solutions ou, &4,. Then (16) determines ou in the 
field. 


14. The method of procedure for m > 3 will be illustrated by the case 
m= 4. 1f24— 0, the problem reduces to the case just solved. Suppose therefore 
that A, 0. The three sums 

MO ti Mi A 


do not all vanish ( p being # 2). Ifaj-+ Ais 0, we determine «,, from 


Gase + QA = O, 
whence (17) takes the form 


at (1 + 24/8) + = a (21 + x ONE = Dotan Pom = AR — D. 


If the coefficient of oi, vanishes, then A, = 0 and the equation determines aym 
linearly and therefore in the field. In the contrary case we complete the square 
in Gan, when the left member becomes the sum of two squares each multiplied 
by marks #0. Solutions” a4, & therefore exist in tha field (A. J., $3). 

If 32 + x 22, £ 0, we determine gu, so that 


AeA, F " imam = 0, 
whence (17) becomes 
Mad, (1 + u23/ 23.) + ods (M + Ag) — 2D2404, = 21— IX. 
Proceeding as before, we obtain solutions a», 43 in the deld. 
To give a treatment which shall include the case c — 0, — 1 a not-square 
(not solved by the preceding method), we start with a linear function 
o zz DE, + ER + Fé, 
where D+E? rE =e, (18) 
. 1 a 4 
= LD 3, v= — for m = ; 
(s or m > 5 or m d 


solutions of which exist (A. J., 53), such that F= 0. In order that a linear sub- 
stitution A shall replace a! by At + .... + ASES, in which the A; are solutions 
of (11), the following conditions must be satisfied : 

l Day + Eog + Fay = aj, j=12%....,m). (19) 





* If 22 +23 — 0, the condition becomes (ca, — Din)? — EE? A? and has solutions only for 2 = square. 
For this reason we treat the three cases in succession. 
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We impose also the condition that A shall be orthogonal. In view of §5, we 
need only consider the following SE conditions :* 


a 1 F (m > 3), 

Ou 2221. af, = 1 += l, 2), as — Gn = —— t 20 
2 Cae (i ^ at 3 1/u (m= 3), (20) 
m—1 1 E 1 u 
> O50; + — Amam = 0, > gut + — % 1m gm — 0, 
j=l u Du 


x Gaata + ES oa =0. (21) 


Substituting the value of a, determined by (19) in (20) and SS we obtain the 
the reduced set of conditions :+ 


m— m —1 
Y m + XXE SE = D, A" m + egen u md m E. (22) 
un j=1 
m—1 
1 
2 od; F Tafa = SS? 1, > a; + NES an m 1, > Qija m u Qmm — 0. (23) 
j=1 


For ene the second condition an becomes 


X fy. pi H (Sa + = SECH e (X "P fes BEE 0. 
The third condition (21) takes the form 
(Xx x A) — 2D (io + " casus) — 2E (F, eus + Goss ) 
+ D (Y d cel.) +B (Soh + oat.) 
+ 2DE (> ases, + T Oman ) = TF”, 


where v = 1 or 1/u according as m > 3 or m= 3, the summations all extending 
from j= 1, 2,....,m—1. Upon substituting for the quantities in paren- 
theses their values, the equation reduces to (18). If any A, is zero, say u — 0, 
we take oj; = ay = 0 and have a similar set of equations with m replaced by 
m — 1. 








* For m —9, p =v, we must replace 1 by Lin in the right member of (20) for i = 3, and similarly F”? 
by 4- 7° in (18) 


+ These conditions may be also obtained by requiring the inverse A^! to replace 4,7, ++... ?nEm 
by Df, + E, + PE, the remaining m — 2 conditions being then satisfied in virtue of (19). 
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In proving the existence in the GF [ p*] of a set of solutions ous, ga of equa- 
tions (22) and (23), we limit ihe discussion, for the sake of simplicity, to the case 
m=3. Taking 4, #0, we eliminate ou and a, from the three equations (23) 
by means of (22). We obtain equation (17,) of $13 and a similar one with 
035, Qim, D replaced by a, a, Æ respectively, and the third equation 


2 1 o I ag A 
Uisties (aj + 23) + e O35 hom (a + u A.) + x aon (Anm + Gs) 
— 2, (Dass + Ean) — x An (Dam + Eam) + DE=0. (24) 


If 33 + 31— 0, a+ Aa 0, so that — Lisa square, we have, by 
addition and application SCH 1), A+ 00. Hence c#0. The three condi- 
tions may be written 

xy = PR(D — c), ops ALE cl, ww- ys DE, (25). 
where we have set 


xE A — D, YE- mðn eener E. wE > agm — B. 
: M 


Eliminating y and z from (25), we find : 
le (Eh — 0) — DE} + 2 E F*= 0. (26) 


Since D? —c= 0 or E? — c = 0 requires that c be a square, wien the problem 
has been solved in $12, equation (26) leads to solutions z and ; different from 
zero in the field, from which y and w are determined by (25). 

If the above sums do not both vanish, their analogous róle in the formule 
enable us to assume that AHA? +230. Asin $13, the first and second con- 
ditions may be written in the form 

er n oY? = BEA, Z+ e W = DA, (27) 


where have set 
A= Aas + himAAn sm DA, ; i Y= Dia — AnD t 


Z= Aloo + u Lom Ao Au = E», W= Daa A Bir" A 
Multiplying the third condition (24) by à = Aj d- 25, it may be written 
AZ " YW = HDE (Re w! 1) Sx. (28) 
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For brevity, put p= x cA, o = Ae, Then (27) and (23) give 


PY W? = (Eo — X*)(Do — Z?) = (x — XZ}. 
From the latter equality, 
(De X — xZ? + 2? (DE? — x?) = Do (DEc? — x°). ` (29) 
Applying (11), we find l 
DEP — x? = Xale DE (1 — DE); 
In view of p W? = Do — Z*; equation (29) gives: 
W? (DEc* — x?) p = Do X — «ZY. (30) 


The coefficient of W? may, for DE #0, be supposed to be a square, by proper 
choice of the particular set of solutions of (18). For each set of solutions Z, X 
of (29), W is determined by (30) and then Y is. determined linearly by (28). 
The required coefficients Om, agm, 05; Gas are then determined in the field. 


15. THEOREM.— The orthogonal gr pe OW ns m > 2, is holoedrically isomorphic 
with the transitive substitution group on the totality of linear umn Ak: + Ak, 
+ 2.2. F Anën in which . 


MH... a si, Ba = e = constant, (31) 


We prove that the identity is the only orthogonal substitution which 
leaves fixed all of these linear functions. In order that A leave fixed 
AX + ++) F AVES, it is necessary that 


Ay Oyj F Ag; +--+) H Ai =A; (J=1,.---,m). (32) 
If there exist m linearly independent sets of solutions of (31), 
Ki een A j=1,....,m) 


such, therefore, that their determinant (A) £ 0, then (32) gives 
Qj = Oy = o Say—1l=.... = am = 0, (J =1, 2,.... m), 


so that A would reduce to the identity. 
For the case c, a square, say o°, in the GF [y"], we may take the sets 


o,0,0,....,0; 0,0,0,....,0; ....5; 0,0,....,0,0; Ay, Ag, ==>: Ams 
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where 21, .... , A, is any set of solutions in which Ap +0. The determinant of 
these sets is 0" "I, Æ 0. 
For c a not-square and «=», a notsquare, wə may cake as one set 


0,0; ; 0, x, where e — e, or z = ve = square. Hence, the problem is 
reduced to the case of m — 1 sets of solutions of Aj + .... 4- 42. — c, since 
the determinant í 

An Aer Kätt? Ann 0 

Aus Ae 1 Am_ı2 0 d 

Ke eege VUS TE eer EE EE d EUR = E x 

Aim—1 Aom—1 EE A —1m—1L 0 

0 0 ua. 0 x 

will not vanish if m — 1 independent sets A5, Aj, .... , Am—1y exist. Hence, for 


c = not-square, the problem reduces to the case u = 1, m > 2, 
For m = 2, we take the sets A,, A, and — Ae, A, of determinant 


A LA eso, 
For m = 3,* we take the three sets given by the rows of 


Be Age 0 
—A A 0 |= as(az+az) 
A OM M 


where Aj4-A3— e, Aj +a +A; =e, 2 £0.’ Such solutiors always exist 
(A.J, 83) The method of procedure from the case m =r to m — r-F lis 


apparent. - 
There remains the case c = 0. Let first m = 3. If —1 be a square in the 


field, A? + 22 = 0 has solutions A, #0. We then take 


ay 2 0 
Ae Ay 0 |= Ag (AG — AR) = BAAR X. 
A X) M 


If — 1 be a not-square and u = v, a not-square, there exist solutions in the field 


of A + ds 22=0. Then (A4[vy + S 280. We thus take 
v d NOE 








AM OA A 
0 Ay Ag | == AMO 
O Ag/v Ag 
* It may vba shown that it is possible to choose sclutions of 42-4 42 = 2, so that she three sets 4, , 42, 


0; 0, 24, 2; ; 25, 0, A, are linearly independent, i. e., such thet 4$ 4-23 + €. 
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The method employed in these two cases may be extended by induction to 
the case of general m. 
Let next c= 0, u = 1, — 1 = not square in the @F[p*]. 
For m = 8, Ai + 23 + 23 = 0 has p™ sets of solutions in the GF [p°]. We 
prove that it is possible to choose a set A,, As, A, such that 
à A Ag | 
Ag Ay Ag |= (Art Ae + AAi + AB AG — Ada — Jas — Aoda), 
E ECT l 
shall not vanish. Since Aj + A + 23 = 0, the second factor vanishes if and only 
if the first factor A, + Ae + A, vanishes. But if the latter vanishes then 
Ag AG + Agr; = 0 
so that either 4, = Ae = 0 (which case may be excluded) or else Ag/A, is a root 
of o? + o + 1 = 0 in the field, where, by the symmetry of the equations, we 
"have taken A, #0. In the second case, 
Ag = QÀ»; ^ = — As geri Ae = Q*À,. 
Hence, of the p” — 1 sets of solution not all zero, at most 2 (p" — 1) are to be 
excluded. 
For m =4, we obtain from the preceding sets and any fourth set A in which 
A, Æ 0 the required independent sets: 
A A A 


O te Be. As a 
0 Ags Ay Ae 
OEC E 


By an evident induction, m independent sets of m solutions exist. 


16. It remains to study the isomorphism of the orthogonal quotient-group 


(2, with the substitution group G on the symbols (Af + .... + Anën} in 
which A, ...., A, satisfy (31). l 


Let first m = 2. The case c = 0, — iu — not-square must be excluded 
since the only solutions are then A, = Am = 0, whence G is the identity. If 


a = square, A, may be chosen arbitrarily -E 0, when 2, has two values; the 
2 (p"—1) sets of solutions yield two symbols, so that G is of order 2. These results 


agree with those of $10 for m = 2, since His then 0 or 2 according as + e = — 1 
or +1. For m= 2, czE0,the number of symbols is 3 (p^ = e) according as 
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u= 1 or v, where e = (— 1)?"7??, The order of the binary orthogonal group 
of determinant unity is p == e and the group is commutative (4. J., p. 207). 
Considering the self-conjugate subgroup formed. by the identity and the substi- 
tution changing the signs of E and £,, the quotient-group Q2, is a commutative 
group of order and degree $ (p^ =F s). By $12 it is transitive. The substitution 
group is therefore reguiar.* This result follows also directly from the remark at 
the end of $3 in connection with $6, since for m = 2 it is indifferent whether we 
employ the symbol [A,. 25] or the matrix symbol. 

Let next m 3. The holoedric isomorphism of the two groups will follow 
when the only substitutions leaving every symbol fixed are the identity and the 
substitution C, which changes the sign of every index E. Suppose therefore 
that A is an orthogonal substitution which leaves every symbol fixed. 

Case (1): e = square = o’. Among the symbols occurs {of,$. Then A, 
where A, is either A itself or else the product AC, wil. replace of, by + ofi, 80 . 
that A, leaves E, fixed. i 2 

Among the p” — e sets of solutions in the GF [ p*] of 

A+ ASO, em(—1iym-v»r, 
occur the sets 4, = +o, M = 0; 4 = 0, = o. Hence, for p" 5, there 
exist solutions Au, A, both different from zero. The corresponding symbol 
{Aiki + AVES] must be unaltered by A,. But if 4, multiply af, + A by — 1 
then A, would replace — A4£, + Ask, by — 32,4, + AE. Since the former func- 
` tion leads to a symbol, so must also the latter, whence 9A} + 23 c, requiring 
827 = 0 and therefore à, = 0. This being impossible, A, must leave A,&ı + Ack. 
fixed and therefore also. £j. Similarly, A, leaves fixed £4, ...., En, and, if 
u = 1, also £,„, so that A, is the identity. If w= v, a not-square, there exist 
p" + e sets of solutions of . 
vie. 
H 


Excluding the sets a= +0, A, — 0, there remain, if p* > 3, sets with A, 0, 
Am #0. Hence, for p" > 3, A, leaves E, fixed. 


For p” = 5, u = v, it has been shown that A, leaves £j and £, fixed. Since 


there are solutions of 22 + = a2 =o? with #0, im 0, it follows that A, 


leaves £; fixed. Hence, 4, is the identity. 





* Burnside, ** The Theory of Groups,” p. 177, Cor. IIT. 
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For p" = 5, u = 1, we prove that A, leaves fixed 
o (E+ 2% + E), o (E — 25 + Ed, 


each leading to a symbol, so that A, leaves fixed their difference 4c£, and, there- 
fore, £, and hence also £j. In fact, if A, multiplies o (£, + 2£, + £) by —1, then 
A, replaces o (— E + 2£, + £) by e (— 3£, — 2 & — &). - Since the former leads 
to a symbol so must the latter, whence 140? = o? (mod 5). This being impos- 
sible, A, leaves fixed £, £j, E, and similarly £, .... , Ey. 

For p” = 8, u = — 1, a not-square, we consider the functions £,-- £, -£,, and 
£j — E, + En, each leading to a symbol, and find that A, must multiply each 
by + 1 and hence leave £, and E, fixed. a; A, leaves £z, ...., En; fixed 
and is the identity. 

For p” —3, u —1, the method fails, if m = 3, since two of the three solutions 
of At + Ag + 23 = 1 must b2 zero. Then A, is not necessarily the identity but 
ME be the orthogonal substitution changing the signs of £, and £, and still leave 
every symbol unaltered. 


For p^ = 3, u = 1, m 7» 8, A, must leave fixed the functions 
&, + £ + És +5, E + kt E — £n & T Ez — fat Ea, 


and hence £,, Es, £, and similarly every E. Indeed, if A, multiply £j 4- £; + f+ &, 
(to take an example) by — 1, then A, replaces — E + & + &+&, by — 3&,—§&, 
— & — £,, the latter not leading to a symbol. 

Case (2): c = not-square. There are p" — e sets of solutions of 


A LA o, AKO, AGO. 


Each set of solutions 24, A, furnishes only one new dependent set of solutions, 
viz., — An, — Ae, Let A, multiply Aë: + Af, by +1. If there be a second 
function AE, + AsE, indeperdent of the former which A, multiplies by + 1, then 
A, leaves £j and £, fixed. In the contrary case, A, multiplies p” — e — 2 func- 
tions by — 1. Among the latter, occur at least two independent functions if 
mp, Hence CA, leaves E and & fixed. Thus either A, or CA,, say A,, 
leaves E, and & fixed. Tken A, cannot multiply 2%, + A,£, by — 1, where 


a+ x 22 = o, Ay Æ 0, sirce A, would then replace — Ab, + A,£, by — 3A,£i 
— A,£,; Whereas the latter does not define a symbol. Hence, A, leaves £, fixed. 
Employing Ak; + A,£,, w2 see that A, leaves E fixed, and is, therefore, the 


identity. 
47 
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If p*=5, and «=», a not-square, the symbol |A,£,] occurs. Let A, 
denote A or AC according as the former or latter leaves £, fixed. Then 
23 EN =c has p*+e=6 sets of solutions end A, cannot multiply 

y © 
Aiki + Aen (A: 0) by — 1. Hence, A, leaves every E fixed. 

If p" = 5, and u = 1, then 2 is a not-square, so that we may suppose that 
A, leaves Af, + AE, fixed, 207 = c. Since 3 (22)? c (mod 5), the function 
2A (E, + & + És) leads to a symbol. If A, multiplies it by — 1, A, replaces 
2A (—£, —E,--£,) by the excluded function — 6A£,— 67.£, — 2A£,. Hence, must 
A, multiply the above function by + 1 and, therefore, leave E fixed. Employ- 
ing AE, + Ay, we find that A, leaves E, fixed. Hence A, is the identity. 

If p^ = 3 and u — v = — 1, we may suppose that A, leaves £,, fixed. Since 
c = — 1, there exist only six sets of solutions of 

MM m1. 


yielding the symbols {£,+ £j], 1£; El and |£,|]. Hence, if m — 3, A, need 
not be the identity; it may change the signs of E anc &. If, however, m 5 4, 
there exist functions : 
Asi + Asl + Asks + En ADT ARS ABH 1. 
Tf A, multiply any one of these by —1, A, would replace A4£ + As£, + Aofa — En 
by the excluded function — AË) — Mes — Ast. Hence, the multiplier is always 
-+ 1, so that A, is the identity. l 
Case (3): c=0, —1 = ?, i a mark of the GF [p°]. Among the symbols 
occur JE: if}. If A multiply & + i£, by p and £, — bro, then A replaces 
E and & by the respective functions 


bp +o) ++ (ph, —Lp—)At4 + ob 


By the orthogonal conditions po = 1 while £,(j > 2) is replaced by a function 
not involving E, or £,. Ifm — 3, En is replaced by + En. If m>3, we con- 
sider the symbols {£, + i£;| for j = 8, ....,m—1 and find that £, is replaced 
by a function of E, and E. Combining this with the earlier result, E is replaced 
by a function of Ẹ only and p=o=+1. Ifm>3, it follows that A is the 
identity or C. For m=3, u= 1, the same result evidently holds. Finally, 
for m = 3, u = v, there exist sets of solutions of — — 


a+ A+ I-A, (A, x 0). (83) 
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Let A replace AË, + Asks + AL, by x and — Auf — Ack, + Aen by A. Then A 
replaces 2Ant, by (x — A) Ak + (« — A) Ss + (x + A) Amém. But, for m= 3, A 
was shown to replace £, by + £,. Hence x = A= +1, so that A multiplies 
AX + Ak, by + 1. Similarly, A multiplies A,£, — As£; by +1. Hence, A is 
either the identity or C. . 

Case (4): c = 0, —1 = not-square. If u—», we may take u — —1 and 
consider the symbols {&,+ Ent, {En 4- Ej] for j= 2, -..., m — 1, when, as in 
Case (3), A is seen.to be the identity or C. l i 

If, however, u —1, there exist no symbols involving only one.or two indices. 
Consider the p™ — 1 sets of solutions of 


RHH O, (A, Æ 0). (33) 


Each set furnishes exactly p*— 1 dependent sets obtained by multiplying the 
given set by the various marks #0 of the GF[p"]. Hence, there are p^ + 1 
groups of dependent sets, those of different groups being independent sets. 
Hence, there are at least two independent sets : 


(A) — Pan Pagi Zus? Ans Ages Ae, (not every Ag = O2) 


leading to linear functions which A multiplies by the same factor p. If the 
quantities l 
adu + Bàn, adi + Bàn, Ag + as 

be solutions of (33), then Zo fe = 0, « == Ayaa + Ad + Agda. If 7 —0, every 
one of these sets of quantities would be a solution of (33'), so that every linear ` 
function Aj£, + Ark, + Asks would be multiplied by p. Then would A multiply 
each index by p, so that p* — 1, requiring ihat & be the identity or C [proof as 
in $15, the right member of (32) being pa,]. If, however, v0, either a = 0 
or B= 0, so that only 2(p"— 1) of the sets of solutions of (33) are derived 
linearly from the sets (A). There remain (p* — 1)? sets linearly independent 
of the sets (A). Ifany one of these leads to a linear function A;Z, + Agës + Asks 
which A multiplies by p, then A multiplies E, E and £j by p= + 1 (815). In 
the contrary case, they lead to at least two independent functions which A 
multiplies by the same constant x, since they may be separated into p* — 1 
independent groups of sets, none of which lead to a multiplier p. Eliminating 
E we obtain. a function af, + a, which A multiplies by x. Likewise from 
the sets (A) we obtain. a function d,&, + b, which A multiplies by x. . Since 
x Ze, these functions are independent, so that A replaces E, and E by functions 
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of E and & only. Ifm=3, A replaces E by + £ in view of the orthogonal 
conditions, so that A multiplies the functions derived from (A) by p and, there- 
fore, multiplies £, and & each bd i If m> 8, we make the above argument 
with E replaced by E i=4,. ,m) and see that £j, and then every &,, is 
multiplied by a contant, 

We may combine our results into the theorem : 

The orthogonal quotient-group GO), m > 2, ds M o isomorphic with 
he corresponding pn group on the symbols 12454, + .... + Anën} in which 
M+... pA TRE E is a constant c, the cases m —3, p^ =383, u= lory 
begin n ifea. 

For the simple groups defined by the orthogonal groups* and the correspond 
ing substitution groups. the isomorphism must, of course, be holoedric. By a 
study of all the invariant subgroups of Q?,, the above theorem mar be other- 
wise established. For the exceptional case p" = 3, m = 3, the orthogonal groups 
are of special structure, being then solvable groups. 


The abelian linear. group, §§17-20. 


17. For the substitutions of the abelian group we employ the notation 


ES (ask + yum), al = A, S + n), ES 
x gæl 
TI eed, 2%... m), 


the number of indices 2” being even. 
The general abelian group} @ is composed of all the substitutions Pot with 
coefficients in the GF [p"] satisfying the conditions 


> (a9 — Yaßı) = u, Y (a9. — yu) = 0, (35) 
j A 

; > (ouf ig — Y uta) = 0, 5 (Buby — 98%) = 9, (36) 
j= j=l 
T (ki, sim ése), 


since they must leave invariant, up to a factor u # 0, the function 


$zY (aK = y), 
i=l 





* American Journal, vol. XXI. 
+ Dickson, Quarterly Journal, 1897, pp. 169-178. It will be refered ro as Q. J. 
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when operating simultaneously upon the two sets of indices 
2$, y;; Ka Yj. : (i21, ...., m) 

If u = 1, so that @ is an absolute invariant, a subgroup H is defined, which is 
called the special abelian group. 

For m 7 1, the maximal invariant subgroup of H is composed of the identity 
and the substitution changing the signs of all 2m indices, the case m = 2, p" = 2 
being an exception, Z being then.isomorphie with the symmetric group on 6 
letters. The quotient group will be designated A (2m, p"). It is simple except 
for m = 1, p^ = 2; m= 1, p" —3; m=2, p — 2. 


18. THEOREM.— The special abelian group possesses successive generality. 


The relations (35) and (36) do not explicitly include a relation involving only 
the coefficients ay, yy of the first row of the matrix for (34), but the first relation 
(35) requires (since u +Æ 0) that the coefficients ay, yı shall not all vanish. But 
for a4, yy arbitrary marks not all zero, H contains (Q. J., p. 171) a substitution 
replacing & by l 


Q => (aE; + Yım)- 
j=l 


To prove the theorem for the next step, let ay, Yy, By, dy be an arbitrary 
set of marks of the GF [ p"] such that 


> (ad — Yby) = 1. l aa 


We are to prove that H contains a substitution S which replaces & by o 
and 7, by the function 


a= y (8; + dm). 
j=l 
By the case already considered, H contains a substitution 
A: E => Lob: + yim) m =y (Biss + Aar) (j= 1,...-, m) 
3-1 j=l 


in which 0, £2, yj; = yy, the coefficients subject to relations (35) and (36), 
when u = 1 and the letters are primed. The inverse of A is . 


AA: EYE ya), hl => C8 den) Heim 
j=l j=1 
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Since the ratios By: ay, ôy: yy are not all equal in virtue of (87), there exists a 
substitution S,, with coefficients in the GF [p"] of determinant not zero, which 
replaces E, by o and x, by a,. Hence the product 47 ,€, = R leaves Z, fixed and 
replaces 7, by 


pe Air T ran, 


pi = > (Bud; ji — Sabh), y= > (— Biyi + EI zl G =1,... , m). 
t=1 ] 


In particular r, = 1 by (37) since ol = dy, yi = yu- Since S, = AR, ilie pro- 
duct AR replaces E, by o and x, bo, "The.required abzlian substitution S may 
therefore be taken to be AR’, if there exist in H a substitution Æ which, like R, 
replaces £, by & and m by p. Such a choice of is possible since (Q.J. 
p. 172) the. group Z contains a substitution leaving E fixed and replacing m, by 


2 (pé; + rm; where r, = 1 and the remaining pj, n; are any marks. 


The general case of the theorem may be established by induction (compare 
$5), the method of proof being quite similar to that just employed in proving the 
first cases of the theorem. 


COROLLARY. The general abelian group G possesses successive genzrality. 


The substitution of H which replaces E: by o, for ou, yy arbitrary marks not 
all zero, belongs to the larger group G. To prove the next case of the theorem, 
in which à, yy By, 6; are any marks satisfying the first condition (35) for i = 1, 
we need only take as the required substitution replacing E, by o and % by o the 
product ST where S is the substitution of H (determined as above) which replaces 


&, by o and a by lo, and T is the substitution of G which alters only m, 
multiplying it by u. 


19. Àn abelian substitution (4) replaces the linear function 


2 ES (e£ T yin) ) | (38) 


im] 


by the function d =>) Life + ins), where 
i=1 ` i 


a[— M (ana + By). VE =$ Dë: + 359); . ` (39) 
fA 


(ied Loo 
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Expressed in the matrix noiation, these relations become 


a A € Ys Hm Un 





the matrix being thus the transposed of the matrix of substitution (34). Butif 
(34) be abelian, then is also the substitution given by the transposed of its 
matrix. In fact, the condiiions that the latter be abelian are precisely the con- 
ditions that the inverse of ‘34) shall.be abelian (Q. J., p. 170). ; 

As a first result, we observe thatthe p""— 1 functions z, obtained by allow- 
ing a, ...., my Yir +--+ s Ym to run through every set of 2m marks not all zero 
of the GF[p"]; are permuted transitively* by an arbitrary abelian substitution 
(34). Combining into a sirgle symbol {z} the functions xz, where x runs through 
the series of marks #0 of the GF'[p"], we obtain a set of (p7 —1)/(p" — 1) 
symbols which are permuted transitively by an arbitrary abelian substitution. 
This result corresponds to that of $1 for the general linear group on 2m indices. 
The substitution group is, however, not doubly transitive in the case of the abel- 
ian group (see the next pa-agraph). 

The abelian quotient-group A (2m, p") may be represented} as a simply tran- 
sitive substitütion group on (mm — 1)/(p* — 1) letters. 

To obtain other (less immediate) results, we consider in connection with (39) 
a second set of functions 


ze? LEE: + Yin). 


Upon applying (34), Z is replaced by Z'zzX (x! & + Yin), where X; and Y! are 
expressed in terms of 4,, Y, by formulas similar to (39), i. e, by means 


* The relations (89) may be solved for æ; y; (j —1,...., m) since the determinant of their coeffi- 
cients is not zero, being equal to the determinant of (94). 

t A special abelian substitution leaving every symbol { z } fixed, is either the identity or changes 
the signs all the indices. 
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of a matrix which is the transposed of the matrix of substitution (34). It fol- 
lows that, if (34) be abelian, the followin function is an invariant: * 


m 


S (Y = Y n Yi — X). 
i=l i=l . 
Introdueing a positional symbol as in $3, we may state our result in the form: 
An abelian substitution permutes amongst themselves the totality of symbols 
a Yr "a Yz 


a b Ne Vs es al Xe Y; — yX) =, 


in which c is any constant mark of the GF [ p"]. 
For the case c — 1, the above symbols include the following: 


i OO 9:9 9 
Ò 1 0 OOO 


Hence, by §18, the totality of symbols given by c = 1 are permuted transitively by 
the special abelian group H and, ù fortiori, by the general abelian group G. 
More generally, let c be any mark #0. By $18, Æ contains a substitution 


S replacing £ and o by the respective functions 
m m e f 
x (e£; + ym), y (Xie E, + Yorn), 


i=l i=l 


since, by hypothesis, 


"are WE Xie yes Yr (yx) =o lel. 


gd md =1 
Here, S replaces the first 2 the second of the following symbols : 


1 0 0 0.... 2 tt Um Im 
E 0c 0 0.... ol: ® Ay Y E TOOL 675 


The totality of symbcls defined by a given marke 0 are permuted transitively 
~ by the special abelian group. 

l “There remains the case ¿== 0. The case m= 1 may be excluded as trivial. 
In fact, E, Y, are then proportional to e, y, (not both of which are zero), so 
that the function Z is a constant (+ 0) times che function z, and, therefore, the 


* While the result is derived by means of ¢ of $17, the two invariants are not to be confused, the 
one formed of variables and the other of coefficients. 
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employment of a symbol of two rows has no advantage over the use of a symbol 
of one row, a case previously studied. Indeed, for m — 1, the abelian group is 
the general binary linear group. 

Suppose that m>1. In the applications to be made, a symbol is to be 
excluded as trivial when Z = px, Y= px: (i= 1,...., m). A linear substi- 
tution evidently replaces a trivial symbol by a ies symbol and a non-trivial 
symbol by a non-trivial one. Consider the following special and general symbols 
given by ez 0: l 


Don iar Bee Xe Y, 4X) =0, 


of which the first is not trivial and the second is assumed io tie not trivial. In 
order that a linear substitution (34) shall replace theformer by the latter symbol, 
following conditions are necessary and sufficient: 


an= ue Yyızy amd, yw Yo (zi 2,....,m). 


Hence the first and third rows of the matrix of (34) are determined, and, indeed, 
so that the abelian condition involving them [formula (36) for 4— 1, k= 2] is 
satisfied. To determine the coefficients of the remaining rows so that (34) shall 
be a special abelian substitution, it suffices, in view of the theorem cf $18, to 
determine Ay, 6, (i = 1, .... , m) of the second row, so that 


2 (be — Bugs) = 1, 2. (dX; — bu Y) = 0. 
i=1 i=] : 


For m S 2, these two equations may always be solved in the field. Suppose 
that- X, 43:0, changing if necessary the notation. The second relation then 
determines ĝu. Substituting this value in the first, we obtain the equiv alent 
condition 
> A (aX. — Xa) = Y Js (eX, — Ign) = X. 
i=l 

This relation for 5, .--- dun: Bus Pn. Bim may always be solved (with, in 
fact, 2m — 2 of them arbitrary) unless the coefficients on the left all vanish. 
But this would require that the ratios z,/ X;, y;/ Y; (i = 1, ... ^, m) should all be 
equal, since equal to al X}, which is contrary to ype “We have the result: 

48 
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The non-trivial symbols given by c= 0 are permuted transitively by the 
special abelian group. 


20. The number of sets of solutions in the GF [p"] of 


3 


(Y, — yX) = c | (40) 
1 


i 


is p^ 9"—D (rëm — 1) or mn (pe — 1 -F p") according asc Æ 0 or c= 0. 
For c= 1 this result follows from $18 in connection wita Q. J., 386-7. But the 
same number of solutions exists for any ez 0 as for» = 1. Indeed, if æi, yj. 
X1, Y!be a set of solutions when c = 1, ther. ai yi, X7, cY/ gives a set of solu- 
tions of (40); two sets of the latter type are identical orly when the two corres- 
ponding sets of the former type are the same. Subtracting p" — 1 times the 
number of sets when c = 1 from zänn, the total number of sets o? 4m marks, we 
obtain the number of sets for c — 0. 

Of the solutions of (40) when c — 0, the following are to be excluded: the 
rëm sets in which a = y, = 0 while X;, Y, are arbitrary; the p* (p"" — 1) sets 
in which o, y; are not all zero, while X, = pæ, Y; = py. (£21, ... , m), giving 
the trivial symbols. Taere remain 


(y — ignem — p"). 
For m — 1, this number vanishes, agreeing with the result in $19. 
Combine into a single new symbol { ! all the symbols[ ] which are 
derived by multiplication as follows: 
k Yı r- Im ey = Uy Gin (550 Uy Ze 
dX EE Ya va, vY,.... Vn v Y, 
If c + 0, then by (40) uv = 1, so that the symbols are combined in sets of p” — 1. 


If c = 0, they are combined in sets of (p^ —1Y. Weobtain the following num- 
bers of new symbols: 


ped (p — 1)/(p* — 1) forc =F 0; 
(pi E Jj phe» — p”) /(£" — Ok forc= 0. 


The latter number is less than the former. Each is greater than the number of 
letters required by the method, explained at the beginning of §19, except for the 
excluded case m= 1. 

Whether or not the employment of symbols involving three or more rows 
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would lead to a representation on a fewer number of lettersis not evident. Such 
an investigation would naturally proceed upon lines similar to those used above. 


The first and second hypoabelian groups, §§21-26. 


21. Every group of linear homogeneous substitutions on M variables with 
coefficients in the GJ’ [2"], which is defined by a quadratic invariant not expres- 
sible in the field asa quadratic function of fewer than M variables, is holoedrically 
isomorphic with one of the three groups (A.J., pp. 222-224, pp. 243-246): the 
first hypoabelian group Gh, the second hypoabelian group Ga, each on M= 2m 
indices, the special abelian group in the GF [2"] on M — 1 = 2m indices. 

To complete the investigation of the representation oflinear groups defined 
by a quadratic invariant, there remains the case of the hypoabelian groups G,, 
composed of all substitutions (34) in the GF [2"] which leave formally invariant 


PLSD Em AB dd. 
11 


The group is the first hypoabelian group if 4 = 0; the second hypoabelian group 
if à — A’, where A is a particular mark such that 
£m + NEL T rm 
is not decomposable into linear factors in GF [2°]. 
The conditions for the invariance of F, under (34) are the abelian relations 
(35) and (36) for u = 1, together with 


S ^o(6z3,....,m 

2 IE Aaa + Ma = ia 5 ti == 1) m d (41) 
j=l 

S 2 LS, oo m 

S Bobs EMT. Gen m) (49) 
j=l 


For p= 2, the inverse of a special abelian substitution is obtained by 
replacing ay, Bys yu; 95 by Sys Br yj, Ga respectively. From (35), (36), (41), 
(42) may therefore be obtained an equivalent set of conditions. It follows 
readily that the transposed of the matrix of a hypoabelian substitution is the 
matrix of a hypoabelian substitution. 

The group @, contains a subgroup J, of index 2 defined by the additional 
condition (A. J., p. 231): 


1,5. ym ; 
Y ayy +X (ah + Bl + yi + oh) m m. (43) 
i,j 
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If m > 1, the group J, is simple; if m > 2, the group J is simple. 


22. THEOREM.— The groups J, possess suecessive generality. 

We are to prove that, for any set of marks, not all zero, of the GF [2"] 
satisfying conditions (35), (36), (41), (42) for e, k= 1, 8, .... , t, kÆ i, where t 
is any given positive integer < 2m, there exists in J, a substitution S which 
replaces £, and m by respectively 


x, =); (ayes + yun), Gë? (Bus; + Aach, 
j=1 j=1 


for each L= 1, 2, .... , v, in case ¿= 27; but also replaces £,,, by X,,, if 
t= 2v + i. 

The theorem has already been proved for ¿= 1. Indeed,* for any set of 
marks, not all zero, of the G.F[2"] such that 


m 
> ayyy = 0. 
jal 


there exists in J, a substitution replacing & by E, Also (A. J., p. 233), for 
any set of marks of the GF'[2”] satisfying 


Say + Mod, + Ay = M 
j=l 


there exists in J, a substitution which replaces &, by Xj. 

To prove the theorem for t= 2, let ay, yy, By, à; be any set of marks of 
the GF [2"] such that 
> (ady — 83) = 1, 

=] 


> ya + Aah + Ay = A, 


j=l 0.5 


> Badu + ABI + Ad, =A. (44) 
j=l 


By the case ?=1 just established, J, contains a substitution A and its inverse A77, 
both exhibited in §18, such that oj; = oj, Y;=Yy- Also there exists a linear 
substitution A, with coefficients in the G.F'[2*] of determinant not zero, which 
replaces E, by X, and a by Y,. Hence, the product A~’S,= R leaves E fixed 
and replaces y, by the function p of §18, where, in particular, r, — 1. We pro- 


= Bull. Amer. Math, Soc., vol. IV (1898), p. 49€. 
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ceed to prove that* (mod 2) 


> pp; + Apt = A — Anz = 0. (45) 


"By a simple arrangement of the summation indices, we have 


m Korrig m m m 
> pit; — > £N, (arði + Do +5 Bi ER bock + pa 2, a. 
j=l ik eat? 
15 5.6.3 d c Oy ji) my m» Lo Af + of) 


ick ick ==) 


=2 £38: +>, Bis (At: + Avi) + £5 (A + Adi + Ayi) 


EY, Qo + ABE) + Sh + Aufl +288) 
iz 
since the coefficients of Bub, Ody. and Dän (the latter if 2 Æ %) vanish, while 
that of Buð (? — k) is unity, in view of the abelian conditions (35) and (36) 
when written for the inverse of (34) [see §21]. The other reductions were 
made by using the relations corresponding to (41) and (42) for the inverse. 
Adding the term 


SAD (BACH REN) (mod 2) 
and setting a, gan, Y; = Yy, We obtain the sum 
` Budu + ABE + A85, + >> (Bio; + 9o), 
iml 


which — 0 (mod 2) in view of the first und dd relations (44). By the origin 
of R and 8, the product Sj = AR replaces E, by X, and m by Yi. 

Inversely, if R’ be any substitution which replaces & by E and m by p, 
the product AR’ will replace E and a by X, and P. Hence, if KR can be 
chosen to belong to J,, the required hypoabelian substitution & may be taken 
to be AR’. In view of relation (45), there exists in J,, for A= 0, such a substi- 
tution JO (Bulletin, 1. c., p. 498). For A — X, there exists in J, such a substitu- 
tion W (A. J., p. 234). ME 








* A shorter, but indirect, proof is sketched in $26. The third relation (44) wouli form the basis, its 
left member being identified with Fà of $21. 
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By a similar method we may establish the general case of the theorem by 
one-stage induction [compare $5]. 

Since the relation (43), distinguishing the subgroup J, from the total hypo- | 
abelian group G, involves the coefficients of all the rows of the matrix, it does 
not affect the cases of the theorem for which ¿< 2m. Eut for t = 2m, the theo- 
rem is evident from the definition of the group. Hence, the above proof shows 
also that the groups G, possess successive generality. 


23. In the definition of @,, the indices £,, 7, play a special rôle, and hence 
the coefficients ay, Gy, Yy, fu, Gm, Car Ya» Sn: enter in a speciel way into the 
relations (41), (42), and the analogous relations derived from the inverse 
substitutions. 

By a change of notation, E, and », may be given the special rôle, and hence 
also the coefficients of the last row and last column of the matrix. From this 
new standpoint the groups possess successive generality, the first case of the 


theorem being known (A. J., pp. 227-8). 


24. For any one of the N®, sets of solutions (not all zero) in the GF [2"] of 


N ayes + Add, + Ach = A, (46) 
j=l 
these exists (§22) in J, a substitution T replacing £, kré layk + an) Tf 
j=l. 


therefore S be any substitution of J,, the poia ST will belong to J, and hence 
will replace £i by a function X (ait; + cim), whose coeffizients satisfy (46). AIL 
such linear functions are therefore permuted transitively-by A. For 4-0, &,, 


vU hy a; , m) occur among these linear functions; asubstitution of A which: 
leaves them all fixed is the identity. For A= X, the functions 
E+ bm + be, ES ($252, ...., m) 


occur among tae above linear functions defined by (46). A substitution of J; 
which leaves them fixed is evidently the identity. Similar remarks hold for the 
groups G,. We may therefore state the theorem: 

If m >1, the groups J, and G, may be represented as transitive substi- 
tution groups on Ni, letters. 

The number of sets of solutions of (46) is known (.A..7., p. 230, p. 235): 


AT. — zz E grober + 1); NE = [om + 1) g m-i). 
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In theevaluation for A = 0, the set of solutions a, = cy = 0 (J = 1, ..--, m) 
has been excluded. For A= 0, (46) is homogeneous, so that we may group the - 
linear functions into sets of än — 1 each, those of one set differing only by a 
constant factor. The resulting symbols l 


Jané + em t ---- + Es + Cm} ; 


are permuted transitively by J). A substitution S leaving every symbol fixed 
multiplies each index by a constant” p; if © belong to J, the abelian condition 
(35), for u = 1, gives p? = 1, whence p=1 modulo 2. 

Jf m> 1, the groups J, and G, may be represented as transitive substitution 
groups on (rm — 1)(2^*—? 4. 1)/(2" — 1) letters. 


25. We next treat J, from the standpoint indicated in §23. For any set 
of solutions (not all zero) in the GF [2°] of 


Y. onion + an + Mey = O, (47) 
j=l . 


there exists (A. J., p. 227) in Jy a substituuon which replaces E, by 


"n 


> (ane; + Emn) - 


j=l 
The number of such sets of solutions is (A. J., p. 230) 
(27 + Un — 1). 
Proceeding as in $24, we obtain the theorem}: 
If m>1, the groups Jy and Gy may be represented as transitive substitu- 
tion groups on (2"" + 1)(2^"—» — 1)/(2" — 1) letters. 
This number is less than the number VO", of §24. 


26. To obtain a representation of J, upon a smaller number of letters than 
that given by the last theorem of §24, we employ the general method used for 





? Consider in connection with the symbols 4 £, p, 471 F, 4€2 }, ete., also the symbols 4 £,-+£, }, 
4£,-+7,}, ete. The various multipliers are thus seen to be equal. 
t A substitution of Jv is the identity if it leave fixed the symbols 


‘äh inb, 18 4- X EP Mig y, in HE Mig b (i= 2,...,m), 
since e and mare multiplied by the same constant [unity by (85)] and since a like result holds for 
£,and 7. 7 


376 Dickson: Representation of Linear Groups 


the orthogonal groups (§8, seq). The functions ay&, + Cum + --.- + Amen 
+ Cimma in which 
> (Qe, + Ae: + Act, = e= constant (48) 
fra ' 


are permuted amongst themselves by: the substitutions of G,. The simplest 
proof may be based upon $8, noting first that the left member of (48) has the 
form of the defining invariant F, of the group G, ($21) and secondly that the 
transposition of the matrix of a hypoabelian substitution leads to a hypoabelian 
substitution. A proof following the method of $8 resuits from the computation 
of (45) made in $22. i 

The case c = 0 has been treated in §§24-25. For cifferent values ofc Æ 0, 
relation (48) has evidently the same number of sets of sclutions, since every mark 
of the GF [2^] is a square, For 4— A, we take c = X and have the case 
treated in $24. 

There remains the case A= 0,c 0, when wetakez = 1. From the known 
number of solutions of (46), for A — 0, we derive at once the result that the 
equation 


M ayogl (48) 
j=l 


has in the @F'[2”] the following number of sets of solutions: * 
(äm RR 1)(2”” FR gem re 1) = P cx ) Qrim— 1) 


Among the functions ay, end... defined by (48°) occur (if m > 1), 
£u Ei tm t Ea & Ka man, b+ nt E, 
Berne, 


A substitution on the £j, a, which leaves fixed all of these functions, will leave 
fixed every index and, therefore, be the identity. The isomorphism of G, with 
the substitution group is therefore holoedric. We may state the resuit: 

Ifm>1, the groups Jy and Gy may be represented as transitive substitution 
groups on (2"" — 1) 2*™— letters. 


21. Comparing the number of letters required.by the final theorem of $24 
for the representation of J, and @, with the number of letters required by $26, 
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we find that the former is less than the latter if n >1 but is greaterifn 1. 
For n= 1, these numbers are 2?^—! + 2"71—1 and 2?"—1__ 2”! respectively.” 
For this case (n=1) our results for the representation of the first hypoabelian group 
as transitive substitution groups agree with the results of the lengthy investigation 
by M. Jordan upon the groups of Steiner. As we are now in a position to pass 
directly from any hypoabelian substitution to the corresponding substitution of 
the isomorphic substitution group, the results of M. Jordan may be proven quite 
simply. This investigation and the generalization to arbitrary n will be deferred 
to a later paper. 


Tur UNIVERSITY oF Cuicaao, February, 1901. 


* By 825, Ji’ for n —1 may be represented transitively on 2%—!— 2"~-1—1 letters. Adjoining the 
symbol { 0}, we obtain an intransitive representation upon the same number of letters as employéd 
for the group J. 

t * Traité des substitutions," pp. 229-249. See particularly Nos. 318, 847. In the defining congru- 
ence No. 318, line 5, the right member should read 1 instead of 0. 
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A Class of Number-Systems in Six Units. 


Br G. P. STARKWEATHER. 


$1. 


It has been shown by Scheffers* that complex nuraber systems in n units 
can be divided into two distinct classes. In any system of the first class, called, 
‚after its best-known representative, the quaternion class, there exist taree quan- 
tities, ou, &, és, between which and the modulus, or idemfactor, no linear relation 


exists, such that 
gës — Ge = 2€s, 
goë: — Clg = 26, (1) 
6361 — Cz — 265. 


For every number-system of the second class, to which the name non-quaternion 
is given, it is possible to choose as units quantities 


Uys e Ups His «se en 


which have the following multiplicative properties: ww, and ww, jp, are 
linear functions of w, .... wj 1; Mn; n= 0, i Æ b; yum is zero except 
for one value of i, say A,, when it equals w, and similarly, wx; is zero 2xcept for 
one value of 4, say u, when it equals a, If ur %,, the unit wu, is said to be 
skew, otherwise it is called even. This form is called tke reguler form, and no 
quaternion system can be put in it, nor does any non-quaternion system contain 
quantities satisfying the equations (1). d l 
If we consider now non-quaternion systems without skew units, if there be 
more than one of the quantities 7, the system can be reduzed to a sum of systems 
containing each only one n.t Therefore, we may assume that in the systems 





5 ** Complexe Zahlensysteme," Mathematische Annalen, XXXIX, pp. 306, 310. T Zbid., p. 328. 
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considered there are (n —1) of the units u and only one x, which is the modulus. 
These will be called simple systems. Any number 


T = aqu + EE + ga la + EN 
(where a, .... gau, E are ordinary complex quantities) satisfies the equation” 
Le — ny — 0, 


where v is a positive integer not greater than n. This is the characteristic equa- 
tion. Ifo—n— 0, ô may be called the deficiency of the system. 

In a preceding paper} the writer has considered this class of systems, and 
showed that by a proper selection of new units the system would be reduced to 
a form having multiplicat:ve properties which, when ô equals two, or when 9 is 
small in comparison with 5 — à — 1, are simpler than those of Scheffers’ regular 
form. The ease ô = 2 was then taken up in detail, and certain general proper- 
ties deduced, and finally, & determination was made of all such systems which 
are linearly independent for the case a 7 6 and the parameters reduced to the 
smallest possible number. The case n< 8 cannot occur, the cases n = 3, 4, 5 
have already been considered by Scheffers by other methods, while the case n = 6 
presented especial difficulties, to overcome which the writer has not had the . 
time until the present paper. 

The problem then. is, ʻo determine all the linearly independent simple non-qua- 
ternion number-systems containing no skew units, which can be formed from six 
units, and which are of deficiency two, and to reduce the parameters to the smallest 
number. 


$2. 


As was proved in the preceding paper,] the system can be put into the 
following form: 





* Ibid., p. 316. T American Journal of Mathematics, vol. XXI, No. 4, p. 869. 
ÍL. c., p. 880. _ 
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a 
5 (Be + d) wy "Us 








ez, + ew, 


+5 (c + d) w 


Ze + Joy 
+ iu, 





Application of the associative law, and also of the fact that any number x 
formed from the first five units must satisfy the characteristic equation od = 0, 
yieldsthe following relations, necessary and sufficient, between the parameters 
UM Ga ng - 


jb=0, (2) 

cb = 0, (8) 
db= 0, (4) 

i 4- ja — of + © (e+ dte t d) (8) 
i — ja = dg + z (c + d)(3d + o), (6) 
df —eg m (e + dite — d) (7) 
JI(f—g) + 2ai (e 4- d) — 0. (8) 


These give rise to the following cases: 
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b = 0. Then emad=imy= 0. (1) 
b=a=0, c0. Then, first, f? = g^, yielding 
f= g=i=0. (11) 
f= gÆ0, e-d, i= ef. (III) 
[=—-9#9 e=—d i=ch j=. (IV) 
b=a=c=0, d# 0. Then f= g=i=0. (II) 
b=a=c=d=0, fug. Then d —j— 0. (V) 
bza=c=d=0, f=g. Then 2 — 0. (VI) 
5—0, a 3:0, c= —d $0. Then f=—g, t= cf, j— 0. (VIL) 
b=0, a#0, ed 0. Then «=j=0. (VIII) 
b=0, a0, czE— d. Then either 
(Caren ane Beet. gehe} d l : 
a a? L (IX) 
2a)" ; 2 2 
i= UE) jc Vi a) fH —a — 3a J 
or f 
D m Lo _ m — 8a .. m+ 8o? 
E a(m—a)’. a(m—a)’ f 4a ^" 
. m—4ma+ 7a ._ (m—ay 
VOTE UE gr e ce Em 4d ^C (X) 
UJ = SH, m Æ a. ` , | 
Il’ is included among the reciprocals of II. All these cases follow easily from 
equations (2), .... (8), except IX and X. We proceed to consicer these more 
closely. f 








We have by hypothesis 6 = 0, a¥ 0, eÆ —d. By replacing v, by the new 
E EN 2 : R e 
unit 7; = DEES v7, We obtain a new form of the same type with c and d 


replaced by d = 
= 2. 
written with primes. 
and the equations become 


2c 
a (c + d) 


This being of the same typical form, the equations (2), 


S ) — 2d 1 1 J d 
and d = ETY respectively, whence a (d + d) 


.... (8) will hold 
Dropping the primes, we can thus assume a (c + d) = 2, 


i + ja — cf + ac 4- 1, (8) 
i— jam (2 —e)g+3—ae, (6) 
= f—ef— e = 2ac — 2, (7) 


j(f—g +4=0. (87) 
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From (7) 2 
en 2+ — Ca 
l ^ 9ad f+ a’ ) 
unless 2a+f+g=—0. © (9!) 
But in that case we have 
i—ja=— M. ape d as (6") 
LM e (un 
3 jaa om 
From these, with 5), f= — a, i=1,j=0, which contradict (8). Hence 


(9 is impossible, and accordingly, (9) is always true. Substituting in (Si) and 
(6') we obtain 
pa D t Bag + 3af +f? + Ae (10) 
a (2a + f+ g) i 
jae | (11) 


Substituting in (8^) there results 
F + bag? — gf + 120g — 4agf + 120f — f?g + buf? -- f? + 1603 = 0, 


whence g= — 4a — f, (12) 
f— at V— 4af — 83d. (13) 


Both of these, with the corresponding values of c, à and 7 obtained from (9), (10) 
and (11), satisfy (5), .... (8. -The possibility of (9") being true must, however, 
be excluded. This cannot occur when equation (12) is taken, as it makes a equal 
to zero, contrary to hypothesis. When equation (13) is used, it necessitates that 


f= — a shall be excluded when the upper sign of the radical is taken. 
When f= — a, (13), usirg the lower sign gives tha same value of g, hence 
of c, i and J, that (12) does. The same is true when f= — 8a, using the upper 


signof13. Hence it can be assumed in (12) that f E — a,— 3a. This, remem- 
bering that a (c + d) = 2, gives case IX, p. 381. 
Considering now (13), as the radical is awkward, iatroduce the new para 
m? + 3a? 
4a 
As with f equal to —a we must exclude tae positive sign of the radical, 


meter m = 7 — 4af — 8a’, wLenoe f = — 
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ma. As m takes on all other values, f takes on all values, and conversely; 
also the equation 
ge | m?— 4ma + 7a? 
4a 
gives all values of g yielded by (13) for the corresponding values of f. Hence 
m can be used as a parameter in place of f, with m £a, and from (9), (10), (11) 
and the fact that a (c +d) = 2, we obtain case X. 
` By replacing e, by T} = T, + atı, o being properly chosen, A can be made 
zero in J and III, and e can be made zero in VIT, VIII, IX and X. In IV ecan 
- be reduced to zero by replacing e, by v = 7; + aw, and then A can be made zero 
by replacing w, and w, by ww; = wg + aw, and w, = w, + Zon respectively. So 
simplified, the forms on p. 381 will be called typical forms. A partial list 
of these forms was given, in the preceding paper.” Of the six there given, I 
II, IV, V and VI are respectively identical with those here numbered I, VIII 
II, V and VI, while III there is included in VII here. 

A nilfactor will be defined as a quantity v, different from zero, such that 
væ —ay = 0 for all values of x, x being a number of the system. An alternate 
will be defined as a quantity a, different from zero, such that ax = — xa for all 
values of zx. A nilfactor is thus also an alternate. Such quantities evidently 
cannot exist in a complete system, that is, a system containing a modulus. The 
system given in the table on p. 380, with » deleted, is incompleté, since it con- 
tains the nilfactor w,. By actual trial in each of the given typical forms, the . 
following theorems can be demonstrated : 

I. The incomplete typical forms possess no nilfactors except linear functions of 
w, and such «^s as are themselves nilfactors. 

II. The incom plete typical forms possess no alternates except linear functions of 
w, and such «^s as are themselves alternates. 


3. 


We next proceed to determine the inequivalent systems and reduce 
the parameters as far as possible. Suppose two systems, w,, Wz, W3, Tis Tas N, 
and wi, wj, W3, Ti, 7), al are equivalent. Evidently n =. Consider any unit 
u' of the second system different from y’. Then 


ul = aqu, F Ag, + agis + bT + byt, + cn. 





*L.c., p. 981. 
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But every quantity x in the incomplete system wi, w;, 104, Ti, 7; must satisfy the 
characteristic equation oi — 0. In order that u” —0, it is necessary that c equal 
zero. Hence the incomplete systems w,, Wg, Ws, Ti, 7, and wi, Wh, wj, 7j, 7; are 
equivalent, and we can, therefore, drop 7 out entirely. The transformations for 
wi and wj need not be given, for they follow as powers cf wj. 

By interchanging she ze, I goes into V when e=0, fg, into VI when 
e=0, f= g, and into VIII when e 0. Sol drops out. l 

In II, we can make d zero if A= 0, 70, by ihe transformation w = 
w,+at,. This changes the value ofc, which, by hypothesis, is not equal to zero, 
But should it reduce to zero by the transformation, the system would come into 
form VI. When c=— d, e can be made zero by the transformation 
qi = 7, Haw. 

In V, when fÆ —g,h can be made equal to zero by the transformation 
T= v,-- op, and when f= — g, we can make e equal to zero by w = w+ arı. 

In VI we can reduce % to zero when ZO by ihe transformation v; = 
7,-- or, and, when f= 0,j 4:0, the same can be done by the transformation 
ernten. 

VIII goes into either V or VI when A=0 by intershanging the «^s. 

Transformations wj = zw,, (= yr,, el — zv, enable the following parame- 
ters to be reduced to unity, provided they are not zero: In II, c and any two of 
e, handj. In Il, d and any two of e, A and j. In IIL, c, eand f. In IV, c 
and f. In V,e¢, and one of f and g. In VI, any tkree of e, f, A and j. In 
VIL, a,cand h. In VIII, a, h and one of f and g. In IX, aandh. In X,a 
and A. 

The preceding facts yield the most of the following subdivisions and reduc- 
tions of the typical forms. Some of the subdivisions are made, not from the pre- 
ceding, but for reasons explained on pp. 386, 387. The subcases of II’ are 
reciprocals of the correspondirg cases under IT: 


TI. (Ai e=1 h=0 j=0 eco d#+ 1, 
(B) c=1 A=O jo e-o = Ub 
(C) c=1 h=0 j—0 e=0 dz—l1 
(D) c=1 A=O0 Zen ec—i dub 1, 
(B) e=1 A=O j=0 e=1 d= 1, 
(F) c=1 Aen j=1 e= = 0, 
(G) c=1 AR=0 j=1 e=] = 0, 
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e—0 ËE 


c=1 h=1 j-0 e=0 d 


c=1 A 


0 


1 7 


h 


1 


(H) c 


H 


e—0 d -——1, 


e=0 dÆ 


e=0 d 


(1) 


1 j=0 


(J) 


1, 


1 j—1 


f Aest j=1 


(M) c=1 h=1 j 


(K) c=1 A 


1 


— 


(L) ec 


1. 


e=] PÆ 


j 
Zi 


1. 


d 


e=1 


(N) o=1 }=1 


e= 0, 


(K) d=1 A=1 j=l e=0, 


(M) d=1 h=1 7 


u 


€ 


j 


(A) c=1 f=1. 


IV. 


ooo Ei 


How N 


noose ve cQ 


1 
1 
1 
1 


(A) f=1 PF 


V: 


Il 


ri 


1 


(A) f=1 j= 


VI. 


(B) f=1 j 


(©) f=1 j 


(D) f=1 j 
(E) f 


0 j= 
0 j 


1 


(F) f 


(DI f=0 j 


(H) f=0 j 


Ü 
9 


GQ) Zen j 


e=0 À-o. 


(J) Zen j 
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VI: AX) wer c= Eet SER: 
‘B) a=1 e= 1 A=1 f=; 
(C) a=1 c= 1 A0. X, 
(D) est e= 1 hkh=0 feo. 
VIII. (A) a=1 A= 1 f=1 g#—l1, 
(B) a=1 k= 1 f=1 g=—1, 
(A) a=1 k= 1 f=0 g= d 
(C) a=1 k= 1 feige) 0 


IX. (A)o-—1 k= 1 FF —-1—3, 


X. (A)a= = 1 ml, 1+ wW—t1, 
(B) a= = 1 m= 14£2/—T, 
(C) a=1 A= 0 m#$1,1+ 2/—1, 
(D a=1 A= 0 m= 14 W-1. 


Here are 54 cases, and to test them for equivalence might require 1431 
applications of the general linear transformation. The process.is greatly reduced 
by the following considerations, remembering that throughout we need only 
consider the incomplete systems, 7 being deleted. 

First the systems can be divided according as they are commutative or non- 
commutative. Second, since the number of linearly independent nilfactors is 
evidently a characteristic of the incomplete systera, by the theorem on p. 383 these 
two groups can be divided according as none, one, or two of the gie are nilfactors, 
the last case of which can occur, of course, only in thecommutativeclass. Third, 
since the number of linearly independent alternates is evidently a characteristic 
of the incomplete system, the subgroups of the non-commutative class can be 
subdivided according as none, one, or two ofthe v’s are alternates. In the commu- 
tative classes alternates must be also nilfactors, hence it yields no new subdivi- 
sions for them. These considerations separate the systems into eight distinct 
classes. 

Next suppose two systems w,, Wz, Wg, Tis T, and 9j, wj, Wj, Ti, T. are 
equivalent. Then wj is linear in w,, Wz, W3, Ti, Toe Hence from the 
general table on p. 380, w;, which equals wj", is linear in wj, wz, *;. There- 
fore wi, which equals wa, is linear in w;, for products of w,, w, and vi, 
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with any units of the incomplete system contain only.w,. Hence w, and wi, 
both nilfactors, have the relation wj = on. Now in the preceding paper* the 
writer has proved the following theorem : 

If two incomplete systems are equivalent, and nilfactors v, ad, having the 
relation »! = ey, are units in the respective systems, then if a and »/ be deleted 
in each system the resulting systems are equivalent. 

Therefore in our two systems, if-w, and wi be deleted, the resulting sys- 
tems in four units (excluding 7) are equivalent. But the new systems will be in 
the typical w — 7 forms given in the preceding paper t for n = 5, with w, taking 
the place of w,, and theorems given on p. 383 hold for these. Hence we can sub- 
divide each of the eight classes above according to the commutative, nilfactive, 
and alternate properties of the ze with w, deleted. This gives a total of eighteen 
distinct classes, and each system need be tested for equivalence with only those 
of its own class. This will require at most 143 applications of the general linear 
transformation, in fact, far-less. l 

A number of special cases on pp. 384, 385, 386 are necessary for these 
various subdivisions, as was mentioned on p. 384. 

The systems in the different classes follow below. In designating the classes 
c stands for commutative, n for non-commutative, the first number gives the 
number of 7’s which are nilfactors, the second the number of ze which are alter- 
nates, but not nilfactors. This is not given in the commutative systems, being 
there necessarily zero. Then follows the designation of the same properties 
after w is deleted. 


(1) c2c2 VI J. 

(2) eic9 VIZ. 

(3) elel II B, 7, L, VI F. 

(4) c0c2 VI D. 

(5) c0cl III B, VI C. 

(6) nlic2 VIF. 

(7) nilnıı HO. 

(8) »n1002 VIG. 

(9) m1001 IL E, N, VIE. 
(10) ^10n11 IIJ. 








* L. c., pp. 977, 978. 
tL.c,p.38. ^ 
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(11) ni0n10 ILA, D, F, G, H, K, M, IP A, D, F, G, H, K, M. 
(12) n022 VO. l 

(13) n0ic2 VD, VIII D, C. 

(14) nOinl1 VII PB, D. 

(15) n01210 IV A, VII A, CO, X B, D. 

(16) n00c2 V A, A’, B, B', VI B, VIII A, Æ. 

(7) n0031 IH A,VIA. . l i 

(18) opgin IX A, B, X A, C. 

Consider now the different classes. 


Class 3. UL goes into VI F by the transformation 


hot, 
= 
AR 
vj —— v, + w 
f 
Ty = Tz — TT, + Uy. 


Class 5. In IIIB, j can be made zero or 24/ — 1 by the transformations 
given for the similar cases for II] Ain Class 17 below, except thatit is not neces- 


sary that 1 + E = T If 5 equals zero, III B will gointo VI C by the 


transformation 
(4- 2-1 
LESE 
EE 


Class 9. Ifj =Æ o0, IIN goes into VI E by 


avi =L Wa — ilz — = W 
3 j 3 F 2 Pp 29 
1 1 
1 ai SCH + ps 
1 1 
E =P Ta + geet 


Class 11. II' F goesinto Il Fby wi = — w, + 43; 
Il’ G goes intoII G by w= — w; + Tz- 


STARKWEATHER: A Class of Number-Systems in Six Units. 


IV’ M if j d: 0 goes into II M by ` 
| ( wh = ws + m 

17m 

(57 duet. Wa. 
Il’ M if j= 0 goes into II! H by 
i w3 = Ws, 
fa = 7,— Mu, 
T = Ta — Wy 

TI @ goes into II K by 


w = A Ww; + $ Tos 
qi = wT + su, 


II D goes into II A by 


IT, D goes into II’ A by 


Il’ K goes into II X’ by 


II M if j — 0 goes into II H by 
( wi = ws, 


Ja = -t 





Ki 
1—d 

| 

[7 = + 1 us. 











II M ifj = 1 goes into II F by 
1 w, d 
i E MEM mem a 
q=! d vd w, 
Ti = m HE as, 
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"E m 


j^(— 
wie 2(1—d—2) 
pe Fa 2 ee d Sei 
E Ab Se (1—d— 2; (5 4),, 
Uf men ^t Fa dy 


In II K, d can be made zero by 
(= (1— dw, — d (1— dy tg, 
Jai = (1—d) a, 
la z(1—dys,--d(1—dyw, 
Class 13. VIII B goes into V D by 
Ww; = Wg + 75, 
7i ET 
qj = Ta — u. 


Class 14. VII B goes into VII D by 
[s = W; + dw, 


|l 

71 = 133 

I mn 

T5 = Ta dw. 


Class 15. If f zE — 1 VIIA goes into VII O by 


LLL E 


T =T, 
=r DEDE ee 
2 2 2(f 4-1) 21 
If ; #—1 VII C goes into IV A by 
CES To 
| 7x aa TUM 
dius 71 
^ Ti ~FATTL AC 
PAHA) 
puse Try 14 
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Class 16. V B' goes into V B by 


Ws = Wz + 29, + 29, 
Ti = 13 — Wy, 


Th = 44— Ws. 
V A’ goes into V A by interchanging the «'s. 
VIII A’ goesinto VIII A by . 
` (WW. 
fa = Eur 55, 
i T = — Tg. 


V B goes into V A by 











wi = W — Tis 
Ti =E T, 
T3 = T, + fu 
VIII A, if c 35 1, goes into V A by 
FI 4 
1 
Mes 
Pen 1 f 1 
puo m 2 ity" 


In V A, g can be changed to by 
(ws = Wz, 
| Ty — 5, 
WE 
Class 17. In III A, if j #0, + 24/ — 1, it can be made zero by 
a? + 25? 


[= e vent 
Ia EH, EEP y 


w = — 





2 


y ^/a* + Auf 1 MÈ + 4 
eh = LW; + YT. 
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where (1) j + (2) +3 (=) s.s 
and ` (2) 1+ Eat = l 


'' Infinite values of the parameters being excluded, j Œ œ, so = Æ o. Therefore 


from (2) y #0. Since j Æ 0. £ #0, hence v£ 0. From (2), y is finite unless 


[7 


a = + ~ — 1, in which case j = + 2 4/ — 1, whichis sontrary to hypothesis. y 
being finite, c is, for a is. Since j$ + 24/— 1, 1 $+ 2/—1,t/—1 


whence x? + y* $0, a + 4y? 0. These suffice to make the determinant of the 
transformation finite and different from zero. 
III A ifj — 0 goes into VI A by 


1 Wa "Za 
Kier Eé 
T W, 
ga 2 
| EEN 
I To W3 
(i-r. 


In III A, if j= — 24/— 1, it can be made + 2 /— 1 by 
wj = — W, 
E =—1, 
S eq 


Class 18. In IX A and B f can be reduced to — 2 by 





bogus. eei f+ 2 
(= FFF) t GEF)” 
a —A(f- 2) LA f+ 2 qe 1 
1 "—igrijgstuqXnmf495" E EC Ne 


EE Jd d. iu 1 
(rette a ^"tUTDU*3" FFF)” 
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- X A, if m+ 3, — 1, goes into X C by © 


( m— 1 

i 2 : 

| , (m? — 2m — 3)(m — 1)(n? — 2m + 5) 

32 

ee (m? — 2m + 3)(m — 1) 
2 eS qao eL 


w= w+ 





Kl 


- "am Dan 3 
GE uem 








m’ — 2m + GH 


Ws + v, + 1 


The remaining forms are inequivalent, and the parameters can be reduced 
no further. The proofs of these facts are not difficult, except in the following 
cases: To prove that X Bis distinct from X D. To prove that X A with m —3 
and m = — 1 cannot go into X C. Toprove that in X C, m cannot be reduced. 
To prove that IX A and B are distinct from X. These will be considered in 
another section. 

We have, then, for the linearly independent systems, VI J, VI J, II B, II 7, 
VIF, VI D,III B (with j = 2//—1), VIO, VIA, II O, VI G, II E, IT N (with j=0), 
VIZ, UJ, II A, II F, IL H, II K (with d-0), WA IT' H, V C, V D, VIII OC, VII D, 
IV A, VII A (with f= — 1), VII C (with = —1), X B, X D, V A, VI B, VIII A 
(with g —1), IN A (with y= 24 — 1), VIA, IX A (with f= —2), IX B (with 
f=—2,) X A (with m = 3), X A (with m = — 1), X C. 

In II H d? -E 1, thus omitting d = 1 and d= — 1. These are precisely IL 7 
and II J, which can, therefore, be omitted if we remove the restriction on d in 
IIH. In IL A, also, the cases d — 1 and d — —1 are excluded, which are II B 
and II C respectively. These can, therefore, in similar manner, be omitted. In 
V A,g=1 and g = —1 are omitted, which are respectively VI D and V C. These 
will accordingly be left out. In X CO, m= 1, i+ 94/—1. The second of these 
is X D, which will be dropped. i 

The different forms are given in the following table, the letters having the 
signification given in the general form on p. 380. All forms are linearly inde- 
pendent, except that No. 24 with any value of g is equivalent to the same form 
with g having the reciprocal value. 


51 
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If reciprocal systems are considered equivalent, Nos. 15, 16, 23 with one 
sign of the radical and 31 may be omitted, being reciprocals respectively of 
11, 13, 28 with the other sign of the radical and 32. 11 and 13 are the same as 
1 
d 
restricted to |d| «(1 and d= 0. 33 is the same as its reciprocal with m replaced 
by (2— m), hence m can be restricted to the cases when the real part of m is 
not less than unity. 


their respective reciprocals with d replaced by —, hence in those cases d can be 


&4. 


We return now to the proofs of inequivalence mentioned on p. 393 as 
being difficult. The first three are especially so, and will be considered together 
as follows: The two tables 


Wy We Ws 7 Ta 





hw, — (m — 1) «, 


21 
_ (m - m 
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Ws wh Tj T) 














m = 1 


represent any cases of X. Suppose these two are equivalent. The general 
linear transformation is Ss 


(ADS =E dy, + zap: + zap + LT + gege 
Ty = YW + Yo, + Ysw + Yırıt Hetz 
Tz = zw, + Säi, + £y, d 2,7, + zm. 
From the first, 





Axa, ` qm? — 2 
w = c + 2090 + | — 1425 de 
i m—1 m— 1 = 
+ (s, TENUES Ts Xs + 2 as) We + 2%, (s Ei gl Tis 


2 
m— 1 2 2 
i= (Beta) (at MERE) a 














Obtaining wir} and tye by multiplication, also from the second table 
(expressing the latter in terms of w,, gës, w3, T1, T2), adding and subtracting, and 
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comparing the coefficients of like units, we find that y, and y, are both zero, also 


2 m? — 9m + 5 
(A) xæ + Fe mmn 





1 ës F Lazo — 9425 


?..9m 4- 5 
wane: rt + hong, = Yı : 





(B) Lag — Was a — = Ya, 

(C) ` xs + ax; — agis (m — HEH 

1 panes, 
— 20% + yg, T 


2 Aton, m? — 9m +5 
a an MESE V MEN 


m —1 2? T (s —7 "es CIE F 


Ho 252 2 m— 1 
(F) a^ _ RB — KHEN à Fa 


m — 
(D)  2aym + aga. — Rus — 94s 








(E) Ka (rs = 














Obtaining equations in like manner from wr) and «iwi, subtracting and 
272 g'"2 


dividing by (s. — 





= > eil , we have 


—1 elle + e, OM TB) 


m— 1 





(G) Kay Ws = (xs == 





The division is possible, for (2 — t eil does not equal zero, else wj does. 


Similarly, from vir; and viri, we obtain 





(H) 25w; — Vies — Ves SS z 


m —1 m —1 2 . m*— 9m +3 
=- 77 (a TF a) (ats). 


From «7 the v, terms and the w terms give, respectively, 

















m —1 m! — 1) — 1 
(1) 22 (a— s à )s- em ty Le — m )-Q —2». 
(I) 4-924 + a = m = — (m — 1)g, 
+h E ula) (25 + 2, 2 — 2m — m 


(m — 1)? KR EEN m? — 9m + 5 
ge = + Gras + a er +) " 
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Substituting from (G) in (E) and (F), we obtain 
(K) n= c E Lo — E a, ) ay (m — 2m + 5), 














4 (m — 1) 2 
m! —1 2 d 2 
(D) = 1 Ts —z mtm = . 


Substitute from (B) and (C) in (H), factor, use (G), and divide by 


m —1 ? — 9m + ; 
(= Ze zs )( æ + 2; CS (which cannot aqual zero, else «»j does), 





and there results 

















m— 1 ! —1 — 1 
(M) 4 — % —— =— (m —2 2 j^ 
Substituting from (L) and (M) in (T), and dividing by ‘a’ —1)(a, —m T 3 gd 
_m—1 , m?— 2m +5 
(N) S ET gg + x; 2(m—1) > 


Substituting in {M) from (N), 


_ (m — 1)(m* — 2m + 3) 
(0 3 = PNE 7 mane Sg. 


Substitute from (N) and (0) in (G), divide by 


— D - $ 
(s — xd ; 1 e, In +4 m ET) , and we obtain 





/ 

—1 
py ucc E b 
(P) moi i ot m=m 


Hence, m cannot be changed. Replace, therefore, m’ by m in the equations 
and see if A can be changed in the cases X A, m= 3, — 1, and X B. Since, in 
the latter m= 1 + Ba — 1, these can all three be combined into the case 
(m? — 2m + 5)(m* — 2m —3)=0. LetAÀ-o,-— 

Substituting from (K), (L), (N) and (O) in (A), 

2 2 __ 
E = MT, = ue 2 = + Lots a. om (m SE 2 Se ZS + 23%, 


| m? — 9m 4- 5 (m? — 2m + 5)? 





(Q) 


— Qs n — Wa 8 (m m 1) 


Zoe Se m? — 2m + 5 
AU o D ——— M . 
m— 1 RN 4 


+ 
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Substitute from (Q) in (D), using (N) and (O), and we have 

















a m 
cu. mo from (0), (N) and (Q), 
— ay, (RP 2m Num 2m +3) A oy op, (m 2m Zä 2m + 5) 
pam MIMS ng ERG + 3) 





[ 

| 

[- 

8 

Ip 
-(n- Fla) rat gins), 

Multiply (E) by — and add to (S) and we get, remembering that 


by hypothesis (m? — $m + PR 29m — 3) — 0, 
ci hoc Y m? — Im Län _ 
D etus Greene AECH 





whence w! = 0, which is impossible. Hence the reduction cannot be made. 
Consider the fourth case of p. 393 IX A and B, since f can be reduced 
to — 2, are both included in the first of the following tables, the second repre- 


senting X: 
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w 1 Wo, 2 W3 Ti To 



































Heol — (m — 1) «l 
wi ERE (m — 1)? 
4 


w, 
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Supposing these to be equivalent, we have 


Wy =E gp + Wg + LW + LT + 075, 
bos 

T1 = YyWy + Yo, H Maps + YT + Vets, 
Far 

T, = BW, + zap + san, + uT, + 275, 


whence ais whew, + (hak + Oo, — 4x) w + peter 
w = ws (ai — 45) wy. 
The products rjw, and wiri (remembering that wi, hence z,(a2 — 442), can- 
not equal zero), show that y; and y; aré both zero. wir! and r/w/ give 
(A) Role — 29, = 0. 
The w, terms in wv; and cw; yield 
(B) | Las = Yz- 


wir, and qiw}, after divicing through by x; (x — 2»,) and æ; (23 + 2x5) respec- 
tively, give ; 











2 
(C) 2 + da = a (as + 225). 
—2(m—2 

(D) Zg — 22 = le (as — 225), 
whence 
(E) f a tt + 42%. 
vit, and ziel yield respect vele, 

: .. 
(F) (ys — gs + Selen — TEE (a — aad), 

WE) 7 

(G) D + y) o 22) = — arm (ag — 4a) arg. 


Now it is impossible that m equal zero, for then, from (C), z, + 22; = 0, 
whence, from (F), a; (zi — 423) = 0, which is impossible. Similarly, m does not 
equal two. Hence, we can divide (F) and (G) by (C) and (D) respectively, 
obtaining de 


Jo — Ja — — (EF SD (a, — 24) 25 l 
Y + Y= mt m ED) 1) (X + 22s) vs, 
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from which 


DI = MR. [— as (mà — 2m — 3) + s (m — 1)(m* — 2m + 3)] , 


es EL m m— Dni 2m +3) — 22 (mè — 2m — 8)]. 


ende from (B) and (I) in (A), there results 
(m? — 2m — 3)(x3— 4ad) = =0, 


. whence m? — 9m — 3 = 0, giving m =3 or —1.: In either of these cases substi- 


tute from (E) and (H) in (B), obtaining respectively 
xa + 22, = 0 or z,— 2a, — D, 


either of which is impossible. 
Hence, IX is distinct from X. 


YALE University, Jan., 1901. 


